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In this paper we study singular kinetic equations on R2d by the paracon-
trolled distribution method introduced in [GIP15]. We first develop paracon-
trolled calculus in the kinetic setting, and use it to establish the global well-
posedness for the linear singular kinetic equations under the assumptions that
the products of singular terms are well-defined. We also demonstrate how the
required products can be defined in the case that singular term is a Gaussian
random field by probabilistic calculation. Interestingly, although the terms
in the zeroth Wiener chaos of regularization approximation are not zero,
they converge in suitable weighted Besov spaces and no renormalization is
required. As applications the global well-posedness for a nonlinear kinetic
equation with singular coefficients is obtained by the entropy method. More-
over, we also solve the martingale problem for nonlinear kinetic distribution
dependent stochastic differential equations with singular drifts.
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1. Introduction. In this paper we are concerned with the following nonlinear kinetic
equation with singular drifts in R2%:

(1.1) Ou=Ayu—v-Vyu—>b-Vyu—Kx(u)-Vyu, u(0)=mup,

where u : Ry x R?¢ — R is a function of time variable ¢, position 2 and velocity v,
(u)(t,z) := [pa u(t,,v)dv stands for the mass, K : RY — R? is a kernel function and

Ko (u) (t, ) -= y K(z —y)(u)(t,y)dy,
and for some o € (1,2) and T' > 0,
(1.2) b= (b, - ,ba) € (LFC;%(p))",

is a Gaussian random field and the example of b which we have in mind is white noise in v and
colored in z. Here p is a polynomial weight and C;, “(p) stands for the weighted anistrophic
Holder space introduced in Subsection 2.1. The aim of this paper is to establish the well-
posedness for the above singular SPDE and the associated distributional dependent SDEs
(see (1.8) below) under suitable assumptions. In Subsection 1.1 we state the main results
under suitable analytic assumptions, which could be verified by probabilistic assumptions on
the covariance of b in Section 7.

The kinetic equation was originally introduced by Landau in 1936 to study the plasma
phenomenon in physics, which is a nonlinear PDE with square and nonlocal second order
term (see [Lan36], [AV04] and references therein). As model equations, we consider the
following two linear kinetic equations

(1.3) Lu:=(0—v-Vy — Ay)u=f,

Lu=0r+v-Vy—Ayu=f.

where .Z is also called Kolmogorov operator since in [Kol34], he first wrote down the fun-
damental solution of .Z (see (3.2) below). These two equations have the following relation:

T7Lu=2L"(tu), Tu(t,x,v)="u(t,z,—v)

and transform 7 influences nothing in our formulation.
Now we consider the following scaling transform: for A > 0 and a,b,c > 0, let

un(t, ,v) == XNu(\t, Az, M), fa(t,z,0) = F(AE Xz, M),
It is easy to check that
(1.4) Luy=fr<=a=-2,b=2,c=3.
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Next we consider the improvement of the regularities in « and v for (1.3). Suppose that for
some « € (0,1) and 3, > 0, there is a constant C' > 0 such that for all A > 0,

(1.5) [ux]ge+r Sc [falces [ua]gere Sc [falcs,

where for any vy > 0,

[gloz i= sup 19,3 glloo/1H”

with 65}19(1:,1)) :=g(x + h,v) — g(x,v) and 53(6{%“) = 55253}{), similarly for [g]s. Note
that

[ur] gotr = MO 2] qatry [frlca = A flca,

and

[ur]gats = )‘aw_g[u]cg%a [falce = A flcs.

Under scaling invariant (1.5), we must have
v=2/3, B=2.

In other words, the gains of the regularities for kinetic equation (1.3) in  and v are % and 2,
respectively. Thus the following Schauder estimate is expected: for any «, 5 > 0, there is a
constant C' = C(«, 8,d) > 0 such that

(1.6) [ull poe govors + [ull Lo o S I fllzos + 1l o

where C¢ and C?Y stand for the Holder spaces in directions = and v, respectively. Due to
different scaling and regularity between x and v variables, we study (1.1) in the anistrophic
Holder space (see Subsection 2.1 for definition).

When a = /3 > 0, Schauder’s estimate (1.6) has been studied extensively in [Lo05],
[Pr09] (see [HWZ20], [IS21] for nonlocal version), and the maximal LP-regularity estimates
were obtained in [Bo02] (see also [CZ18], [HMP19] and [ZZ21] for stochastic version). We
mention that the structure of Lie group was introduced to define the kinetic Holder spaces
for the Schauder estimates in [IS21] (see also earlier work [Po04]). In the current work,
we introduce the kinetic Holder space, which is equivalent to the one introduced in [IS21],
without using the notion of Lie group.

One motivation for studying kinetic equation (1.1) with distribution valued coefficient b
is to develop solution theory for degenerate singular SPDEs. When o > %, due to the singu-
larity of the coefficients b in (1.2), the best regularity of the solution to (1.1) is in LF® Cz_a,
which makes the linear term b - V,u not well defined in the classical sense. Such kind of
problems also arise in the understanding of singular SPDEs, such as famous KPZ equations
[KPZ86], which have been intensely studied recently. Hairer in [Hail4] developed the regu-
larity structure theory to give a meaning to a large class of singular SPDEs. Parallel to that,
a paracontrolled distribution method was proposed by Gubinelli, Imkeller and Perkowski
[GIP15], which is also a powerful tool for studying singular SPDEs. The key idea of these
theories is to use the structure of solutions to give a meaning to the terms which are not clas-
sically defined. These terms are well-defined with the help of probabilistic calculation and
renormalization for the “enhanced noise", i.e. the noise and the higher order terms appearing
in the decomposition of the equations. Based on these ideas the solution theories for quasilin-
ear parabolic singular SPDEs, Schrédinger and wave equations driven by singular noise have
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been developed in [OW19, OSSW18, GHal9, OSSW21] and [DW18, GKO18, GKO18a]
(see also the references therein). In this paper we aim to develop paracontrolled distribution
calculus for the degenerate kinetic SPDEs with singular coefficients.

