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Abstract

Harsanyi’s seminal aggregation theorem axiomatized weighted utilitarianism based on
expected utility theory. However, the weights assigned to each individual cannot be
separated from the individual’s utility. We show that once we depart from the expected

utility framework, it is often possible to uniquely identify the utilities and the weights.

1 Introduction

Harsanyi’s seminal aggregation theorem (Harsanyi, 1955) axiomatized weighted utilitarian-
ism based on expected utility theory. However, the result has been criticised since the weights
attributed to individuals are not meaningful since they cannot be separated from the indi-
viduals’ utilities (Sen, 1976; Broome, 1987; Weymark, 1991). To overcome this identification
issue, Harsanyi (1977) used direct interpersonal utility comparisons. However, interpersonal
utility comparisons are difficult to make and have remained controversial in the literature
(Elster and Roemer, 1991; Greaves and Lederman, 2018). Additionally, the assumption of
expected utility theory in Harsanyi’s aggregation theorem has been criticised (e.g. Diamond,
1967; Sen, 1970; Broome, 1987).

We show that the lack of identification of the weights attributed to individuals and utili-
ties in Harsanyi’s aggregation theorem is only a knife-edge case. As soon as we depart from
the expected utility theory, the weights and utilities are meaningful even without direct
interpersonal utility comparisons. This shows that the fairness of the society and interper-
sonal utility comparisons are observable. This result formalizes Kaneko’s (1984) suggestion
for observing interpersonal utility comparisons from the social welfare function.

Here, we identify the interpersonal utility comparisons from the non-linearities of the so-

cial welfare function. For example, in the case of Rawlsian social welfare function (Rawls,

fCenter for Mathematical Economics, University of Bielefeld, PO Box 10 01 31, 33 501 Bielefeld, Germany:
lasse.mononen @uni-bielefeld.de
The author thanks Niels Boissonnet, Arthur Dolgopolov, Marc Fleurbaey, Dominik Karos, and Frank Riedel
for useful comments and suggestions. This work was funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) — Project-ID 317210226 — SFB 1283.



1971), the non-linearities capture the change of the worst-off individual that allows us to
identify utilities across individuals. We generalize this identification strategy beyond Rawl-
sian social welfare function.

More specifically, we consider the min-of-means social welfare function. This has been
considered as capturing the ignorant observer in Gajdos and Kandil (2008). Additionally, it
has been considered in the context of income inequality in Ben-Porath et al. (1997), Gajdos
and Maurin (2004), Cres et al. (2011), and recently in Mongin and Pivato (2021). This
representation includes utilitarianism and Rawlsian social welfare function (Rawls, 1971) as
special cases.

This min-of-means representation consists of a (von Neumann-Morgenstern) utility func-
tion wu; for each member ¢ € Z and a set of weights for each member A C A(Z) such that the

societal value of an alternative x is
min » A\u;(x).
AEA 26; ! Z( )
We show that the set of weights and the utility functions are identified if and only if any
redistribution from one member to another changes the welfare in some situation. That is

if v € R” is a utility redistribution such that there exist members ¢ and j with v; > 0 > v;,

then there exists a utility distribution A € R? such that

Technically, this condition is equivalent to the set of weights A having a non-empty inte-
rior. This result shows that generally interpersonal utility comparisons and weights assigned
to individuals are observable as soon as there is uncertainty about the weights. However,
utilitarianism is only a knife-edge case where they cannot be separated without direct inter-
personal utility comparisons.

Our second contribution is that we characterize the existence of the min-of-means social
welfare function by relaxing Harsanyi’s assumption that the societal preferences satisfy ex-
pected utility theory. Instead, we allow for violations of expected utility theory when the
alternatives involve trade-offs across the members and only assume that the societal prefer-

ences satisfy expected utility theory when there are no trade-offs across the members.



Our results are closely related to Gajdos and Kandil (2008). They study when an impar-
tial observer’s extended preferences have a min-of-means representation. In this extended
setting, the observer is especially able to make direct interpersonal utility comparisons and
Harsanyi’s utilitarianism is fully identified. We instead study observable societal preferences
that do not include direct interpersonal utility comparisons.

We follow the approach pioneered by Harsanyi (1955) that studied how preferences over
fixed individuals are aggregated. This approach has been used for example in Mongin (1995),
Gilboa et al. (2004), Chambers and Hayashi (2006), Gajdos et al. (2008). This approach is
in contrast to the literature on studying preference aggregation over varying individuals as
pioneered by Arrow (1951) and Sen (1970) and has been summarized in d’Aspremont and
Gevers (2002).

