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ABSTRACT. In this paper, we will derive the first and 2nd order Wiener chaos
decomposition for the multivariate linear statistics of the determinantal point
processes associated with the spectral projection kernels on the unit spheres
S%. We will first get a graphical representation for the cumulants of multi-
variate linear statistics for any determinantal point process. The main results
then follow from the very precise estimates and identities regarding the spectral
projection kernels and the symmetry of the spheres.

1. INTRODUCTION

The determinantal point process is an important class of point processes with
applications in random matrix theory, statistical mechanics, quantum mechanics,
etc. It’s also called the Slater determinant in quantum mechanics that is to describe
the wave function of a multi-fermionic system. In this paper, we will consider deter-
minantal point processes on the unit spheres associated with the spectral projection
kernels of the Laplace operator with respect to the standard round metric. Such
spectral projection kernels can be represented in terms of the spherical harmonics,
which are one of the most fundamental wave functions in quantum mechanics to
describe particles confined to the spheres.

Let ® be a point process sampled on the space X. The k-th joint intensity
function py of the point process ® is defined by

E{ Z f(xl,...,xk)} :/ flay, .. xp)pe(x1, .. xp)dey .. deg, (1)
(21,002 ) EBE xr
where f is any bounded measurable function and the set
OF = {(21,...,2p) r 2 €D, VI < i # j < k,x; # x4} (2)

If ® is a determinantal point process associated with some kernel function K, then
its k-th joint intensity function reads

pr(T1,. .., o) = det (K(xi’xj)lgsjgk)v 3)

where K (x;,%)1<i,j<k 15 @ k X k matrix whose (4, j) entry is K(x;, x;).
In this paper we will focus on the case when K is the spectral projection kernel on
the unit sphere S¢ with d > 2, defined as follows. The Laplace operator on S¢ with

respect to the standard round metric has discrete spectrum {)\n = —n(n+d—1),n =
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0,1,2, } Here, the round metric is the pullback of the Euclidean metric under

the inclusion map i : S¢ — R¥*!. For a given eigenvalue \,, the corresponding
eigenfunctions are called the spherical harmonics of level n. Let H, (S?) be the
space of the spherical harmonics of level n. Then one has [2]

3 2n+d—1<n+d—1)

which admits the asymptotic estimate (by d > 2)
ky ~ 2n4"1 /T (d). (5)
Let K, be the spectral projection
K, : L*(S%) — H,(59), (6)

and we denote by K, (z,y) its kernel.

Now we define a determinantal point process ®,, on S¢ associated with the kernel
K, (x,y). Here the total number of points in ®,, is almost surely k,,. Note that
®,, can be alternatively defined by sampling k, points on S¢ according to the
probability density

1
7y det (Kn(wvz,wj)lsi,jgkn)- (7)
!
Given a function f(x1,..,xx) of k > 1 variables, we define the multivariate linear
statistics

Lnf = S flan,m), (8)
(T1,eezk)ERE |
where
OF i={(z1,...,2p) 12 €D, m; Ay, VI < i #j <k} 9)
Multivariate linear statistics of this form are usually called U-statistics.
For 1 < ¢ < k, we define the i-margin function f; by integrating f with respect
to all variables over S¢ except z;, i.e.,

fi(x):/ - floy, oz, @241, ., g )dey - - dag_dagyy - - - dag. (10)
(§d)k—1

Here, we denote by dx the volume element with respect to the standard round
metric on S¢. If k = 1, the 1-margin function is defined to be f itself.
For 1 <i < j <k, we define the (i, j)-margin function f; ; to be

fi,j = / f(xh...,xk)dxl~-~dmi,1daci+1~-~dxj,1dxj+1 dl‘k (11)
(§d)k—2

In this article, we will study the limiting distribution of the multivariate linear
statistics L, f. We first give an asymptotic expansion for the expectation of L, f.

Theorem 1. Let f(x1,..,xk) be a bounded function of k variables. We have

k
Flind) = (Z) /(Sd)k fl@e,... wp)day - day

k—1 2d71 2 -
BN x p(%) / / _ Slw) g (12)
Sd 1<i<j<k (d)m gd Jga sin®” " (arccos(x - y))

+ o(n(d-DE-1)y.
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where sq = ZW%/F(%) is the surface area of S%.

By estimating the growth order of the cumulants of L, f, we can prove the
following central limit theorem for L,, f.

Theorem 2. Let f be a bounded function of k variables on S®. Assume that
k
F(z):=Y_ fi(x) (13)
i=1

is not constant almost everywhere in x € S¢, then it holds that

1 272 rdy? (F(x) - F(y))*
lim ——Var(L,f) = 5——T'( = dxdy > 0.
nvoo ka1 ar{Lnf) 530 (d)m (2) /Sd /Sd sin?~ ! (arccos(z - y)) e

(14)
In addition, L, f is asymptotically normal, i.e.,
L.f —E(L,
f—(f) i> N(O, 1)7 (15)

(Var(Ly, f))?

where N(0,1) is the standard Gaussian distribution and the notation <, means the
convergence in distribution.

Combining Theorem [I] and Theorem [2] we have the following corollary.

Corollary 1. Under the assumption of Theorem [3,

k k
(Lnf — (") / fzy, ... x)day - -~dxk> Var(L,f)~*/% % N(0, 1).
(Sd)k

sq

When the assumption of Theorem [2| fails, i.e., F'(z) is constant almost every-
where, the right hand side of will be degenerate, i.e., Var(L,f) will have
strictly smaller growth order than k281 = @(n(?=1Dk=1) For such degenerate
case, our next theorem shows that for a class of test functions, the limiting distri-
bution is given by a mixture of centered chi-square distributions, i.e., the 2nd order
Wiener Chaos.

We now consider the following two invariance conditions on the bounded test
function f(x1,...,z), k> 2.

e f is invariant under permutations, i.e.,

f(w, . me) = f(To1), - Tom), Vo € Sym(k). (16)

e We assume that the (1,2)-margin function fi2(x1,z2) only depends on
their spherical distance dist(x1,z2) (abbreviated as d(z1,x2)), i.e.,

f1,2(961,332) = f1,2(37/1,37/2)7 Vd(l‘l,ﬂiz) = d('rivxé) (17)

We will show that if the test function f satisfies these two assumptions, then F'(x)
must be constant on the sphere, and thus the variance will be degenerate.

As a remark, the condition is not an essential one. We can always sym-
metrize a function f by considering the average

1
f(xlv"wirk)zy Z f(xa(l)v"‘axa(k))v

" oeSym(k)

and this will yield L, f = L, f by .
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There is an important class of test functions that satisfy these two assumptions.
For example, given § > 0, if we choose

f(xl,.’lig) = 1[d($1,l‘2) < (5], (18)

where the indicator function is equal to 1 if the distance d(z1,z2) < ¢ and 0
otherwise, then the random variable L, f will be the number of pairs of random
points whose distances are less than §. Similarly, if we take

flz1,xo, x3) = 1[d(z1, 22) < 6, d(z1,23) < 0, d(z2, 23) < J], (19)

then L, f will count the number of triangles where the three vertices of the triangle
are within distance 6. These types of counting statistics are useful tools to study
the topology of random complexes built over random point processes, due to its
connections with Betti numbers, e.g., [4, [6, [[T]. Our main result Theorem (3 below
implies that such types of counting statistics of the determinantal point process on
S converge to the 2nd order Wiener chaos.

Under conditions and we can determine the growth order of Var(L,, f)
and find the limiting distribution of L,, f. We define the function

-~

h(z,y) := /Sd(fm(a:,y) — f12(z, 2)) sinf(dfl)(arccos(z -y))dz. (20)

We will see that % is a bounded symmetric function, and thus we can consider it
as a Hilbert-Schmidt integral operator acting on L?(S9). Then this operator is
compact and self-adjoint. Therefore we have the spectral decomposition

ha,y) =D zjw;(x)w;(y), (21)

j=1

where {z;,j > 1} are eigenvalues of the operator, and {w;,j > 1} are the corre-
sponding eigenfunctions which form an orthonormal basis of L2(S%).

The following theorem states that the multivariate linear statistics will tend to
a mixture of centered chi-squared distributions in the degenerate case.

Theorem 3. For any bounded function f(x1,...,xx) with k > 2 satisfying condi-

tions and , we have

. Var(L,f) 2C3k*(k—1)2 ~ 9
nh~>ngo k;%k_Q = P(d)283k \/(Sd)2 h((l?,y) dl’dy, (22)
where the constant Cy := w. Furthermore, we have
kn\ " Cak(k = 1)\ 4 &
(Lnf - E(Lnf)) 5 T - Z zi(xi —1)/2, (23)

=1

where x;,t > 1 are independent chi-squared random variables with one degree of
freedom and Y72, zi(x; — 1)/2 is understood as the L?-limit of Zf;l zilxi —1)/2
as N — oo.

Similar to Corollary |1, using the fact that k,, ~ 2n?~!/T'(d), and Theorems
and [3] we deduce the following result.
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Corollary 2. Under the assumptions of Theorem[3, we have

kn -* Cyk(k—-1 -1 k, k
<5d> <dn(d—1)> (Lnf— <Sd> \/(S . f(l’l,,xk)dxldxk

fk—1 24-1 d\? fig(z,y)
+ - 'l = / / N A dxd 24
sk 1§;§k T(d)m (2> sa Jga sin®™!(arccos(z - y)) v 24)
53 i - 1)/2
i=1

Note that the limiting distribution can be rewritten in the form of the 2nd order
Wiener chaos

Z ziHy(X)/2, (25)

where Hy(x) = 221 is the Hermite polynomial of degree 2, and X; are independent
and identically distributed (i.i.d.) standard Gaussian random variables N(0,1).