Going back to kinetic equation (1.1), it is natural to work on the whole space since the
velocity v physically takes values in the whole space, where the coefficients b, which come
from the noise and the renormalized terms, stay in the weighted Besov spaces. This prevents
us from using a fixed point argument in the same space. To the best of our knowledge, there
are two methods to solve this problem. One is to use a clever construction of exponential
weight depending on time variable proposed in [HL18]. The other one is to use localization
trick developed in [ZZZ22]. In this paper we follow the localization method in [ZZZ22] to
solve this problem. We deduce a priori estimates for (1.1) and by a compactness argument
obtain the existence of solutions. The localization argument also implies uniqueness. We
refer to Section 1.2 for more details on the idea of the proof. Compared to the local solutions
for singular SPDEs mentioned above, a priori estimates and the global well-posedness for
different parabolic singular SPDEs have been obtained, see [MW 17, MW17a, GH19] for the
dynamical (I)é—model and [PR19, ZZ722] for the KPZ equations and singular HIB equations.

Another motivation is that equation (1.1) can be viewed as the mean field limit of empirical
measures for a second order interacting particle system in random environment. More pre-
cisely, consider the following NN -interacting particle system in R¢, where each particle obeys
the Newtonian second law perturbed by time Gaussian noise B; and environment noise W:

XV =wx XN+ %ZK(XtN’i ~ X"+ V2B, i=1,--- N,
J#i

where (B});cn is a sequence of d-dimensional independent standard Brownian motions on a
stochastic basis (2, F,P; (F;)i>0), K : R? — R? is the interaction kernel, and W : R% —
R? is a vector-valued distribution and stands for the environmental noise, which acts on all
particles. We will see in Section 7 that our condition on W allows for spatial white noise
in v direction for d = 1, which may be derived from average of a sequence of i.i.d random
variables (see e.g. [PR21, Remark 2.2]). The factor % in front of the interacting force K
is called mean-field scaling which keeps the total mass of order 1. If we introduce a new
velocity variable V""" := X" and let Z]""" := (X;"", V"), then the above second order
SDE can be written as the familiar form:

axNt=vNae, i=1,2,---,N,
(1.7 avNt = [W(ZtN”) + 4 YL K = X)) dt + V2dB].
On the other hand, for each ¢ € N, consider the following kinetic distributional dependent
SDE (abbreviated as DDSDE)

(1.8) dX}=Vidt, dVi =W (Z))dt + (K * px;)(X{)dt + v2d B,

where Z! := (X}, V}) and for a probability measure  in RY,

K 5 () = / K~ y)u(dy).

When W and K are globally Lipschitz, it is well-known that there are unique solutions to
(1.7) and (1.8), ar_ld the follpwing propagation of chaos holds (see [Szn91, Theorem 1.4]):
Suppose Zév’z = Z} and {Z]} are i.i.d. random variables. Then for each i € N and T > 0,

(1.9) supVNE | sup |Z]V" = Z| | < 0.
N t€[0,T]
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Note that (Z%);en are i.i.d. random processes. Let p = (pu(t));>0 be the distribution of
(Z})ien. By 1to’s formula, one sees that j(t) solves the following non-linear Fokker-Planck
equation: for any ¢ € CZ(R??),

(1-10) 8t</j“7¢> :<:uaAv¢+v'vx¢+(W+K*<M>)'vv¢>'

With a little confusion of notation with (), we also write

(n,0) = [ d(2)u(dz).

R2d

Now, let un(t) := 5 Z dx. be the empirical distribution measure. By (1.7) and 1t6’
formula again, one finds that for any ¢ € CZ(R??),

(1.11)

d(un, @) = (un, Apd + v Vod+ (W + K * (uy)) - Vs, ¢dt+—zv ¢(zN")dBi.

In particular, each term in (1.11) converges to the corresponding one in (1.10) in suitable
sense. For examples, by 1t6’s isometry, we have

e Uy LTV |
E NZI/O V.6 (ZN")dB: _-szlE/O Voo (2)[Fds < === = 0.

Note that if W, K € C°, then p(¢) has a smooth density u(t, z) so that
(1.12) du=Ayu—v-Vyu—div, (W + K * (u))u).

We also mention that when W depends on the random environment w, the empirical measure
upn also converges to the solution to equation (1.12), which corresponds to the conditional
law of Z w.r.t. W with z g in (1.8) also given by conditional law. This means that the condi-
tional propagation of chaos holds (see [CF16] for more details). In particular, if div,/W =0,
then the above equation reduces to the form of (1.1). In physics this assumption is natural
which is satisfied if the force only depends on the position. We refer to Section 1.3 for more
background, more references in this direction. In the following we regard (1.12) and (1.1) as
random PDEs, i.e. we fix a path of W, and solve the SPDE path by path.

1.1. Main results. The main goal of this article is to give a meaning to the kinetic equa-
tion (1.1) and establish the global well-posedness of (1.1) under (1.2). As mentioned above,
since b - V,u does not make sense, we need to use paracontrolled method and perform renor-
malizations by probabilistic calculations to give a rigorous meaning to b - V,u.

First of all, we consider the following linear PDE with distributions b, f:

(1.13) du=A0yu+v-Vou+b-Vyu+f, u(0)=uo.

To state our main results, we introduce some parameters and notations. Let ¥ := 5 93 for
some « € (1/2,2/3). For given kg < 0, k1 € (0, m], k2 € R and k3 := (29 + 1)k + Ko,
in the statement of our main results below, we shall use the following weight functions:

pi(x,0) = (1+ |23+ o)™, i=0,1,2,3.