The solution in the literature for the lack of identification in Harsanyi (1955) has been
to consider non-observable extended lotteries that allow for direct interpersonal utility com-
parisons. This approach was pioneered in Harsanyi (1977) and used in Karni and Weymark
(1998), Gajdos and Kandil (2008), Grant et al. (2010), and discussed in Adler (2014) and
Greaves and Lederman (2018).

Technically, our results are related to the literature on income inequality measurement
Weymark (1981), Yaari (1988), Ben-Porath et al. (1997). However, here we focus on the
more general welfare inequality measurement with subjective utility for each member.

The remainder of the paper proceeds as follows: Section 2 studies the identifications of the
min-of-means social welfare function and Section 3 concludes. The Appendix axiomatically

characterizes the existence of the representations and proves all the results.

2 Identification

2.1 Preliminaries and Notation

We follow the setting from Harsanyi (1955; 1977). Society consists of members Z={1,...,n}.
X is a set of social-alternatives. Each member ¢ € Z has preferences =; over (simple)

social-alternative lotteries A(X) and we observe societal preferences - over (simple) social-

alternative lotteries A(X). (Normalized) weights for the members are probability distribu-



tions on the members A(Z). A(Z) is equipped with the Euclidean topology.
We consider the min-of-means social welfare function following (Ben-Porath et al., 1997;

Gajdos and Kandil, 2008) over expected utility members as in Harsanyi (1955; 1977).

Definition Affine utilities u; : A(X) — R for each ¢ € Z and a convex and closed set of
Pareto weights A C A(Z) is a min-of-means representation for ((22;)iez, o) if the following

~T

two conditions hold

(1) for each i € Z and p,q € A(X), we have
P Ziq == ui(p) > ui(q).
(2) for all p,q € A(X), we have

~ i AL > mi Al
pPZoq = rgéggkzuz(p) > r;lelg;&uz(q)-

We focus especially on min-of-means functions with the smallest possible set of Pareto

weights as defined next.

Definition Affine utilities u; : A(X) — R for each ¢ € 7 and a convex and closed set of
Pareto weights A C A(Z) is a minimal min-of-means representation for ((22;)iez, 20) if for

any other min-of-means representation with the same utilities (u;);er and a set of Pareto

weights A, we have A C A.

The next example shows the significance of minimal representations since there can be
weights that the social welfare function never uses. We connect general and minimal repre-

sentations in the next section.

Remark (Non-minimal example) If n =2 and for all p € A(X), u1(p) < us(p), then the

set of Pareto weights A = {(\,1 — A)|A € [0, 1]} is not minimal since for all p € A(X)
1

. 1
min Aui(p) + (1 — Nua(p) = zui(p) + sua(p).
X€(0,3] 2 2

Next, we define when the minimal set of weights and the utility functions are identified.

Definition The set of weights in the minimal min-of-means representation is identified if

for all minimal min-of-means representations ((u;);ez, A) and ((@;);ez, A), we have

A=A



Definition The utilities in the min-of-means representation are identified up to a com-
mon positive affine transformation if for all min-of-means representations ((u;);ez, A) and

((@;)iez, A), there exist &« > 0 and § € R such that for each i € Z and p € A(X)

u;(p) = aty(p) + 5.

2.2 Uniqueness

Our main result characterizes when the minimal min-of-means representation is fully iden-

tified. This identification is characterized by the following condition.

Axiom 1 If p and ¢ are lotteries such that there exist ¢, 7 € Z with p >, ¢ and ¢ >; p, then

there exists a lottery r and « € [0, 1] such that

ap+(I—a)rfag+ (1 —a)r

Here, we consider redistributing the utility by (ux(q) —ux(p))rer that benefits the member
7 and makes the member i worse off. Then the axiom assumes that there exists a utility

distribution

(unlap+ (1 —a)r)),

such that performing the redistribution to change the utility distribution to

(we(ap + (1= a)r) + a(u(q) — w(p)), = (urlag+ (1 - a)r))

ke ke
changes the welfare. That is, any utility redistribution changes the welfare in some situation.
The next result shows that Axiom 1 characterizes the identification of the minimal min-

of-means representation.

Theorem 1 Assume that ((75;)iez, ZZ0) has a minimal min-of-means representation ((u;)ez, A)

such that
int {(w(p)) ,|p € D)} # 2
Then the following four conditions are equivalent.
(1) ((ZZi)iez, o) satisfy Axiom 1.

(2) int A # @.

(3) The set of weights in the minimal min-of-means representation is identified.



(4) The utilities in the min-of-means representation are identified up to a common positive

affine transformation.

This result shows the identification of weights assigned to members and interpersonal
utility comparisons. This result shows that as soon as any redistribution changes welfare in
some situation, then the weights assigned to members and interpersonal utility comparisons
can be identified from the societal preferences.