There is a vast literature on the univariate linear statistics of determinantal point
processes, e.g., [7, B, @). There are also very few works that give conditions for a
Gaussian limit of multivariate linear statistics, e.g., [3]. But to the best of our
knowledge, Theorem [3| is the very first result on the multivariate linear statistics
for determinantal point processes beyond the Gaussian limit case.

Theorem [2| and Theorem [3| are proved by the method of cumulants. We will
first derive a graphical representation for the cumulants of the multivariate linear
statistics for any determinantal point process in Lemma [l which generalizes the
well-known formula for the univariate case (see below). This graphical rep-
resentation allows us to study the asymptotic properties of the cumulants by the
off-diagonal decay of the spectral projection kernel, where we have to prove Lemma
[l and Lemma [f] bounding multiple integrals over the product of kernels. Exact
identities and asymptotic expansions of the spectral projection kernels combined
with the symmetry of the underlying space of the sphere are two crucial ingredients
for our proofs. For example, we repeatedly use the facts that the spectral projection
kernel is constant on the diagonal, and it satisfies very precise off-diagonal estimates
for all length scales, e.g., ; the important fact that the integral operator ?L(x, Y)
defined in is symmetric is partially due to the symmetry of the sphere, etc.

Contrary to the i.i.d. point process, the determinantal point process has the
negative association property. But our main results Theorem 2] and Theorem [3] are
still analogs of the classical Wiener chaos decomposition in the theory of U-statistics
for i.i.d random variables.

Given i.i.d. random variables X1,--- , X, Hoeffding’s form for U-statistics is
the following (normalized) multivariate linear statistics,

Un(g) = (Z>_1 > (X, X)),

1<i; < <ip<n

where g is a symmetric real-valued function of k£ variables.
Without loss of generality, we assume E(g(Xq, .., Xx)) = 0. Then Hoeffding in
1948 proved that, if the variance Var(g(X7, .., Xj)) < oo, then the following central
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limit theorem holds (Corollary 11.5 in [5]),
n'2U*(g) & N(0, k26y). (26)
Here, the constant ¢; is the variance
51 = Var(gl(Xl)),

where

g1(x) == E(g(z, Xz, .., Xi)).
If the variance §; vanishes, that is the limit of U-statistics for i.i.d. random variables
is degenerate, then a y2-limit theorem holds for the rescaled statistics. To be more
precise, we suppose that g;(z) = Eg(x, Xa,.., X3) = 0 and Eg?(X1,.., X3) < oo,
then we have (Corollary 11.5 in [5]),

nU%(g) (’;) D AiHa(Yy), (27)

where Hy(x) = 2% — 1 is the Hermite polynomials of degree 2, Y; are i.i.d. standard
Gaussian random variables, and \; are eigenvalues of the integral operator A defined
as follows. Let du be the probability density of the random variable X; and set

92(xa y) = ]Eg(xvy7X3a '~7Xk)‘

For any bounded measurable function f, the operator A is define by

(ANW = [ ge.0)f(e)duta), 8)

The formats of results and are almost identical to Theorem [2|and Theorem
respectively. The roles of g1 (z1) and go(x1, x2) are replaced by the i-margin func-
tion f;(z) and the (4, j)-margin function f; ;(x,y) respectively; when the variance
vanishes, both the limiting distributions are the linear eigenvalue combination of
H>(Y;), where the role of the symmetric integral operator A is replaced by E(m, Y).

In general, UF may exhibit the convergence in distribution to the Wiener chaos
with arbitrary order (Theorem 11.3 in [5]). For example, for the primitive com-
pletely degenerate case where

k
g (@1, ex) =[] o ()
i=1
with Eg (X;) = 0 and Eg? (X;) = 0% < 00, one has the convergence

k/277k
) 8, gy, (20)
where Hy,(z) is the Hermite polynomial of degree k and Y is the standard Gaussian
random variable.

Therefore, we may expect that the multivariate linear statistics of the deter-
minantal point process associated with the spectral projection kernel on S¢ also
admits some kind of Wiener chaos decomposition. Actually, our method, especially
the representation formula in LemmalI} can be applied to any other determinantal
point process such as CUE, GUE, the complex Ginibre ensemble in random matrix
theory and Gaussian analytic functions in random polynomial theory. And the
similar results may hold as well, but note that one has to change the conditions
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especially for the test functions to others according to the symmetry and the
invariance of the underlying space and the kernel.

Notation. In this paper, we use C (or ¢) to denote some constants independent
of n, whose specific values may change from line to line. For a sequence of numbers
ay, and b,, we write a,, = o(b,,) if b, # 0 and lim, 0 @y, /b, = 0; a, = O(b,) if
there exists some constant C' such that |a,| < C|b,|; an = O(by,) if ap, = O(by)
and b, = O(ay); ay ~ by if limy, 00 an /by, = 1.

2. A GRAPHICAL REPRESENTATION OF CUMULANTS

In this section we will derive a graphical representation of the cumulants for the
multivariate linear statistics of any determinantal point process.

Given a random variable X, its m-th cumulant @Q,,(X) is defined to be the
coefficient in the formal expansion of log E exp(itX),

.  Qm(X) om
log Eexp(itX) = Z i (it)™. (30)
m=1
A partition of a set S is an unordered collection R = {Ry,..., Ry} of nonempty

subsets of S where ¢ is some positive integer not exceeding |S|. In addition, R
satisfies the following two conditions:

o RiﬂRj:(DfOI‘i#j.

L UleRi =S.
Let m be any positive integer. We denote by II(m) the set of partitions of
{1,2,--- ,m}. The moments of X can be derived from its cumulants as follows,
E(X™) = > Q|R,| - QIRy|- (31)

R={Rx,...,Re}€Il(m)

On the other hand, the cumulants can be expressed by moments as

Qm(X) = > (=D e — Dl EX IR (32)
R={Ry,...,R;}€Il(m)

Some simple properties of cumulants include
Ql(X) = E(X)a Q?(X) = Var(X)v Qm(CX) - CQO(X)'

If X is a Gaussian random variable, then @, (X) = 0 for all m > 3.

Similarly to the method of moments, to show that X, converges in distribution
to X, it suffices to prove that the m-th cumulant of X, converges to Q,,(X) for
all fixed m (as long as the limit is uniquely determined by its cumulants). For the
special case that X is Gaussian distributed and X, has mean 0, it suffices to prove

lim 7Qm(Xn2n =0
n—oo Var(Xn)T
for all sufficiently large m (|9, Lemma 3]).

Let ® be a determinantal point process on the space X associated with the
kernel K (z,y). In the followings, we will derive a formula for the cumulants of the
multivariate linear statistics. We will expand the m-th power of the multivariate
linear statistics and express it in the form of , then the formula for the cumulants
can be found directly from this expression.
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To expand (Z(ml)“_wk)e@,: flx1, .., xx))™, we have km points x1, . . . , Ty (count-
ing multiplicities) appearing in the product f(z1,...,25) - f(Tmk—k+1,-- -, Tmk)-
We write y; j := T(i—1ypq; for 1 <i <m, 1 <j <k, and set y; == (¥i1,---,¥ik)-
Then we have

m
Yoo fanm)| = Y fy) e flym): (33)
(z1,...,x,)EDE Yi,--,Ym€EPE

We first introduce a notation: given any positive integer p, we define the set

lp):={1,....p}.

To find the relations among the points 1, ..., z;,k, we define by
M (m, k) := Map([m], [km]?)
the set of all maps from [m] to
[km]* := {(il,...,ik) € [km]F i £, V1<j<l< k} (34)
To be more precise, let T be an element in M (m, k), then we can rewrite it as
T:=(T1,...,Tn),
where each T; is the image of ¢ € {1,2,..,m} under the map T and
T, € {(il,...,ik):ij € [km] and i; £, V1< j << k}

We also write T; = (T;1, ..., T; %) where T; ; is the j-th component of the k-tuple
T;. For example, when m = 3 and k = 2, then T,T’, T defined as follows all
belong to M (3,2),

=(1,2),Ta = (1,4), T3 = (2,4). (35)
= (1,3),T} = (1,6),T, = (3,6). (36)
T{’ = (1,2),TY = (1,4),T{ = (5,6). (37)

We say two maps T, TeM (m, k) are equivalent if they differ by a permutation
of [km], i.e. by composing with a permutation they become the same map. We
denote by S(m, k) the set of all equivalence classes of M(m, k). As an example, the
T and T’ defined in and are equivalent since the permutation (23)(46)
brings T to T'. But T” defined in is neither equivalent to T nor T'.

For any T € M(m,k), we can construct a graph for it, which we call T-graph.
The T-graph is constructed in two steps. Initially there are mk vertices in total,
indexed by (4,7) for 1 < i < m,1 < j < k. First for each 1 < i < m and
1 < j < k-1, we draw a black edge between T;; and T;;y;. Then for any
(i, j) # (i',7") such that T; ; = T j, we use a solid red edge to connect (i,5) and
(i',7"). See Flgurelfor the graphical representations of T, T' and T”. One can see
that if T is equivalent to T then T-graph is the same as T- graph, and vice versa.
Consequently, each equwalence class in S(m, k) can be identified with a T-graph.