Let BZ(p1, p2) be the space of renormalized pairs and B$.(p1) the space of renormalized
vector fields introduced in Definition 3.15. Formally (b, f) € B%(p1,p2) and b € BS(p1)
mean b, f € L¥(C;%(p1)) and for & = £~ 1, boV, 7 f € LXCL2%(p1ps), bo V, Ib €
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L¥CL722(p?), are well-defined respectively, which in general could be realized by a prob-
abilistic calculation. Here o is the paraproduct introduced in Subsection 2.2. The example
we have in mind is a Gaussian random forcing and our assumption allow, for example, when
d =1, b to be white in v variable and colored in  variable. Compared to the heat semigroup,
the interesting point is that the terms in the zeroth Wiener chaos are not zero and converge
in the corresponding weighted Besov space. In fact, the terms in the zeroth Wiener chaos
substracting formally divergence terms which by symmetry are zero will converge. Hence no
renormalization appears in the smooth approximation of equation (1.1).
The following result provides the well-posedness of the linear singular PDE (1.13).

THEOREM 1.1.  Suppose that (b, f) € B} (p1, p2) and b € BS(p1). For any T > 0 and
p € CJ(p2/p1), where v > 1 + «, there is a unique paracontrolled solution u € SQT;LO‘(pg)

to PDE (1.13) in the sense of Definition 4.1, where S2T;a(p3) is the kinetic Holder space
introduced in Definition 3.5.

In Section 4 we prove this result. Along the way of proving Theorem 1.1, we develop
paracontrolled calculus in the kinetic setting and prove a commutator estimate for the kinetic
semigroup. We refer to Section 1.2 for more details on this point. The complete version of
Theorem 1.1 is given in Theorem 4.7.

Next we consider the nonlinear kinetic Fokker-Planck equation (1.12).

THEOREM 1.2. Let T > 0. Suppose that W € BF(p1) with div,2W =0 and K €
CP/3(RY) with > a — 1. For y > 1 + o, and any probability density function ug with ug €
L (po) N CY there exists at least a probability density paracontrolled solution u € S%_aa(pg)
to equation (1.12).

If in addition that K is bounded, then for any initial data ug € L*(po) N Cq with finite
entropy f ug Inug < oo, the solution is unique.

The complete version of Theorem 1.2 is given in Theorem 5.4. By div,W =0 we can
write (1.12) in the non-divergence form

ou=Ayu—v-Vyu— (W+Kx*x(u)) Vyu

and Theorem 1.1 can be applied. As mentioned above the solution to (1.12) can be viewed as
a probability density. Hence in this paper we concentrate on such kind of solutions. Formally
from the equation we see the integral of solution is a constant. Also if the initial value is
nonnegative, then a maximum principle implies the solution is always nonnegative. As usual,
the key point to prove this theorem is to establish the a priori estimates (5.7) and (5.8) in
Section 5 about entropy. Compared with the previous work in [JW16], our assumptions are
more flexible. We refer to Section 1.2 for details on the idea of the proof.

Finally, as an application we also obtain the well-posedness for the associated nonlinear
martingale problem of (1.8).

THEOREM 1.3. Let T > 0. Suppose that W € B%(py) and K € CP/3(R?) with 8 > a —

1. For any initial probability distribution v with finite moment [ |2|5v(dz) < oo, where § >

%, there exists a martingale solution to nonlinear SDE (1.8) starting from v. Moreover,

if K is bounded measurable, then the solution is unique.

The complete version of Theorem 1.3 is given in Theorem 6.3. Our martingale problem
is considered in the sense of Either and Kurtz [EK86, Section 4.3, p173], which is a general
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notion. The usual martingale problem is that for all functions u in the domain of generator
Lri=Ay+v-Vy+ (b+ K % ) - Vy, the process u(t, X¢, Vi) — u(0,2,v) — fg(&g +
LM u(s, X5, Vs)ds with py = Law(X;) is a martingale. However, due to singularity of b,
smooth functions might be not in the domain of .Z),. We can find such u by solving the back-
ward Kolmogorov equation. We refer to Section 1.2 for more details on this point. This type
of martingale problem has been treated in [DD16, CC18, KP22] for linear non-degenerated
singular SDEs. To the best of our knowledge, this is the first well-posedness result for sin-
gular degenerate nonlinear SDEs. As an application of Theorem 1.3, one may derive the
convergence of the marginal laws of the interacting particle system (1.7) to the nonlinear
SDE (1.8) by using a general result from [La23] about the propagation of chaos.

1.2. Sketch of proofs and structure of the paper. In Section 2, we recall some facts about
the anisotropic weighted Besov spaces and the associated paracontrolled calculus. In particu-
lar, a quite useful characterization of anisotropic weighted Besov spaces is stated in Theorem
2.7, whose proof is given in Appendix A.

For the kinetic semigroup, we introduce a new weighted kinetic Holder space associated
with the transport term v - V. (see Definition 3.5). On this space, Schauder’s estimate for the
kinetic semigroup is established (see Lemma 3.11). The key point to use the paracontrolled
calculus for the kinetic equation (1.1) is a commutator estimate for the kinetic semigroup
which we establish in Subsection 3.4. Note that it seems impossible to show a commutator
estimate in the form [.%,, f <]g as in [GIP15] for %, := A, 4+ v - V,, since the loss of
regularity from %, and the gain of regularity from the kinetic semigroup do not match i.e. the
kinetic operator loses 1 regularity in x direction while the Schauder estimate for the kinetic
semigroup only gains 2/3 regularity in 2 direction. Moreover, the commutator for the kinetic
semigroup under the action of block operator R is not like the heat semigroup and there is
an extra transport term left, which leads to a commutator estimate in the kinetic Holder space
introduced in Definition 3.5 (see Lemma 3.13). We refer the readers to the argument at the
beginning of Section 3.4 for more details on this point. In Subsection 3.5, we give the notion
of renormalized pairs as in [ZZZ22] as mentioned in Subsection 1.1.