The assumption that

int {(ui(p))iez’p € A(X)} +
is a standard identification condition in the literature. It has been used e.g. in Harsanyi
(1955), Weymark (1991), and Fleurbaey and Mongin (2016). It is characterized by the
independent prospects axiom assuming that for each ¢ € Z, there exists lotteries p and ¢ such
that p >; ¢ and for each j # ¢, p ~; q.

The next example shows the identification for a convex combination of utilitarianism
and Rawlsian social welfare function as proposed by Gajdos and Kandil (2008). Here, util-
itarianism is the only case where the weights are not meaningful and interpersonal utility

comparisons are not observed.

Example The social welfare function defined for all p € A(X) by

(1—(9)1@1161%111z mz:uz

i€l

where 6 € [0,1] is fully identified and satisfies Axiom 1 iff 6 # 1.

The next result connects minimal and non-minimal representations and provides the

general identification with Theorem 1.

Proposition 2 Assume that ((u;);ez, A) is a minimal min-of-means representation for ((2;
)iez, 7o) and
int {(ui(p))id’p € A(X)} # .
Denote U = {(u;(p))iczlp € A(X)} and
= N{HeAD)|z- )\>m1[{1:c d}.

zel

Then ((u;)iez, A) is a min-of-means representation for ((*;)iez, 7o) iff A C A C A*.1

~ol
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Especially, this shows that if the set of utilities contains a constant utility in the interior,

then all representations are minimal and so all the weights can be identified.

Corollary 3 If ((u;)iez,A) is a min-of-means representation for ((25;)iez, 2ZZ0) and there

exists a € R, such that
(@)ier € it { (wi(p)),_|p € AX)}.

then ((u;)iez, A) is a minimal min-of-means representation for ((22;)iez, Zo)-

~Y

3 Conclusion

Our identification result shows that as soon as we depart from the expected utility framework
and have uncertainty about the weights for each individual, we can observe interpersonal
utility comparisons and the set of weights assigned to individuals uniquely. This allows us to
dispense with extended preferences for the identification that have been recently criticized
in Greaves and Lederman (2018).

Our result follows as a direct application of the identification of subjective probabilities
and state dependent utility from decision theory under uncertainty (Mononen, 2023). This
highlights the close connection between state dependent utilities and social choice. Our
result formalizes Kaneko’s (1984) suggestion for observing the interpersonal utility compar-
isons from the social welfare function. It is an open question if this identification strategy
generalizes to other social welfare functions.

Here, we have maintained Harsanyi’s (1955) assumption that each member of the society
is an expected utility maximizer. It is an open question on if the state dependent utility
theory can be generalized without vINM-utility following the approach of Alon and Schmeidler
(2014). Secondly, it is an open question on if the identification result generalizes beyond affine
transformations using the approach from Fleurbaey and Mongin (2016). Alon and Schmeidler
(2014) offer suggestive evidence that Fleurbaey and Mongin’s (2016) identification result for

utilitarianism generalizes to the maxmin approach.

!Geometrically, A* is the convex hull of A using the half-spaces defined by .



Appendix to “Observable Interpersonal Utility

Comparisons”

A Axioms and Existence

In this section, we axiomatize the existence of minimal min-of-means representation. Our
Axioms 2-6 maintain Harsanyi’s assumptions.
Following Harsanyi (1955), we first assume that each member i € 7 is an expected utility

maximizer. This is assumed with the following three standard assumptions.
Axiom 2.1 For each i € Z, 77; is complete and transitive.

Axiom 2.2 For each i € Z and for all p, ¢, € A(X), the sets {a € [0, 1]|ap+ (1 —a)q T r}
and {a € [0,1]|r 7=; ap + (1 — a)q} are closed.

Axiom 2.3 For each i € 7 and for all p,q,r € A(X) and a € (0, 1),
priq <= ap+ (1 —a)rz; ag+ (1 —a)r.

Our first two assumptions on societal preferences are that they are a continuous weak

order.

Axiom 3 7 is complete and transitive.

~

Axiom 4 For all p,q,r € A(X), the sets {a € [0, 1]|ap+ (1 — a)g Zo 7} and {a € [0, 1]|r 2o

ap + (1 — a)q} are closed.
Next, we maintain the standard weak Pareto monotonicity axiom.
Axiom 5 If for each i € Z, p >; q, then p >¢ q.

Next, we assume the independent prospects axiom that is a commonly used richness
assumption on the set of lotteries (Harsanyi, 1955; Weymark, 1991; Fleurbaey and Mongin,
2016).

Axiom 6 For each i € Z, there exist lotteries p and ¢ such that p >=; ¢ and for each j € Z,

JF# i, p~jq.