For T € M(m,k), we define the size and the range of T as

IT| := U™, T3], Range(T) = UT;.

For example, for the T defined in we have |T| = 3 and Range(T) = {1,2,4}.
For notational simplicity, for a collection of indices t = (t1,...,%;), we define
f(t) :== f(z,, ey, ..., 2,); by an abuse of nation, for T = (T1,...,T,,), we set
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(1,1) (3,2) (1,1) (3,2) (1,1) (3,2)
T T; T! & TV T
(1,2) (3,1) (1,2) (3,1) (1,2) (3,1)
1) 1, 22 @) g (22 @) g (22

FIGURE 1. Graphical view of T (left), T/ (middle) and T" (right)

f(T) =112, f(T}); and we write dx as the volume element involved in the integra-
tion. By the definition of the determinantal point process, we have

m

E Z f(xlu"'7xk)

(T1,00 k) EDE

- > J(T) det (K (21,2, emange(m) ) dx (38)
XIT|
TeS(m,k)
= Z Z - f(T)Sgn(J)quRange(T)K(xqv xa(q))dx'

TeS(m,k) ceSym(Range(T))

Here, for any set A, Sym(A) is the set of all permutations of the elements in A,
and sgn(o) is the sign of the permutation o.

For any T and o € Sym(Range(T)) we can further construct a (T, o)-graph G
by adding dotted red edges to the T-graph. Specifically, for any T; ; # Ty j, we
add a dotted red edge between two vertices (¢,7) and (¢',j") if o(T; ;) = Ty j or
o(Ty ) = T; ;. We say the pair (T, o) is connected if the (T, o)-graph is connected.

For example, for T defined in (35)), the (T,o)-graph G is connected for any
o € Sym({1,2,4}) because the T-graph itself is already connected. On the other
hand, for T” defined in , if o = id (the identity in the permutation group), then
the (T”, o)-graph has two components. However, for ¢ = (15) € Sym({1,2,4,5,6})
the (T”, o)-graph becomes connected.

(1,1) (3,2) 1,1) (3,2)

(
(3,1) (1,2)
2) )

3
n 2 21 1y (22

Ty
1)

(1,2)
(2,

FIGURE 2. T in B5), o = id (left); T” in (37), ¢ = id (middle);
T in (37), o = (15) (right).

If a (T,0)-graph G has ¢ connected components, then G naturally induces a
partition R of [m] into ¢ disjoint sets {R1,..., Re}. For 1 < j < ¢, we set

Hj := Uieg,T;, o; = the restriction of o to H;.
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Let f(T|r,;) = HieRj f(T;). Then for the integral

/X\T\ f(Tl)f(TQ) s f(Tm)Sgn(g)HqERange(T)K(xqv xa(q))dxa

we can split it into a product of exactly ¢ integrals

4
I1( [, sen@seln) TT Koo, w)de,
=1 ’

qEH;
For any integer-valued r, we define
C(r) ::{(T,U) : T € S(r, k),0 € Sym(Range(T)),

(39)
(T, 0)-graph is connected} .

The definition of {Ry, ..., R¢} implies that, for each 1 < j </, the pair (T|g,, 0;)
is in C(|R;|). Therefore, we have

Z Z f(T)SgIl(O’) H K(Iqaxa(q))dx

TeS(m,k) ceSym(Range(T)) XTI g€Range(T)

' (40)

= > 11 > ont(f,(T,0)) |,

R={Ri,... R/}ell(m) j=1 \(T,0)eC(|R;|)

where

Jut(f, (T, o)) := / fMsgn(o) [ K@gze) | dx.

XTI g€Range(T)
Combining and ([0)), we obtain the following formula for the cumulants

of multivariate linear statistics of general determinantal point processes.

Lemma 1.

Qm Z f(ﬂ?l,...,xk)

(:El’“"mk)eqﬂf (41)
= > _ [(T)sen(o) [ Ko zeq)dx.
(T.o)ec(m)” '™ g€Range(T)

For k =1, (41)) gives the following well-known formula (Formula (2.7) in []]),

i —1)¢-1 m!
:Z Z ( l? n!...ng! (42)

=1 (ny,ene): 5 nj=m,n; >1.V5

//w [ @) [ () K (21, 22) - K(20-1, m0) K (20, 71)dX.

Indeed, by the definition of S(m,1), each T € S(m,1) corresponds to one way
of assigning m different balls into ¢ indistinguishable urns for some ¢. Hence the
T-graph itself has ¢ components and also partitions the set [m] into £ components.
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Thus, to ensure the (T,o)-graph is connected, different components have to be

linked through o € Sym(Range(T)), which implies that o has to be a cyclic per-

mutation of length £. As an example, suppose k =1, m =5 and T = {1,2,3,3, 3},

then |T| = 3 and ¢ has to be (123) or (132) to obtain a connected (T, o)-graph.
For later reference, we introduce a few more concepts.

Definition 1. For a (T, 0)-graph, we say T; ; is a connection point if at least one
of the two conditions are satisfied:

e o(T;;) ¢ Ti.

e There exists an i’ # i such that T;; € Ty.
Equivalently, using the graphical representation of a (T, o)-graph, T; ; is a connec-
tion point if (i,7) is connected to some vertex in {(i',j') : i #£i,1 < j' <k} by a
red edge, either solid or dotted.

Note that, if the (T, o)-graph is connected, then for each ¢, there must exist at
least one connection point T; ;.

Definition 2. We say a (T,0) pair is reducible if its (T, o)-graph is connected
and there exists an i € [m] and a j € [k] such that

o T; ; is the only connection point in Tj.

o o(x) =ua,VreT; —{T;;}.
If the above two conditions hold, then we say the (T,o)-graph breaks at T; ; and
T;,; is a break point. Equivalently, (T, o)-graph is reducible if it is connected and
there exists some (i,j) which is the only vertex in {(i,7) : 1 < j < k} that can have
red edge(s) connecting with other vertices. We say a (T, o) pair is irreducible if it
is not reducible.

We define J(m) to be the set of all (T, o) € C(m) that are irreducible, i.e.,
J(m) :={(T,0) € C(m) : (T,0) is irreducible}. (43)

An example of the reducible graph is given by the right panel of Figure [2| while
the left and the middle ones in Figure [2] are irreducible.

Definition 3. We say a (T,0) € J(m) is circle-like if for each 1 < i < m,
there are exactly two distinct numbers 1 < iy # ia < k such that each of (i,i1)
and (i,12) has exactly one red edge and the red edge is connected to a vertex in
{(@,5") i # 14,1 < j < k}, and all other vertices, i.e., those not in the set
{(,41), (i,12) : 1 < i < m}, have no red edge.

The following proposition explains the name ‘circle-like’.

Proposition 1. Let (T, o) be circle-like. Then there exists a cyclic permutation p
of {1,...,m} such that, for each 1 < i < m, there exist two distinct indices i1 and
io and that (i,i2) is connected with (p(i),p(i)1) with a red edge.

Proof. Note that, by the definition of being circle-like, if we contract all vertices in
{(3,7) : 1 < j < k} into a single vertex (and give it label ), then we will obtain a
connected graph with m vertices such that each vertex has degree 2, which is then
necessarily a circle of size m. Fix a direction of the circle, suppose the label of these
vertices are aj, ..., a,. Then we can define a permutation p such that p(a;) = a;4+1
where a,,41 := a1. In addition, by reordering i; and 4o for each 1 < i < m if needed,
we can assume that (a;, (a;)2) is connected with (a;41, (a;+1)1) for all 1 <i <m
with a red edge. This completes the proof. (I
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As a remark, we will see that in the proof of Theorem [3|for the degenerate case,
the collections of the cycle-like (T, o)-graph will provide the leading order term for
the cumulants of multivariate linear statistics, which will eventually yield the 2nd
order Wiener chaos.

3. PROPERTIES OF THE SPECTRAL PROJECTION KERNEL

In this section, we first review some basic facts for the spectral projection kernel.
Then we will derive several integral lemmas which provide the key estimates to prove
the main results.

3.1. Preliminaries. It’s well-known that the kernel for the spectral orthogonal
projection K,, : L?(S%) — H,,(S9) satisfies (Theorem 2.9 in [2])

K, (z,y) = %Pn(cosd(x,y)) = I;—ZP”(Q: y), (44)

where d(z,y) € [0, 7] is the geodesic distance which is the angle between the vectors
xz,y € 8% P, is the Legendre polynomial of degree n in d dimension, k, is the
dimension of #,, given in and sq = 2’/T%/F(d7;1) is the surface area of S<.
Since both x and y are on the unit sphere, then we can rewrite cosd(z,y) =z -y
as the inner product between x and y.