Sections 4 and 5 are devoted to the well-posedness of equations (1.13) and (1.12). We first
use paracontrolled calculus in the kinetic setting, characterization of the weighted Holder
space and localization trick developed in [ZZZ22] to derive uniform bounds in a polynomial
growth weighted Besov space for the solutions to the linear equation (1.13). The new point
is that we prove a localization result for paracontrolled solution (see Proposition 4.4). This
localization property allows us to establish a priori estimate (4.31) for any paracontrolled
solution of (1.13), which automatically yields the uniqueness. Note that the proof of the
uniqueness in [ZZZ22] is to adopt the exponential weight technique developed in [HL18].
For the nonlinear equation mentioned above, we concentrate on probability density solutions.
In this case, to prove existence of solutions and the convergence of the nonlinear term in (1.1),
we need to show the convergence of the approximation solutions in L!-space, which follows
from a moment estimate for some SDEs by a probabilistic method. Usually one obtains such
kind of moment estimates for distributional drift SDE by using the Zvonkin transform to
kill the singular drift term (see e.g. [ZZ18]). However, the required C'-diffeomorphism in
Zvonkin transform cannot be constructed since in z-direction the regularity cannot be C!.
In Section 5 we use Theorem 4.7 to deduce a Krylov type estimate, which can be used to
control the distribution drift (see Lemma 5.8). The uniqueness proof follows from a priori
entropy estimate and L'-estimate. To deal with the distributional drift term, we use linear
approximations and Theorem 4.7.



In Section 6 we consider the martingale problem associated with (1.8) and establish the
well-posedness. As mentioned in Subsection 1.1, we solve this martingale problem by ana-
lyzing the Kolomogorov backward equation. Since this is a nonlinear martingale problem, the
corresponding Kolomogorov equation should be nonlinear. However, it is not known a-priori
that the law of the solutions to (1.8) is absolutely continuous w.r.t. Lebesgue measure. As a
result, we consider the linear equation for fixed p and we can apply Theorem 1.1 directly.
More precisely, we consider the following equation for fixed 1 : [0, T] — P(R%):

(1.14) ou+ L*u=f, u(T)=u",

for a sufficiently large class of functions f and u’, and therefore we replace the martingale
problem with the requirement that the process u(t, X;, V;) — u(0,z,v) fo s, Xs, Vs)ds
with py = Law(Xy) is a martingale. For the existence of a martlngale solution, we use the
standard tightness argument. Moreover, to obtain the convergence, we prove the continuity of
the nonlinear term (see Lemma 6.5). For the uniqueness of martingale solutions, we first show
the uniqueness of the solutions to the linear equations (i.e. K = 0), and then use Girsanov’s
transformation and Gronwall’s inequality.

Section 7 is concerned with the probabilistic analysis connected to the construction of
the stochastic objects needed in the sequel. More precisely, we consider a class of stationary
Gaussian distributions X of class C_“(py ). This class includes one dimensional spatial white
noise in v direction and colored in 2 direction; any covariance operator |9,,|~* with A > 5/9
when d = 1 is admissible. For such X we construct the generalized products V,.# X o X as
probabilistic limits of smooth approximations.

1.3. Further relevant literature. The study of mean field limit and propagation of chaos
for interacting particle system originated from McKean [McK67], see for instance the clas-
sical reference [Szn91]. As mentioned above, DDSDE which is also called McKean-Vlasov
equation is closely related to mean field limit. To the best of our knowledge, Vlasov [V168]
first proposed McKean-Vlasov’s equations, which arise in many applications, such as multi-
agent systems (see [BRTV9S, BT97]), filtering (see [CX10]) and so on. Recently the re-
search on the mean field limit for the 1st order system, with singular interaction kernels has
experienced immense improvements including those results focusing on the vortex model
[Osa86, FHM14] and more general singular kernels as in [JW18] and Serfaty [Ser20]. When
W =0 and K(x) € L>(R?), Jabin and Wang [JW16] studied the well-posedness of PDE
(1.10) and propagation of chaos. In the pioneering work by Funaki [Fu84] the martingale
problem for a non-linear PDE is clearly formulated. After that global well-posedness of
DDSDE has been studied a lot in the literature (see [MV20] [Wal8] [RZ21] and references
therein). Recently, there are also a lot of work concerning the mean field limit and the lim-
iting DDSDE for interacting particle systems influenced by a common environmental noise
as (1.7) (see e.g. [CF16, R20, HSS21] and reference therein). However, so far as we know,
most work concentrate on the first order system, which is related to a parabolic SPDE, and
the related common noise W is trace-class type noise, i.e. the noise W is function valued
w.r.t. spatial variable.

In many applications such as control problems and Coulomb potential from physics, the
coefficients for the related DDSDE are very singular. Hence, studying the nonlinear kinetic
equation and DDSDE with singular coefficients counts for much. In the present paper, we
can obtain global well-posedness for these nonlinear equations with singular environmental
noise W, which so far as we know, has not been obtained in the literature.

The study of SDEs with distributional drifts has also attracted much interest in recent
years (see [DD16, ZZ18, CC18, KP22] etc.). Such singular diffusions arise as models for
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stochastic processes in random media. When d = 1, based on the rough path method, Delarue
and Dielthe [DD16] studied the SDE with rough drift. In [CC18], based on the theory of
paracontrolled calculus, Cannizzaro and Chouk proved the well-posedness for the martingale
problem with singular drift in higher dimensions (see also [KP22] when Brownian motion
is replaced by a-stable processes). For the second order system (1.8), to the best of our
knowledge, there is no such kind of result. Finally, we also mention that when K = 0, the
strong and weak well-posedness of SDE (1.8) with Holder drift W was studied in [Ch17]
[WZ16] and [Zh18].