The last two assumptions relax Harsanyi’s assumption that the societal preferences satisfy
expected utility theory by taking into account that the social-alternatives might involve
trade-offs across members. Diamond (1967) criticized Harsanyi’s assumption that the societal
preferences satisfy the expected utility theory with the following example. Consider two
members and two lotteries p and ¢ such that u;(p) =1 =us(q) and u1(q) = 0 =uy(p). Then,
under symmetry, p ~¢ q¢. However, under linearity p ~ %p + %q, even though ul(%p + %q) =
= us(3p+ 3q) that is more fair than p or g. We relax the expected utility theory exactly for
this example by only assuming that the societal preferences satisfy the independence axiom
when there are no trade-offs across members.

First, we define a lottery as neutral if it satisfies the independence axiom. These neutral

lotteries give the same utility to each member under Axiom 1.

Definition A lottery r is neutral if for all lotteries p,q and « € (0,1)

PZoq <= ap+ (1 —a)r o aqg+ (1 —a)r.

Our first relaxation of the independence axiom assumes that there exist two different
neutral lotteries such that one is better for each member than the other. This assumes

expected utility theory only when there are no trade-offs across members.
Axiom 7 There exist neutral lotteries p and ¢ such that for each i € Z, p =, q.

Secondly, we relax the independence axiom by assuming convexity of the societal prefer-

ences.
Axiom 8 For all lotteries p,q and « € (0, 1), if p 220 g, then ap + (1 — a)q 7 ¢.
These axioms characterize the existence of the min-of-means representation.

Theorem 4 (Existence) The following two conditions are equivalent:

(1) ((Z4)iez, 7o) satisfies Axioms 2-8.
(2) There exist ((u;)iez, A) that is a minimal min-of-means representation for ((=Z;)iez, 7o)

~T

such that
{(9) o € 5O} 2 0117



This result shows how relaxing the independence axiom for the societal preferences by
convexity and independence axiom only when there are no trade-offs across members while
maintaining the other axioms from Harsanyi (1955) characterizes the min-of-means repre-

sentation.

B Proofs

Proof of Theorem 1. Theorem 1 follows directly from Mononen (2023). Mononen uses U =
[a;, b;]* where a;,b; € RU {00, —cc} and a; < b;. However, the proof directly generalizes to

Theorem 1 where U is a convex set with intU # &. [

Proof of Proposition 2. We show first the “if” direction. Assume that A C A C A*. Now for
all p € A(X),
min > A;u;(p) = min ; Aii(p)

AEA jeT

that shows the claim.
Next, we show the “only if” direction. Since (u, A) is a minimal representation, we have

A D A. By Mononen (2023), since (u, A) and (u, A) represent =g, we have for all p € A(X),

min Z Aiui(p) = I)?fIGIIIXl Z Aiwi(p)-
i€

Thus for each p € A(X) and for all § € A,
Z O;u;(p) > min Z Aii (p).

ieT €A GeT

So for each p € A(X),

€A@Y Avslp) > min > di(p)} 2 A

i€l €L
Thus A* D A. O

The standard proofs for the following lemmas are omitted.

Lemma 5 Assume that U C R" is a convex set such that for each 1 < i < n, there exist

p,q € U such that p; > ¢; and for each j # i, p; = ¢;. Then intU # @.

Lemma 6 Assume that 77y is a weak order and p and ¢ are neutral such that p >y ¢. Then
a>f < ap+(1—-a)gZebp+(1-P)g

10



The last standard lemma is that weak Pareto monotonicity implies semi-strong Pareto

monotonicity under continuity and vINM-individuals.

Lemma 7 Assume that ((25;)iez, 2ZZ0) satisfies Axioms 2-5 and 8. If for each i € Z, p 7Z; ¢,

~ol

then p =g q.

Proof of Theorem /4. The necessity of the axioms is standard and omitted. By the mixture
space theorem (Herstein and Milnor, 1953), for each i € Z, there exists an affine u;: A(X) - R
that represents =—; such that u;(p*) =1 and u;(p,) = —1. Denote U = {(u;(p))iez|p € A(X)}.
Since each u; is affine, U is convex. By Lemma 5 and Axiom 6, intf # @. Thus 0 € intU.

Define the function I : RZ — R by the following: Let ¢ € RZ. Now there exists a > 0 such
that ap € (—1,1)F CU. Thus there exists p € A(X) such that (u;(p))ier = ap. By Axioms
4,5 and 7 and Lemma 6, there exists a unique § € (0,1) such that Sp* + (1 — B)p. ~ p.
Define I(p) = 2(8 — 3).

By Axioms 7 and 8 and Lemma 7, it is standard to show that for all p,q € A(X),

pZoq == I(ui(p)icr) = I(ui(q)iez)

and [ is well-defined, monotonic, C-additive, positively homogeneous, and concave. Thus

the existence follows from Gilboa and Schmeidler (1989). [
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