We also write

Pn(x,y) = Pn(COSd(xvy)) = Pn(w ) y)'
By the fact that P,(1) =1 [2], one has the identity

Ky(z,z) = I;—Z. (45)

The kernel K, (x,y) satisfies the reproducing property,

, Kn(21, 22) Ky (22, x3)d2e = Ky (71, 23). (46)
S [

When z; = z3, reads,

ko,
KZ2(z1,20)dry = -2, (47)
Sd Sd
and thus we have
Kg(xl,l'g)dxldl'g = kn (48)
(Sd,)Z
For P, two basic properties are [2],
Pp(z) = (=1)"Py(~2) (49)
and
|P,(x)] <1, Vz € [-1,1]. (50)
By and the reproducing property , we obtain that
kn \
Palora)Paaan)dzs = (22 Pafon,aa), (51)
Sd Sd

and by (47), we have
ko \
/ Pﬁ(:l?l,fﬁg)dxg = () . (52)
Sd Sd
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For 0 < 6 < /2, one has the Hilb’s asymptotics for the Legendre polynomials (by

taking o = 8 = 952 in [I0, Theorem 8.21.12]),

+ R, (6),

(53)
where J% is the Bessel function of order %. And the error term satisfies the
estimates:

620(1) 0<60<cnt
R, (0) = _ -, ’
(©) {932d0(n_1§d) enl<o<m/2,

where c¢ is some constant independent of n.
For the Bessel function, Ja—2 is bounded on the positive real line and has the

expansion (Formula (1.71.1) in [I0]),

o0

_ (=17 x\HEHE
Tz o) = o jIT(j + ) (3) ' (54

Furthermore, it admits the asymptotic expansion (Formula (1.71.7) in [10]),

J%(x) = \/Zcos (ac —(d- 1)%) +o(z™h) as z — +oo. (55)

Now we define a function p,(0) for 8 € [0, 7] as follows. For 0 < § < 7/2, we define

d 0 1/2 1 d—1 ) —(d—2)/2

x \/W(n _ (d2_ 7777 (4 @-1/26 - @-17) -
(D) (D) (v @-n2) " sy 0

x cos (n+ (d—1)/2)0 - (@-1)7)

for /2 < 6 < 7, we define
pn(0) == (—=1)"pu(m —0).
Combining and (58], for 0 < 6 < 7, we have the estimates,

|Po(cos 0) — pa(6)] < C (min{nd,n(x - )} %2 A1), (57)

|P,(cos )| < C (min{n@, n(r — )}~ @=1/2 A 1) ) (58)

and
Ip(0)] < C (min{ne, n(r — 0)}~@=D/2 5 1) . (59)
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3.2. Integral estimates. Now we will prove several lemmas involving the integrals
of the kernel K,,. They will be one of the main technical ingredients in the proofs
of our main results.

We will use the spherical coordinate system (6, ¢1,...,¢q_1) for S% where
0, b1,...,04-2 range over [0, 7] and ¢g_1 ranges over [0,27]. Here, 6 is the arc
length from the point (8, ¢) to the origin of the coordinate system. For simplic-
ity, we will use ¢ as a shorthand for (¢',...,¢?!), and thus the range of ¢ is
Q = [0,7]972 x [0, 27]. Then the volume element for S% with respect to the stan-
dard round metric is

dz = J(6, $)dodo,

where

o~

J(0,¢) = sin?1(0) sin?"2(¢y) - - - sin(pg_o).
We define
J(¢) :=sin?"2(¢y) - - - sin(¢pg_2),
and thus we can rewrite
dx = sin®"1(0).J (¢)dOd .

The first lemma concerns the integration of a function against K?2.

Lemma 2. For any bounded function f(x,y), we have

lim —/Sd , f(z,y)K2(x,y)dzdy

S
9d—1 §
:F 71' Sd /Sd / / [z, x+(0,9))J(p)dpdbdx. (60)

207 / / x) dudy.
F 7r 54 g4 Jga sin? arccos(x Y))

The next two lemmas give upper bounds on the integration of the product of
several K s.

Lemma 3. For anyr € N;r > 2,

oo

where x,41 1s set to be x1. Equivalently,

[ 1

Lemma 4. For anyr € N,r > 3 and bounded measurable function h of r variables,

(d=1)r
2

); (61)

HK Ty Tyt ‘dwl ~dx, = O(n

(d—1)r

' Zir1) ‘d:vl -dz, = O(n~ 7). (62)

(d=1)r
2

/(sd) h(z1,..., %) HPn(xiaxi-i-l)dxl ~dr, =o(n” ), (63)
" i=1

where x,.41 is set to be 1.

We now give the proofs of Lemmas
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Proof of Lemma[Z By the boundedness of f, without loss of generality, we may
assume that f is nonnegative. For x,y € S¢ we build a spherical coordinate
system (6, ¢) with = being the north pole and write y as = + (6, ¢). By the facts
that K, (z,y) = knPp(cosf)/sq and |P, cos(8)| = | P, cos(m — )|, we have

/ f (@, y) K2 (, y)dedy
gd Jgd

:(%)2/5 /Oﬂ/Qf(q;,:v—&—(9,¢))Pn(0059)2f(97¢)d¢d9dx
:(%)2 (/Sd/OQ/Qf(xmc—k(9,¢))Pn(cose)2f(6‘,¢)d¢d9d:c (64)

’ - COS 27, T
+/Sd, /0 /waﬂw 0. 6)) Pa(cos 0) J(0,¢)d¢>d0d>

::(@)2(11 D).

Sd

We will analyze I; and I by a series of approximations. We only give details for
I, and I, follows from the same arguments. By Hilb’s asymptotic , one has

Py(eost)? =1 (%) (;m = 1)sin9>_(d_2) (L) ((n+ d;1>9)2

sin 6 2
+ R (0),
(65)
where
~ 6201 0<0<c¢/n,
Rn(e) = 2—d( ) —d ., /
0*7¢0(n~*) c¢/n<6<7/2.

We now define

ng/sd /Og/QGJdQQ((n—&—dgl)e)zf(x,x—i—(9,¢))J(¢)d¢d9dm. (66)

By and there exists C' > 0 such that

—(d-2)
d\2 /1 d—1
n-1(3) <2<”+2>) L

By (55)), for any € € (0, 1), there exists an M > 0 large enough such that for z > M,
we have

< Cn . (67)

<Jaa (z)? (68)
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Now we split I3 into two terms,

I — /S d /0 e /Q Jus ((n—I—d;1)9>2 F@,z+ (0,6))0J(6)dodbda

+/Sd /J\f/n/QJd;2 ((Tl+d21)9)2f($71‘—|—(0,¢))9J(¢)d¢d9dm (69)
=14+ Is.

For I, by the boundedness of f and J iz, there exists some C' > 0 such that
|I,] < CM?/n?. (70)

For I, it holds trivially that (n + %)0 > M for § > M/n. Hence, we can apply
the estimates for sz;z((n + 251)09). We set

fs :/Sd /M//Q T+ ( 2— Dz’ 00) (71)

1 s

X cos ((n + dT)e (d— 1)1)9J(¢)d¢d9dx.

Combining (68| , and the following estimate

/Sd /M/n/ ( n 9)) - Flx,3+ (0,0))0J(9)ddods < Cn=5/2,

we have that
(1—¢€)lg —On~¢ <Iy< (1+e)]6+Cn_%. (72)

By Riemann-Lebesgue lemma, for any fixed  and ¢, one has

. 2 d—1 s
nhﬁnolo i fz,z + (0, ¢)) cos? ((n + T)@ —(d— I)Z)dﬁ
. 3 foz it (. ¢))<1 N cos((2n+d—1)8 — (d — 1)%))d0 (73)

n= Jar/n 2 2

1 [2
—5 [ swar 0.0
2 Jo
Therefore, the bounded convergence theorem implies that

. 3 d—1 T
Tim. /Sd /Q - Flz,z+ (0, 8)) cos? ((n + - Z)J(d))d@dd)dx

. (74)
1 3
= [ [t @.0) 10000
2 JsaJaJo
This implies that
1 B
lim nlg = f/ / / flz,z+(0,9)J(¢)d0dpdx := I7. (75)
n—eo T JsdJaJo
Now, combining (69| , and (72) and (75| , we have
(1-el; < hmlnfnlg <limsupnls < (1+¢€)l7. (76)

n—oo
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Since holds for all € € (0,1) while I3 and I; don’t depend on €, by sending
€ — 0, we have

lim nls = I;. (77)

n—roo

Combining (67) and (77), we have
dy 2
lim nd=11 = r(f) 9421,
n—o00 2
By the same argument with 6 replaced by = — 6, we get a similar limit
dy 2
lim nd17, = r(f) 9d=2p
n—00 2

where Ig is defined similarly to I7 as

_ i/y/ﬂ/ﬂ F(x, 2 + (0, 8))J(6)dbdodz.

By the fact k, ~ 2n?1/T'(d), we get

lim —/ fx,y)K2(x,y)dzdy

Sd Jsd

kn
= lim <2> (I, + I)
Sd

ond=1 1 _/d\2
" F<§> 902, =(d=1) ([, 4 [q)

= lim =——— —
ninéo F(d) 52

— ﬂr 2:d1/5d/ /fxer (0,6))J(¢)dodOdz.