1.4. Notations and conventions. Throughout this paper, we use C' or ¢ with or without
subscripts to denote an unrelated constant, whose value may change in different places. We
also use := as a way of definition. By A <c B and A <¢ B or simply A < B and A < B,
we mean that for some unimportant constant C' > 1,

A<CB, C"'B<A<CB.

For convenience, we collect some commonly used notations and definitions below.

B, (p): weighted Besov space (Def 2. 3) B, :=Bpg(1)

Ci(p) :==BXioo(p) » C7 4 (p) := L([0, C=Ca(1)
S%..(p): Kinetic Holder space (3.19) S%.,=5%,(1)
B (p): Space of renormalized pair (Def. 3.15) BZ :=B%(1)

f=g,f>g,fog:Paraproduct (Sec. 2.2) f=g=f=g+fog

|
) |
|
|
|
com(f,g,h):=(f <g)oh— f(goh)(Sec.2.2) | L :=0r—v-Vy—Ay+A
|
|
|
|

[z :=(x+tv,v), Tif(2) := f(T2) Iy =L
Pif =Typ x Ty f =T4(py * f): Kinetic semigroup B :={z:|z|, <1}
Py ={0", kK eR}
No:=NuU{0}
o) = g6tk

o(z,v) = ((1+|z|*)/3 + 1+ [|*)~1/2
Commutator: [/, ] := A (hf) — (< f)

onf(x):=flz+h) - flz)

2. Preliminaries. In this section we introduce the basic notations and recall various pre-
liminary results concerning weighted anisotropic Besov spaces (see [Di96], [Tri06]). Since
the precise results that we need are difficult to locate in the literature, and for the readers’
convenience, we give details of the proof in Subsection 2.1. In Subsection 2.2 we present
paraproduct calculus on the anisotropic Besov spaces which follows in the same way as the
classical argument.

Throughout this section we fix N € N. Let .#(RV) be the Schwartz space of all rapidly
decreasing functions on RY, and .#’(R¥) the dual space of .%(R") called Schwartz gener-
alized function (or tempered distribution) space. Given f € .7 (R"), the Fourier transform f
and inverse Fourier transform f are defined, respectively, by

f(€):= @ )N/2/ e ST f(z)dx, €cRY,

Fa) = iN/ | drene aery.

(27
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Fix n € N. Let m = (mq,--- ,my,) € N* withmj +---+my, = N and a = (a1,--- ,an) €
[1,00)" be also fixed. We introduce the following distance in RV by

n
|$ _y|a 3:Z|l’i —yz-ll/‘“, xi,y; € R™,

where | - | denotes the Euclidean norm in R™:. For z = (z1,--- ,z,), t > 0 and s € R, we
denote
@.1) 190 = (45 gy, t50g,) € RN, BY = {a; eRY |z, < t}.

Clearly we have
(2.2) [tx|q =t|z]q, t=0.

2.1. Weighted anisotropic Besov spaces. In this subsection we first give the definition of
weighted Besov spaces and then deduce several important properties of these spaces. Next we
study how they relate to each other via continuous embeddings and interpolations. Besides,

a characterization for the weighted Besov spaces is given for later use. Finally we give an
interpolation result.

2.1.1. Definition. To introduce the anisotropic Besov space, we first give the weighted
version of dyadic partition of unity. Let ¢*; be a symmetric nonnegative C°°—function on
RN with

¢21(§) =1for € By )y and ¢, (£) =0 for { ¢ By 5.
For & = (&1,--,&,) ER™ x ... x R™ and j > 0, we define
2.3) 95(6) =921 (27UHVe) — g2 (279%¢).
By definition, one sees that for j > 0, (;5 &)= ¢8(2—aj ¢) and

supp qb? C B§j+2/3 \ Bgi—1, Z qb“ =% (27 (n+1) %) — n — 00.
Jj=—1

DEFINITION 2.1.  For given j > —1, the block operator R{ is defined on ./ (RM) by
R§f(x) = (65f) () = 8§ * f(a),
with the convention R} = 0 for j < —2. In particular, for j > 0,
(2.4) Ryf(x) =27 [ ¢4(2Yy) f(z — y)dy,
RN
where a-m=a1mq + -+ apmy,.

For j > —1, by definition it is easy to see that
(2.5) R} =RjRj, where R} :=Rj 1 +Rj+Rj,

and R} is symmetric in the sense that

(9.R3f)=(fR$g), f.ge S (RY),
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where (-, -) stands for the dual pair between .#’(R™V) and . (R"V). Note that
2.6) Rif(e)y=2""0 [ 6§(29y)f(x —y)dy, j>1,
RN
where
GF(€) =2 60(2€) + Bo(€) + 27" 0(27°€).

The cut-off low frequency operator Sy, is defined by

k—1
(2.7) Sefi= > RIf—f, k—oo.

j=—1
For f,g € Y’(RN), define
[f<g:= Z Sk-1IRyg, fog:= Z Ri[Rjg.
k>—1 li—jI<1

The Bony decomposition of fg is formally given by (cf. [BCD11])

(2.8) fg=F<g+fogt+g=</
The key point of Bony’s decomposition is
(2.9) R} (Sk-1fRig) =0 for |k —j|>3.
Indeed, by Fourier’s transform, we have
k—2
(R§ (Sr-1fRig)) =65 - > (#1F) + (¢19).
i=—1
Since the support of Zf:zl(qﬁf f)* (¢}9) is contained in B, \ BS, /g We have

k—2
% - (Z <¢?f>*<¢i9)) =0, |k—j|>3,

i=—1

which in turn implies (2.9).
Now we recall the following definition about the admissible weights from [Tri06].