This completes the proof of Lemma [2]
O

As a remark, the proof of Lemma[2] actually shows that for almost all z, we have

. 1

n—0o0 Ky, Sd

79
_2! (P(S))2/ fwy) "
I(d)m\ sq sa sin® ! (arccos(z - y))

Proof of Lemma[3 To prove Lemma [3| we recall where we have
Po(z,y) < Cn~ 7 (min{d(z,y), 7 — d(z,y)}) " . (80)
For x1,...,xzq € 8%, let o, ; = d(z;, ;) be the geodesic distance which is the angle

between x; and z; and let 5; ; = min{w; j, ™ — ; j}. We now claim

P13 < B2+ Pas- (81)

To prove , we consider four possible cases.
o If a2 < /2 and ag,3 < 7/2, then we have

Bio2+ Poz=ai2+azs > a3 > B3

Here, the first inequality follows from triangle inequality.
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o If a1 < 7/2 and ag3 > /2, then by symmetry of the sphere, if we set
x4 := —x3 (the reflection of w3 through the origin of R4*1), we have

B2+ Bos=aio+7m—ass=d(z1,22) + d(xe, z5) > d(z1,2%) > B3

e The case a2 > m/2 and a2 3 < 7/2 can be analyzed similarly to the second
case.
o If oy o > /2 and a3 > 7/2, then by setting z := —xz2, we have

Bi2 + Bos = d(z1, 25) + d(xh, x3) > d(z1,x3) > fi3.
The inequality implies that
B1,282,3 = max{ 1,2, B2,3} min{f1 2, B23} >
which gives

(Br.2820)" 470/ < OB min{B . o)~/

Bi3
2

min{f 2, f2,3},

(82)
—(d=1)/2 ( f—(d=1)/2 | p—(d—1)/2
< O3 (st 1 ),
By and (82)), for any fixed 2, and a3, we have
/d Py (21, 22) Py (22, 3) |do
s
<Cn~-b /d(31,25273)_(d_1)/2d$2
s
<On=(@-1 g (d=D/2 / (ﬁigdm/z n @édfl)/z) diy
s (83)
Scnf(dfl)ﬂiy()d—l)/Q (/0 Bl—éd—l)/Q sin" (a1 5)da »
+/ 527,;(;171)/2 Sindl(az,s)d@z:s)
0
_(d—1) o—(d—1)/2
gcn (d 1)51’5) )/ .
Using r — 2 times to integrate out the variables xo,...,z,_1, we get
/ HPn(thiH)‘dxl---de
(SHr ' o
“ 84
Scnf(dfl)r/Q/ (/ pr (=D sin(d’l)(al,r)dal,r)dxl (84)
Sd 0
SCn—(d—l)r/Q-
This proves Lemma
[l

Proof of Lemma[4} As in the proof of Lemmal[3] let o; ;41 be the angle between x;
and x;41 and set £; ;41 = min{e; 41, ™ — @;i41}. Recall the function p,, defined

)
|Po(iy i) — Pn(@iiv1)] = |Pa(cos aiivt) — pn(aiiv1)] < C(nBiiv1) 2. (85)
We can write

h(z, .oz )Gy Po(zi, wig1) = h(zy, . o) TG pp (i igr) + I (86)
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where the error term I, is bounded from above as

K
I <Ch(ar,... |Z n81.500) "2 (T (Paleosagin)l + pa(asgin))) )
i=1,i%j
@=1)(r—1) 1)(7 1) _d d/2 (d—1)/2
SC?’L /2 Z 7, J.|/-1 H Bz ;i1 )/
i=1,i#j
(87)
The first inequality is given by the estimate together with the following ele-
mentary inequality: given aq,...,a,,b1,...,b. € R, one has
T T T T
[Toi = TT0s| < Xlas =il | TT (el + fou)
i=1 i=1 j=1 i=1,i#j

The second inequality in is given by the estimates and .
By slightly modifying the proof of Lemma [3] we can show that

—d/2 - —dxt
/(Sd)r Bj»jll II s | ey dar < oo (83)
i=1,i]
Combining and (B8], we get
/ |I.|dzy -+ dz, < Cn~ e o(n~ g
(84

We define a function

g(x1,...,z0) = h(x1,...,2) H sin=(@=D/2(8, 1), (90)

i=1

The proof of Lemma |3|implies that the function IT}_; sin™ = T (Bi,i41) is integrable
over (S4)". On the other hand, by definition of p,,, we can write

xl?"'a Hpn azz+1

=(n+(d —1)/2) @=0r/2 sy g1, ..., 2,) (91)

-1
x H ( 1)t =m/2 cos ((” 41 5 )Biir1 = (d— 1)1)) :

When computing the integration over x4, . .., z,,, we can build a spherical coordinate
system (6, ¢) around z5 and represent x1 by x2 + (6, ¢). Here 6 € [0, 7] and ¢ has
d—1 components ¢1, ..., ¢4s—1. We claim that, for almost every (fixed) ¢, 2, ..., Xy,
the integration of over # has the limit

lim g(xa + (0,0),29,...,2,)X

n—oo Sd

LI

i=1,r

) (92)

( yrtleciri>m/2] qog <(n + L; )Biiv1 — (d— 1)2)) df = 0.
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Assume for the moment, by and the dominated convergence theorem, we
have

_d=1)r
2

/ , h(z1,...,z) Hpn(ai’i+1)dml <dx, = o(n ). (93)
(ST i=1

Lemma now follows from 7 and . Hence it remains to prove (92).

To this end we first rewrite the product of the two cos(-- - ) factors in (92) as

1 d—1 s
—cos| (n+——)(Bi2+ Brry1) —(d—1)=
2 < 2 2) (94)

1 d—1
+§ oS ((n + T)(ﬁm - ﬁnrﬂ)) .

Under the spherical coordinate system, aj 2 = 6 so that $12 = min{f, 7 — 6}.
Denote by (0, ¢’) the coordinate of x,. in this system. By making an orthogonal
transformation if necessary, we may assume that ¢} = 0.

To compute S, 41, note that

COS QU py1 = COS QU1 = T - T = €086 cos’ + sin b cos ¢y sind'. (95)

If neither 6’ nor ¢, is not equal to 0 or 7, then a; 11, viewed as a function of 0, is
continuously differentiable at all but finite many 6’s, and satisfies

_ |—sinfcos @ + cos b cos ¢y sin 6’| <1

B /1 = (cos B cos 0 + sin 6 cos ¢ sin 0)2

danr-&—l
do

Thus, 81,2 + Brry1 is piecewise differentiable in § with a nonzero derivative. The

limit now follows from and (the proof of) the Riemann-Lebesgue lemma.

Note that is not true for r = 2 where the second cos(---) factor in

is a constant, which further implies that the integration may tend to some
constant other than 0. Thus we need the assumption r > 3.

O

4. PROOF OF THEOREM [II

In this section we prove Theorem [I] regarding the asymptotic expansion of the
mean E(L, f). By and , we have

E(L.f) = / f(xy, ... ) det (Kn(il?i,l’j)léi,jék)dxl - dwy, (96)
(S)k

We can expand the determinant as

Kk

det (K7L($i7$j)1§i,j§k) = H Kn(ZEznyz) - Z K’?L(ziwrj) H Kn(33€7$é)
i=1 1<i<j<k LF£i,j
+ remainder term,

where the remainder term (denoted by Ig) is the sum of sgn(o)II%, K, (x4, Z,(i))
over all o’s € Sym(k) which are neither the identity nor a transposition (a permu-
tation which exchanges two elements and keeps all others fixed). Using the cycle
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decomposition of permutations, and (50, we have the upper bound

kn \ ¥
‘IQ| <C <5d) E Pr%(ximxh)Pg(xizvsz)
o=(i171)(i2J2)

(97)
+ Z Z | Po(@iy s @iy) - Pr(@i,_y @i, ) Po(@i, ma,)| ]

3<r<k o=(i- i)
where C' is some constant depending on k.
Combining , the estimate k,, = ©(n%"1), the boundedness of f and Lemma
we have the upper bound
/ \f(@1, ..., 2x)| [To] doy -+ day < Ol F DR (720070 4y =30d=1/2) - (9g)
(54)k

which gives the error term in (12)). We also have

/ flz1, ... zk)
(S4)k

k
X (HKn(xz’xz) - Z K2(zi, ;) H Kn(xe’xz))dxl...dmk

1<i<j<k LF#i,g

k k
(n) / f(xy, ... xp)dey - - - day
Sd (S)k

k—2
a <I:Z> /(S Z fi,j(fay)Kg(f,y)dmdy,

2 1<i<i<k

(99)

where f; ; is the (,j)-margin function of f as defined in (II)). Applying Lemma
to (99), we will get the first two terms in (12)), which finishes the proof of Theorem
m

5. PROOF OF THEOREM [2

5.1. Univariate case. The univariate linear statistics for determinantal point pro-
cesses has been understood very well. The following result proved in [9] is partic-
ularly useful. Given a family of determinantal point processes with kernel K, and
measurable bounded univariate functions f,, with compact support (to ensure inte-
grability), let L, f, and L, |f,| be the linear statistics of f,, and |f,|, respectively.
Suppose that

Var(Ly, f,) — 00, sup | f| = o(Var(Ly, fn)€), E(Ly |fn]) = O(Var(L, f,,)°) (100)
for any € > 0 and some d > 0, then one has the central limit theorem,

Var(Ly, f,) N1

In our case, the integrability condition holds trivially as the test function is bounded
and the underlying space S? is compact. Thus, it remains to check the three
conditions in (100) in order to to prove Theorem [2| for the univariate case.
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Note that the variance of L., f is given by

Var(L, f) = / / Y)2 K2 (x, y)dzdy. (101)
sd Jgd
By Lemma [2, one immediately has the limit,

lim Var( nf)

n—oo

2d2

-2 /S d / / +(0,0))%J()dedddz.  (102)

54
d—2 é 2

_ 2 (4) // f ) dudy,
T(d ga Jga sin? arCCOS(l" Y))

By definition , the 1-margin function is itself for k = 1, i.e., F(z) = f(x), and
thus gives the limit of variance in for k = 1. The assumption that F(z) is
not constant almost everywhere implies the first condition Var(L,, f,,) = ©(k,) —
00. The second condition is satisfied since f is bounded. The third condition is
satisfied with § = 1 by the fact that

B = [ @I K (e)e =2 [ (f@)]de = O,

This completes the proof of Theorem [2] for the univariate case.

5.2. Multivariate case. Now we prove Theorem 2] for the multivariate linear sta-
tistics. There are two steps in the proof. We will first derive the growth order of
the variance Var(L, f) = Q2(L, f), then we will prove Q,,,(L,f) = 0o(Q2(L,f)?)
for all fixed m > 3. This will imply the Gaussian limit for the multivariate linear
statistics by the method of cumulants.

We first introduce a notation. Given the set A which is a collection of (T, o)-
graph, we define

Qm L nf,A): Z / Sgn(o)HqGRange(T)K(mqaxo(q))dx7 (103)
(T,0)ea” (59 ‘T‘

where dx is the volume element involved in the integration. With such notation,

we have Q. (Lnf) = Qm (L, f,C(m)) by (recall the definition of C(m) in (39)).
We first estimate Q2(L, f), which is the variance Var(L, f). We can split the
expression for Qz2(L, f) into 3 parts:

QQ(Lnf) = Qm(Lnfvc(Q)) - Q2(Lnfa Al) + Q2(Lnfa AQ) + Q2(Lnfa AB)a
where Ay, Ay, Az are disjoint subsets of C(2) defined as follows:

Ay ={(T,0) €C(2) : |T| = 2k, 0 is a transposition, i.e. o = (ij) for some 7,5},
Ay ={(T,0) €C(2) : |T| =2k — 1,0 =id},
A3 =C(2) — A) — As.

Lemma 5. We have the following two estimates.
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(1)
Q2(Lnf, A1) + Q2(Ln f, Az)
(kn\ T Bn292 T(5)N2 (F(z) - F(y))?
- <5d) L(d)w ( Sd ) /Sd /Sd sin~! (arccos(x - y))dmdy (104)
+ o(n(d-DEk=1),

(2) 622(Lnf7 Ag) =0 (n(d—l)@k—l))’

The limit now follows from Lemma In particular, since F' is not constant
almost everywhere, we have the following estimate of the variance

Qa2(Lyn f) = O(nld=1EZk=1)) (105)

Proof of Lemma[5 . We first consider Q2(Ly, f, A1). If |T| = 2k, then T has to be
((1,...,k),(k+1,...,2k)). Pickany 1 <i <k and k+ 1 < j < 2k. Then for such
T and o we have

Q2(Lnf,(T,0)) = —/ fQ@r, i) f(@rs, - 75521@)(%)%_2}(3(%7%)(17(

(Sd)2k

E,, \ 2k—2 ,
= —(—) / filzs) fi—k () K5 (24, zj)dadx;,
Sd (54)2

where the second equality is given by the definition of the i-margin function f; in
. Summing over all 4, j, we see that Q2(L, f, A1) is equal to

(a2 ’ - fi(z) zk:fl(y) K2(x,y)dzdy
Sd (592 \i=1 i=1 (106)
o <Z>2k2 /(Sd)2 F(2)F(y)K2(x,y)dzdy.

Now we consider Ay. Since T € S(2,k) and |T| = 2k—1, T has to satisfy [T1NTz| =
1. The number of ways to choose 1 location in T} and 1 location in T are both k.
Therefore, Q2(Ly f, A2) equals

k 2k o, 2k 1
Z Z (7) /(Sd)%l f(l‘l,...,a?k)f($k+1,...,.’L’j,l,xi7l‘j,...7$2k,1)dx

=1 jeky1 04
k2 B

:Z Z (%)2k 1/ fz(if)f]_k(x)dx
=1 j=kt1 @ sd

:(%)Qk_l /sd F(z)%dx.

Adding up Q2(L, f, A1) and Q2(L,, f, A2) and using , we have

2k—2
Qa(Lnf. )+ QalLaf dn) = ()75 [ (F(@) ~ F@)PKE ) dody.
Sd 2 (84)2
Now follows by applying Lemma to the function (F(z) — F(y))?.
Now we turn to the second part of Lemma 5 We can further decompose the set
Az into 3 subsets Ay, As, Ag corresponding to |T| = 2k or 2k — 1 or smaller than
2k—1. For any (T,0) € A4, o is neither a transposition nor identity (because (T, o)
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has to induce a connected graph), thus there are at least three different indices ¢
such that o(q) # ¢q. By and Lemma [3| with r» = 3, we have

Qa(Lnf, As) = O(nRE@=Dn =257y — o(p(d=D(2k=1)), (107)

For any (T,0) € As, it is not in As, i.e., o is not identity, and thus there are at
least two ¢’s such that o(q) # ¢. Applying Lemma with r = 2, we get

Q2(Lnf, 45) = O(nF D= Dn =070 = o(n(d=DE=D), (108)
For any (T, o) € Ag, it’s clear that if |T| < 2k — 2, then for any o, we have

Q2L f. (T,0))| < c(’;l) T OmEDITI) — p(n@-DEk-D)y,
d

Hence, we have
Q2(Ln f, Ag) = o(n("DED), (109)

Combining ([107)), (108]) and (109)), we have
Qa(Lnf, A3) = Qa(Lnf, As) + Qa(Lnf, As) + Qa(Lnf, Ag) = o(n(*~DEE1),
which completes the proof of Lemma [f] O

Next we will prove the estimates for the higher order cumulants.

Lemma 6. For any m > 3, it holds that
Qu(Lnf) = o(Var(Ln ) ), i.e., Qu(Lnf) = o(n=DEm=2)), (110)

This lemma will imply the convergence of the multivariate linear statistics to
the Gaussian distribution by the method of cumulants. To prove Lemma @
we first need the following lemma.

Lemma 7. Given a permutation o, let a(c) be the number of elements q such that
o(q) # q. Suppose the (T, c)-graph is connected, then we have

km — |T|+a(o) > m—1+ 1[0 # id]. (111)

Proof. is essentially due to the simple fact in graph theory that for a connected
graph the number of edges is not smaller than the number of vertices minus 1.
Before applying this fact, we note that, due to the construction of the (T, o)-
graph, the connectivity property of the graph is not affected by removing some
redundant red edges. Indeed, if a vertex has ¢ solid red edges, then it lies in a
clique (i.e., a complete graph) of size £ + 1 formed by red solid edges only. We can

change this clique to a path graph by removing £erl) g = @

5 red solid edges
without affecting the connectivity. After the edge removals, the number of solid
red edges becomes km — |T|.

We now consider the new (T, o)-graph after removing some redundant red edges
as described above. Note that the total number of vertices and black edges are
equal to km and (k — 1)m, respectively.

e If o0 = id, then there is no dotted red edge. The number of red solid edges
(after the edge removals) is equal to km — |T|. Hence, by the connectivity
of the graph, we have

(k—1m+km—|T|>km—1,
which proves (111)).
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e If o #£ id, then we have dotted red edges. We now perform a contraction of
the graph by contracting all vertices connected by black or red solid edges
into a single one. After this contraction, the number of remaining vertices
is at least

m — (km — |T)).
These remaining vertices must be connected by dotted red edges to ensure
that the (T, o)-graph is connected, whose number can be upper bounded
by a(o) — 1. (We may remove one dotted red edge without affecting the
connectivity, if the number of the vertices is a(c).) This implies
a(oc) —1>m—(km —|T|) -1,

which proves (111]) in the case o # id.

Now we decompose C(m) into the following three subsets,
By ={(T,o0) € C(m) : |T| = km,a(o) =m},
By = (C(m) — B1)N{(T,0) € C(m) : 0 = id}, (112)
Bs = (C(m) — B1)Nn{(T,0) € C(m) : 0 # id}.
For any (T,0) € By, by the restrictions that a(c) = m > 3 and (T,0) € C(m) ,
the cycle decomposition of ¢ must be the multiplication of one cyclic permutation
of length m and (mk —m) cyclic permutations of length 1, e.g., o0 = (12---m)(m+
1)---(km). Applying Lemma with r =m > 3, we have
Qu(Lnf. (T, ) = o(n =D/ TIn= 55 = o(n(4=Dm=5)),
which further implies that
Qu(Lnf, Br) = o(nl*=Dm=5)), (113)
For any (T,0) € Ba, by m > 3, , and the boundedness of f, we have
Qum(Lnf, (T,0)) = O(n4=DIT) = O(pld-Dkm=mt1)y _ ,(p(d=1)(km=5)y
Therefore, we get the estimate
Qu(Lnf, B2) = o(nl!=Dm=%)), (114)

For any (T, o) € Bs, by the boundedness of f and Lemmawith r=a(o) > 2, we
have

Qu(Lnf, (T,0))) = O(n=DITlp=(@=Dale)/2y),
If |T| = km, then we must have a(c) > m since (T,0) € C(m) is connected but it
is not in Bj. It follows that

O(nld=DITl = (@=1)a(0)/2) _ o (d=1)(km—%)).