DEFINITION 2.2. A C®-smooth function p : RY — (0,00) is called an admissible
weight if for each j € N, there is a constant C’; > 0 such that

(2.10) IV p(a)| < Cjp(x), Vo eRY,

and for some C, x > 0,

(2.11) p(z) < Cply)(1+ |z —yl), Yo,y eRY.
The set of all the admissible weights is denoted by 7.

For p € # and p € [1, 0], we define
1/p
s =lofl = ( [ ot@stapa)

Let p1, p2, p3 be three weight functions. Suppose that for some C' > 0,

p1(z) < Cipa(y)ps(z —y), Vo,yeRN.
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By the classical Young inequality, we have the following weighted version

(2.12) 1 % 9llLs(or) < CrOF Lo (o) |91l Lo ()
where r,p,q € [1,00] satisfy 1/¢g+1=1/p+ 1/r and Cy = Cs(r,p,q) > 0.
Now we introduce the following weighted anisotropic Besov spaces (see [Di96]).
DEFINITION 2.3. Letp € #, p,q € [1,00] and s € R. The weighted anisotropic Besov
space B (p) is defined by
1/q

Bya(p) = F € RY): | fllsysi = | D 29URfNLu,y | <00

j=z—1
For simplicity of notation, we write
Ci(p) = B¥n(p), Ci = C3(1), By i=Bya(),

and when a = (1,1, ...,1) we shall drop the index a in above notations.

2.1.2. Embeddings and interpolation. We first prove the following inequality of Bern-
stein’s type.

LEMMA 2.4. Let p € W be an admissible weight.

(i) Foranyk € Ny, 1<p<g<ooandi=1,2,...,n, there is a constant C = C(p,m,p,q, a,
k,i) > 0 such that for all j > —1,

(2.13) IVE RS Fllagy S 2/ GRS f 1o,
where Vﬁi denotes the k-order gradient with respect to x;, and

(2.14) IR fllee(p) Sc I flle o)

(ii) Forany s € R and p € [1,00]|, there is a constant C' = C(p,m,p,a) > 0 such that for all
j 2 _1)

(2.15) 1R Fll Lo (o) = 27 IRGf || o o)

A~

where js\f(f) = (Z?:l(l + |§i|2)1/(2ai)>sf(§)-

PROOF. We only prove (2.13) and (2.15) for 5 > 1. For j = —1,0, they follow directly
from definition and ¢, ¢2 € 7 (RY).
(1) By (2.5), (2.11) and (2.12), we have

IVE R fll Loy = V5 RIRG Fll ooy = 1(VE 6%) = RS fll o)

SN+ 19)Va G IR 1l o (o)
where 1/p+1/r=1+1/q,  is from (2.11) and

O} =51+ O + -
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Since « > 0, by (2.6) we have

. ] ' X . ' 1/r
H(l + | . |’;)vl;¢;z||y < 20@’9]2(04'7”)](17:) (/RN |V§¢8($)|T(1 + |2ajx|/;)rd$>

1 1

| . 1/r
<o) ([ 9 Garaserar)
RN

Thus we get (2.13). For (2.14), it is similar.
(ii) By (2.5), (2.11) and (2.12), we similarly have

ITsRG FllLe oy S N+ - 12) Js@F L IR fll Lo (o) -
Note that by definition and the change of variable,

(J:02)() = (Z(l +l&H)Y W) $4(€) =29 F, ;(27¢),

i=1
where

n

Foj(&) = (Z(z‘%‘j + &%) W) #(8).

i=1
Since supp(¢§) C BS \ Bf ), we have forany k € Npand i =1,--- ,n,
sup [ |V P (©ldg < o
jz1JRN
which in turn implies that

sup sup (1+ |z )| ()] < oo.
j>1 xeRN

Hence,

1021+ |- [5) | g = 259203 / B (2992) (1 + |21 dz
RN
_9si /RN By (2)](1 + 279 2]%)da

<29 / o (2)] (14 [ dar < 29,
]RN
Thus, for j > 1,

TSRS Fll (o) S 27 IRG Fll 1o ()

Since J;J_; = Id, we also have another side inequality. O

REMARK 2.5. By definition and (2.15), one sees that for any p,q € [1,00] and s, s’ € R,

J,is an i hism bet BS 7% and BS %, i
s 18 an isomorphism between By, ;7" a D > 1€,

(2.16) JBS e =B 0.

As an easy consequence of Bernstein’s inequality, we have the following embedding the-
orem of weighted anisotropic Besov spaces.
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THEOREM 2.6. Letp €W, 51,52 €ER, 1 <r < p < oo be such that
s2 =51+ (a-m)(; - %)-
For any q € [1,00], there is a constant C = C(p, m,a,p,q,r,s1,s2) > 0 such that
(2.17) 1flBs,20) < CllfB
Moreover, for any 1 < q1 < g2 < 00 and p2 < p1,
(2.18) 1flB22, (0s) < f1IB, (1)
and for 6 € [0,1] and p1,ps2 € [1,00], p1,p2 € ¥/, 5,51, 52 € R with

p%-i- 1p29 5o Os1+(1—0)sy=s,

52a

the following interpolation inequality holds,
(2.19) 1Bz (po -0y < 1715

a(p1) ”fHB 22 (p2)”

PROOF. (2.17) is straightforward by Lemma 2.4 with £ = 0. (2.18) and (2.19) are direct
consequences of the definition and Holder’s inequality. O

2.1.3. Characterization. Now we give a characterization of B,g(p). To this end, we
introduce the following notations. For f : RY — R and h € RY, the first order difference
operator is defined by

onf(x):= flz+h) = f(z),
and for M € N, the M -order difference operator is defined recursively by
S £(2) == 5,0 f(2).

By induction, it is easy to see that

M

(2.20) SM p() =3 (—1)Mk (f)f(mmh), heRY,
k=0

where (A,f ) is the binomial coefficient. The following characterization of By (p) is probably
well-known to experts. Since we cannot find them in the literature, for the readers’ conve-
nience, we provide detailed proofs in Appendix A.

THEOREM 2.7. Let p€ W . Forany s € (0,00) and p,q € [1, 00|, there exists a constant
C =C(p,a,m,p,q,s) > 1 such that for all f € Byq(p),

2.21) £ ls500) =c Iflgza () =c Iof 55005
where
[ ")
a5 = | [ oy I T P
Bya(p) Ihl.<1 |h|s |hja-m (p)

where [s]| denotes the integer part of s. Moreover, for any s € R and p,q € [1, 0],
(2.22) 1]

By(p)
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REMARK 2.8. For p =1, the characterization of (2.21) is proven in [ZZ21, Lemma 2.8].
In particular, for s > 0, since C:(p) = BaZ'(p), by (2.21) we have

(2.23) ”fHC;(p) =c ||f|c§{a1(p)+"‘+||f|

where fori=1,--- ,n,

Ci™ (p)?

157 1l

|hi] /e ’

Iflles, (o) = 1flL=(p) + sup

II\

and
On. f(x) == f(wimi,xi + hiywigr, ) = f( @1, T Tiga, ).
As a corollary, we have the following result.

COROLLARY 2.9. Letp€ # . Forany a € R, s >0 and p,q € [1, 0], there is a constant
C =C(p,a,m,p,q,a,s) >0 such that for all f € B5+*%(p) and h € RY,

1
(2.24) 1657 e ) Sc RIS+ RE) [ flgot ooy
where « > 0 is from (2.11).
PROOF. By (2.21), for |h|, < 1, we have

s]+1)
1684 Fll o) S IRIENF)
For |h|, > 1, by (2.20) and (2.11) we have

168D £l oy S L+ IR oy S L+ B B3 ()

By (p)

Therefore,
s|+1 K
(2.25) 18 £ oy S RIS+ R FllBae ()
Noting that
IR f 52 ) = sp 25| RERS f | o) S 2°IIRG £l L)

by (2.25), we have

s]+1 «a 1)pa
160 0y = S 2290 IR £,
j=>—1

SIRIE L+ R 2R f e ()
j=—1

5|h|35(1+|h|§)qz “””HR“J”IILP(,)
i1

= [RIE L+ 1PI) g e

The proof is complete. O

We finish this subsection with an interpolation lemma for later use.
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LEMMA 2.10.  Let {T}}32_ be a family of linear operators from S (RN) to some
Banach space X. Assume that for some [y < 1 and any j > —1, there are constants
Ci; > 0,7=0,1 such that

1T fllsc < Ciy279P fllgess i=0,1.
Then for any 3 € (Bo, 51), there is a constant C = C(a,m, 3, By, 1) > 0 such that
T fllx < C(Coj + C1j)2_j/8\|f||cg, j=-—1

PROOF. Since for any k£ > —1,
IR fll s S 2% P fllgss i=0,1,

we have by the assumptions,

IT5 £l < D ITyREFIx < Co2797 Y T IRE Fll oo + C1i27 70 Y IIRE fll oo
k>—1 k>j k<

< [ Cy277 ZQ(BU—B)k + Oy 277 Z 9(B1—PB)k £l
k>j k<]

S (Coj +C1)27 | fli -
The proof is complete. O
2.2. Paraproduct calculus. In this subsection we recall some basic ingredients in the
paracontrolled calculus developed by Bony [Bon81] and [GIP15]. The first important fact is

that the product fg of two distributions f € C§ and g € Caﬁ is well defined if and only if
a + > 0 as given in the following lemma.

LEMMA 2.11. Let p1,p2 € #'. We have for any 5 € R,

(2.26) 1f = g”Cg(plpz) Sc HfHLoo(pl)Hchg(pQ)a
and for any oo < 0 and € R,

(2.27) 1f = 9“cg+ﬁ(p1p2) Sc HfHCg(m)HQHcE(pz)-
Moreover, for any o, 5 € R with o + > 0,

(2.28) I1f Og”cg+f’(p1p2) Sc HfHC;“(pl)HQHC{;(pzy
In particular, for any o, 8 € R with o+ 3 > 0,

(2.29) 1f gl

Ca (p1p2) SC ”fHCg(Pl)Hg’ Ci(p2)"

PROOF. Totally the same as [GIP15, Lemma 2.1] and [GH19, Lemma 2.14]. ]

For two abstract operators .27; , 27, acting on functions, we shall use the following notation
to denote the commutator between 27 and %%:

[, B f = A (hf) — (A f).

We have the following simple commutator estimate (see [GIP15, Lemma 2.2]).
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LEMMA 2.12.  Forany p1,p2 € # and o € (0, 1), there is a constant C = C(p1, p2, o, a,m) >
0 such that for all j > —1,

(2.30) ITRS, F19Ml o (prp2) S 27 [ f ez (o) 191 Lo (pn)-
The following lemma is a weighted anisotropic version of Lemma 2.4 in [GIP15].

LEMMA 2.13.  Let p1,p2,p3 € # . For any a € (0,1) and 3,y € R witha+ 5+ >0

and B+~ < 0, there exists a trilinear bounded operator com on C%(p1) x Ch(p2) x CI(ps)
such that

@31 feom(f,g.h) gz ppupn SC I1F]

where

cs e l9lles (o 1Pl cios)

com(f,g,h)=(f <g)oh— f(goh).

In addition, if B <0 and o+ >0, then [ho, f]g can be extended to be a bounded linear
operator on C%(p1) X Ca’B(pg) x Cq(p3) with

(2.32) H[hoaf]g”cﬁﬁﬂ(plpgpg_) So Hf”cs(pl)HQHcg(pz)Hh’ Cl(p3)-
PROOF. By Lemmas 2.11 and 2.12, estimate of (2.31) is completely the same as in
[GIP15]. For (2.32), note that

[ho, flg="ho(gf) — f(hog)=ho(f=g)+com(f,g,h).