If |T| < km, then by (111)) with o # id, we have

— (km —|T
o — 1) + ) > oy ¢ BT

which implies
Qun(Ln, (T,7)) = O DI Tly= (A= 0e(0)/2) — (e 1m=5)),

Hence, we have
Qu(Lnf, Bs) = o(n@=Dm=5)), (115)
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By (113), ([[14) and (I15), for m > 3 we get
Qm(Lnf) = Qu(Lnf, B1) + Qu(Lnf, B2) + Qu(Lnf, Bs) = o(n!?~Dm=5)),

This together with ((105)) will complete the proof of Lemma |§|, and thus the proof
of Theorem [2] for k& > 2.

6. PROOF OF THEOREM [3

In this section, we will prove Theorem We first claim that if f(xq,...,xx)
with k > 2 satisfies and 7 then the i-margin function f;(x) is necessarily
constant for all 1 < ¢ < k. In fact, condition of the permutation invariance
implies that

fi(z) = fi(z) for all ¢, (116)
which is equal to

/ f(x71'2,...,$k)dx2"'d$k
(Sd)k—l

:/ / flx, e, ..., xg)des - - dxy | das
gd (5d)k—2

= f172(17,1‘2)d1‘2.
Sd

Here f12 is (1,2)-margin function of f. Condition further implies that the
integral fsd f1.2(z, z2)dzs is independent of z, i.e., fi(z) is a constant independent
of z, and thus F(z) is a constant. Therefore, the limit of the variance on the right
hand side of is degenerate. Without loss of generality, we assume that the
integral of f is 0, i.e.,

/(Sd)k flxy, ... xp)day - -day, = 0.

This is equivalent to [¢, fi(x)dz = 0, which implies that (since f; is constant)
fi(z) =0 and thus F(z) = 0 for all z € S9. (117)

6.1. Calculations of the cumulants. Again we will prove Theorem [3| by the
method of cumulants. Recall the concepts of break points, (ir)reducible graph and
the notation J(m) (see Definitions[I] and [2} and (43)), we first have

Lemma 8. Let f be a function of k > 2 variables that satisfies the i-margin function
fi =0 for alli. For any (T,o) ¢ I(m), we have Qm (L, f, (T,0)) =0.

Proof. By the definition of the reducible graph, we can assume that (T, o) breaks
at qo € T;, and thus o(q) = ¢ for ¢ € Range(T;) — go. Thus we have

Qm(Lnf,(T,0))

= [ g I ST e i o

:sgn(a)/ </ f(Ti)HqGRange(Ti),q;équn(xq)xq)dxq>
(S9)ITI—k+1 (Sd)k—1

X (Hj;ﬁif(Tj)) (Hq'E{qo}U(Range(T)fRange(Ti))Kn(xq/a xo(q’))) dl‘q’
=0.
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We have used the assumption f; = 0 in the last equality. O
Lemma [§] implies that

Qm(Lnf) = Qm(Ln f,C(m)) = Qm(Lnf,I(m)).
Recall the concept of the circle-like graph in Definition 3] we express J(m) as
the union of

Ey :={(T,0) € 3(m) : (T, 0) is circle-like} (118)

and its complement
E2 = 3(7’)1) - El. (119)
Lemma 9. Form > 2, recall that a(o) is the number of elements that are not fized
by o, we have
e For any (T,0) € 3(m),

a(o)

km — |T
m||—|—2

> m. (120)

o If (T,0) € Ey and km — |T| + @ = m, then o is not a composition
of disjoint transpositions, i.e., in the cycle decomposition of o, there must
exist at least one cyclic permutation with length strictly greater than 2.

Proof. We now define two functions M(i,5) and A(4,5) for 1 <i<m,1 < j <k.
Given a (T,o0)-graph, we say an index ¢ € [km] has multiplicity M if there are
exactly M different i’s such that ¢ € T;. We define M (i, j) as the multiplicity of
T;,;. We define A(¢,j) =1 if o(T; ;) # T;,; and 0 otherwise. Then we have

(@) O~ (MG, §)—1  A(i,j
km‘T”(z)_ZZ( A(ﬂfj) +2M(<ujg)'>>' (121)

i=1 j=1

Since we assume that (T,o) € J(m), for each 4, T; has at least two distinct
elements, denoted by T; ;, and T; ;,, such that they both have red edges. Therefore,
we have

max{M(i,i1) — 1, A(4,41)} > 1 and max{M (i,i2) — 1, A(4,i2)} > 1. (122)
If M(3,41) > 1, then
M(i,iy) — 1
M (i, 1)
If M(i,i1) = 1, then by (122)), A(i,i;) = 1. We then have
Aliyiy)  A(iyi) 1

1
> —.
-2

2M (i,41) 2 2’
In both cases we always have
M) —1 | AGa) o 1 (123)
M (i, 1) 2M (i,i1) — 2

The same inequality holds for 7} ;,. Hence we have

(MGG —1 | AlLy) 1
S (M ag) 2255 = (124

Jj=1
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And the equality in (124]) holds iff there are exactly two vertices (i,i4), ¢ € {1,2}
that have red edges and each satisfies

M(i,io) =1 and A(4,i4) = 1; or M(i,iq) = 2 and A(Z, i) = 0. (125)

By summing over 1 <+¢ < m, we have

Em:Z( M) +2M”> Zl— (126)

=1 j=1 i=1

now follows from and ( -

Now we turn to prove the second part of Lemma [0] by contradiction. Suppose
that km — |T| 4+ a(0)/2 = m and the cycle decomposition of o only consists of
disjoint transpositions, we need to show (T, o) € E;. By the proof of above,
the condition km — |T| 4+ a(c)/2 = m implies that

MGG -1 A6
Z< M(i. j) +2M(i,j>)1 120

j=1

for each 1 <4 < m. This further implies that for each 1 < i < m, there are exactly
two vertices (4,41) and (i,i2) that can have red edges, and all the other vertices
have no red edges. By , for all 1 < i < m and any « € {1,2}, either of the
following two conditions holds:
o M(i,io) =2 and A(i,i,) = 0. In this case (,4,) has exactly one solid red
edge but no red dotted edge.
o M(i,io) =1and A(4,4,) = 1. In this case (7,i,) has at least one dotted red
edge, but no solid edge. Since ¢ is only composed of disjoint transpositions,
(i,14) must have exactly one dotted red edge connecting with some other
vertex (7, jos). And j has to be distinct from i. Otherwise there would be
no red edge between the set {(i,-)} and {(¢',5') : ' #¢,1 < j’ <k}, which
makes (T, o) ¢ C(m).
As a conclusion, in both cases, for each 1 < i < m, there are exactly two vertices in
{(4,7) : 1 < j < k} that can have red edge and each of them is connected to vertices
in {(¢,5) : i # 1,1 < j' <k} with a single red edge. This shows that (T,o) is
circle-like which is a contradiction, and this proves the second part of Lemmal[] O

The following lemma indicates that the summation over the subset F; yields the
leading order term of Q. (L f).

Lemma 10. Fiz any m > 2, we have the following two estimates.
(1)
Qu(Ln f, Bz) = o(nlt=D=0m), (128)
(2)
1 | . kn mk Cd m
Qm(Lnf, Er) :§(m —Dl(k(k—-1)) — v

Sd

X / ﬁ(xl, xg)ﬁ(mg, x3) - ‘}\L((tm, z1)dzy - dEy, (129)
(8d)ym

+ O(n(d_l)(k_l)nL),
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where the constant Cy is defined in Theorem@ and the symmetric function Tz(x, y)

is defined in .

By the relation Q. (Lnf) = Qm(Lnf,3(m)) = Qm(Lnf, E1) + Qm(Lnf, E2), we
have the following corollary.

Corollary 3. For any m > 2, the m-th cumulant satisfies the asymptotic expansion

Sd

Q) =om vty (B2) " (o)

X / ﬁ(mh .1‘2)?1(562, x3) - ﬁ(a:m, x1)dxy - - dxy, (130)
(Sd)nl

_’_O(n(d—l)(k—l)m).
In the special case m = 2, it yields the limit for the variance of Ly f.

Proof of Lemma[I0, We first prove part (1). Given any (T,o) € Ey C J(m), by
(120), it holds that km — |T| + @ > m. For the case km — |T| + @ > m, by
Lemma 3] we have

Qm(Lyf,(T,0))
= \/(Sd)T f(Tl) T f(Tm)Sgn(U)quRange(T)Kn(xqv xa(q))dx

:O(nITI(d—l))O(n—(d—l)a(a)/2)
:O(n(dfl)(lTlfa(aW)) — O(n(dfl)(mkfm)).

(131)

For the case km — |T| + %”) = m, by the second part of Lemma @ there must
be a cyclic permutation whose length is at least 3 in the cycle decomposition of o.
Hence by Lemma [3| and Lemma [4] we can first integrate all variables with indices
in that cyclic permutation, and then integrate the remaining variables to get

Qm(Lnfa (T> CT)) = O(n‘T‘(dfl))o(nf(dfl)a(f’)/z)

— o(n(@-DUTI=a(0)/2)) — o(p(d=1)(mbk=m)y (132)
By (131)) and (132)), if we sum over all (T, o) € Ey, we prove (128]).
We next prove part (2). We define
hn(x7y) ::/d(fl,Z(xvy) - fl,Q(x7Z))P72L(ya Z)dZ
o (133)
=(kn/sa) " fr2(2,y) — /d fro(z,2)PL(y, 2)dz.
s
Since f12(z,y) and P, (x,y) depend only on the distance d(z,y), we have
hn,) = f50)  ral9) = [ a2 P2y, 2z
s (134)

=(kn/sa) " f12(y,7) — /Sd fr2(y, 2) Pz, 2)dz = hy(y, ).
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Hence hy,(z,y) is symmetric in z and y. We claim that

mk
(135)

X / ho(z1, 22)hn (T2, 3) -+ - M (T, 1) dXy -+ - ATy
(54)m

Now we prove (|135). Given (T,o0) € E; which is circle-like, by Proposition |1} we
can find vertices (i,i1) and (4,42) for 1 < ¢ < m and a cyclic permutation p of
{1,...,m} such that (i,43) is connected with (p(i),p(¢)1) with a red edge for all i.
To compute Q, (L, f, (T, o)), for simplicity, by condition of the permutation
invariance of f, we assume that iy = 1 and i3 = 2 for all 7, and we also assume p is
the cyclic permutation (12---m). We now define a new kernel ﬁi(m, y) as follows.
If (7,2) and (i +1,1) are connected by a solid red edge (i.e., T; 2 = Tj+1,1), we let

Py(x,y) = K (2,2)8 () = (kn/s4) " 8y (2),

where d,(x) is a Dirac delta function such that for any function g,

dy(x)g(x)dx = g(y).
Sd
If (4,2) and (i + 1,1) are connected by a dotted red edge (i.e., o(T;2) = Tj+1,1 or
O'(T7;+171) = Ti 2), then we let

Py(x,y) = —Pi(z,y) = —(kn/sa) > K7 (2, ).

Integrating over all variables except those in the set {T; ,1 <i<m,1 < a < 2},

kn mk ~ )
Qm(Lnf,(T,0)) = (Sd> / . Jr2(z1, y1) Pr(ys, w2) f1,2(22, Y2) Pa(y2, 23) X
(5d)zm
e X f1,2(xmaym)pm(ym7xl)dxl T dxmdyl e dym
(136)

If we fix the cyclic permutation p = (1---m) and indices i, = 1,2, then we can get
2™ different (T, o) in the set E7, because each red edge between (i,2) and (i +1,1)
can either be a solid one, or a dotted one. If we sum over all 2™ different (T, o) in
and integrate over the variables y1, ..., ym, then we get a total contribution
of

mk
<kn> / hn(z1, 22)hn (22, 23) X <+ X Wy (T, 21)dxy - - - ATy (137)
Sd (§d)ym

Since there are (m — 1)! cyclic permutations of [m] and there are (k(k — 1))™
distinct combinations of the indices i,,1 <i < m,1 < a < 2, we obtain . But
note that there is a factor 1/2 in the front of (I3F]), this is because given a circle-like
(T, o)-graph, the correspondence from p and {i,,1 <i < m,a = 1,2} to (T,0) is
not 1-1, but rather 2-1. Indeed, by defining p’ = p~! and i/, = i3_,, we end up at
the same (T,o)-graph. As an example, the (T, o)-graph given in the left panel of
Figure [2] is circle-like, and by Proposition [I] we can take the cyclic permutation as
p = (123) or p = (132).
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Now we prove part (2) of Lemma By , for any fixed x and y,

lim nd_lhn(x, y) = Cyq /Sd(f1,2($,y) — f12(z, 2)) Sin*(d—1)(arccos(z -y))dz

n—00
= Cdﬁ(xv y)
(138)

Furthermore, by the boundedness of f and , there exists constants ¢ and C
such that for all z and y, we have

|nd_1hn(x,y)’ < cnd_l/ P2(y,2)dz < C. (139)

Sd
Hence, part (2) of Lemma [10| follows from (135)), (138)) and the dominated conver-
gence theorem. O

6.2. Identification of the limiting distribution. Recall from (134]) that h,, and

thus h are both symmetric, i.e., //{(a:, y) = E(y, x). This implies that there exists an
orthonormal basis of L?(S?), say w;,j > 1 such that

b, y) = 3 zjw;(@)w;(y)

for almost all (x,y) € S x S9.
We consider the following random variable

e - () (C40)

By Corollary |3] for any fixed m > 2, we have

m—1)!
nlingo Qm(Xn) = % 2; Z;n (140)
i=
In addition, Q1(X,,) = E(X,) = 0 for all n.

We shall now determine the specific form of the limiting distribution of X, in
three steps. Let x;,7 > 1 be independent chi-squared random variables with one
degree of freedom, defined on some common probability space €2g. We consider a
sequence of random variables Yy defined by

N
Yn =Y zilu—1)/2
i=1
e We show that Yy, N > 1 is a Cauchy sequence in L?(£)y). Thus Yy con-
verges to some limiting random variable Y in the L? norm. We further
show that the convergence is also in L™ for any m > 1, which implies that
Qm(Yn) = Qn(Y) for any m > 1.
e We next find the cumulants of Y by computing log Eexp(itYy) and taking
the limit N — co. It turns out that

Qm(Y) = lim Qm(Xyn), ¥m > 1.

e Finally, we prove that the distribution of Y satisfies the Carleman’s condi-
tion. This combined with the second step shows that X, converges to Y in
distribution and completes the proof of Theorem
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By (138)) and (139)), ﬁ (z,y) is uniformly bounded, and thus we have

Zz —/ ha:y 2dxdy < oo.

Thus for any N7 < Ns, it holds that

N2
YN, — YNzHi2 <C Z 2]2 — 0 as Nj, Ny — oo,
j=Ni1+1
which implies that Yy, N > 1 is a Cauchy sequence in L?(€)g). Consequently, we

can find a limiting random variable Y such that Yy — Y in L2,
For all m > 2, one has

o< (X)) < (141)
j=1

j=1
By , for any even integer m, the m-th moment of Yy is bounded uniformly
from above:
4 oo
E(Y) <C Z H(Z|Z3|W) < 00,
m=mi+---+memi,....mp>21=1 j=1
where the summation is over all integer partitions of m. This further implies the
sequence {Y{*', N > 1} is uniformly integrable for any fixed m > 1 and thus we
have N
YN L%y as N = oo
for all m > 1. We can formally write Y as the sum Y .o, z;(x; — 1)/2.
We now turn to the second step. The cumulant generating function of Yy is

N
log Eexp(itYy) = ZlogEexp(zi(Xi —1)it/2)
i=1
z;it N X,
7 )
—Zlog l—zZ Z 2 :ZZZm

i=1 i=1 m=2

For m > 2, the m-th cumulant of YN is

m'z = 1) sz (142)

Since Yy converges to Y in L™ for all m > 1, by (32 . we have

L o m-1) K
Qu(Y) = lim Qn(Yy) = —F— le ,VYm > 2, (143)
which coincides with (140). Also, @1(Y) =E(Y) = 0 since E(Yx) = 0 for all N.
To finish the proof of the convergence of X,, to Y, we need to show that the
distribution of Y is uniquely determined by the cumulant condition (143]). To this
end it suffices to verify the Carleman’s condition
(E(r2m) ™ = o, (144)

m=1
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To establish (144)), by (141 and (143), for m > 2, we have
|Qm (Y)| <m!C™, (145)

for some constant C' > 0. Note that (145) also holds for m = 1 since Q1(Y) = 0.
By and (145)), for any even integer m, we have

E(Y™) < > Qira| - Q|
R:{Rl,...,Rz}GH(m)
< Z |Ry IO | R IO e
R={Ry,...,R¢}€Il(m)

=Cc™ > [Ra|!-- | Ry,

R={R1,..., R, }€ll(m)

(146)

where we used the fact that Zle |R;| = m. To estimate the last summation, given
an integer partition m = mq +- - -+ my for some £ > 1 and mq, ..., my > 1. Denote
the number of distinct m;’s by N’ and let 71,...,7, be their multiplicities. Then
the number of partitions {Ry, ..., Rs} of [m] such that

#{RiZ|Ri|=mi}:Ti, VISZSE

is given by
m!

N
mal--m! [T 7!
Thus, we have
E(Ym) Scm Z Z m1! ce mg!
m=mi+-+my RETI(m),|R; |=m;
m!

<cm ——my!- - my! 147
2 my!---m TIY 7! (147)

m=mi+---+mg
<Cm™m! YL
m=mi+---+my
It is known that the total number of partitions of an integer m, denoted by x(m),
satisfies log k(m) ~ m/(2m)/3 as m — oo (p.70 in [I]). Consequently, for some
constant C large enough and all m > 1, k(m) < cm. Therefore, we have

E(Y™) < C™m!C™ < (CC)™m™. (148)
Now (|144]) follows from (148)) since
) o ; S e N —1/(24) S c
EYZ,L 1/(2)> 21 2-22 > g . 14
> (E0™) _g(wc)(z)) DM R (149)

This completes the proof of (144)), and thus we finish the proof of Theorem
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