By Lemma 2.11, we have
110 (F = D)l a5+ (o papy S Wl czon) I = glls 5

S Il o 1 oz oo 9z o
which together with (2.31) yields (2.32). ]

3. Kinetic semigroups and commutator estimates. In this section we introduce basic
estimates about the kinetic semigroup. Compared to the heat semigroup, due to the presence
of the transport term, the kinetic semigroup does not commutate with block operator R (see
(3.13) below), which brings some new features. In Subsection 3.2, we introduce a kinetic
Holder space which admits velocity transport in time direction, as well as a localization char-
acterization for weighted Holder space proved in [ZZZ22], which will be used to obtain the
well-posedness of linear equation (1.13). In Subsection 3.3, we establish the Schauder es-
timate in kinetic Holder spaces. In Subsection 3.4, we prove a commutator estimate for the
kinetic semigroup which is essential to apply the paracontrolled calculus for the kinetic equa-
tions. Finally, in Subsection 3.5 we introduce the renormalized pairs used in the definition of
paracontrolled solutions.

In the remainder of this paper, we consider the following case of the weighted anisotropic
Besov spaces:

N=2d,deN, n=2, mi=mgo=d, a=(3,1).
For ¢t > 0, let P; be the kinetic semigroup defined by
3.1 P f(z):=Tupe+ Tof(2) = Telpe + f)(2), 2z = (x,0) €R*,
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where fort € R,
th(Z) = f(FtZ)7 th = ('7; +tU,’U),

and
dmth —d/2 B[] + [3v — 2tv]?
(3.2) pi(2) = pu(x,v) = (T) eXP ( - 4¢3 )

is the density of the following process

Zyi= (X, V) = (ﬁ/ot B.ds, \/§Bt> ,

where B; is a d-dimensional standard Brownian motion. The reason of choosing multi-scale
parameter a = (3, 1) is the following scaling property (see also (1.4)):

d 3 1
(X Vi) 2 (AE X0, A3V)), A0,

Note that
(33) LDy =Tops, pr(2) =t 2pi(7722),
and for € C°(R??),
OtPrp = (Ay +v- V)P,
Notation: Let &, be the set of all polynomial weights with the form:

(3.4) p(z) = 0(2)", KER,

where for z = (z,v),

(35) o(x,v) = (L [2)? + 14 o) 72 =< (1 |2la) ™"
Clearly, for some Cy = Cy(k,d) >0,

(3.6) p(z) < Cop(2)(1 + |z — 2[5,

and for any j € N and some C; = Cj(k,d) > 0,

3.7) IVip(2)| < Cjp(2)d'(2), |Vip(2)| < Cip(2)0™ (2),
and for any 7" > 0, there is a constant Cr = C(T', k,d) > 0 such that

(3.8) Crlp(z) <Typ(z) < Crp(2), z€R* te(0,T7.

Moreover, for p1, p2 € Py, we have

p1/p2, p1p2; PLV P2, pLA p2 € Py

3.1. Kinetic semigroup estimates. In this subsection, we establish the basic properties
of the kinetic semigroup. To this end, we first recall the estimate for the heat kernel of Kol-
mogorov operator A, + v - V, under the action of block operator R{ and a crucial decom-
position (3.13) from [HWZ20].

LEMMA 3.1. Forany a,3,7 >0 and T > 0, there is a C = C(T,d,«,3,7) > 0 such
that for all j > —1 and t € (0,T),

(3.9) / 2|8 0|7 |RIT i (2, v)|dadv So 27 B ((¢1/227) = A 1),
]R2d’

In particular, for any p € Py, T >0 and o > 0, there is a constant C = C(T,d, o, p) > 0
such that forall j > —1 and t € (0,T],

(3.10) IRITpil| 11y Sc (E/227) 7 AL
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PROOF. When j > 0, by [HWZ20, Lemma 5.1 (5.9)], we have for any n € Ny,
S0 = [ 1l RS, o
R24
< (h?)n + hn) (2—(35-&-7” 4 tsﬁgﬂ)

=27 (3847 (h3” - h”) (1 + h‘(?’f’*”)),

where 7 :=t"2277. Since n € Ny is arbitrary, we clearly have for any a > 0,
i) <c 9~ BB g — 9= (38475 (1/297) e
When j = —1, we have
F (1) <C L OT/ o2,
Thus we get (3.9) by the arbitrariness of « > 0. Estimate (3.10) follows directly by (3.9). [

We recall the following important observation from [HWZ20, Lemma 6.7].
LEMMA 3.2. Fort >0 and j € Ny, define
= {e > 1020 <2 4 123%), 29 <2420 + t23f)}.

(i) Forany ( ¢ O, it holds that

3.11) RIT/ R = 0.
(ii) For any 0 # 8 € R, there is a constant C = C(f3) > 0 such that
(3.12) 32 <o 28 (1 12%)0 e, t>o0.
(cer

REMARK 3.3. By (3.1), one sees that

RiPf = (Tip) x (RGTef) = Z (Lepe) * (RITYRE f).
>—1
In view of (3.11), we have the following decomposition of the kinetic semigroup:

(3.13) RYPf =D (Tipe) * (RITRES) = > RIPRES, j € No.
(e} (e

By (3.13), we can derive the following results that quantify the regularizing and continuity
properties of the kinetic semigroup P;.

LEMMA 34. (i) Forany pc Py, a >0, B € R and T > 0, there is a constant C =
C(p,T,d,c, B) >0 such that for all j > —1, t € (0,T] and f € C2(p),

(3.14) 1RGPl () S 2792 A (E22)) )| Fll -

In particular, for any o = 0,

(3.15) 1P f s ) St I1f oz -
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(ii) For any p € Py, k€ Ny, B <k and T > 0, there is a constant C = C(T,k,p,3) >0
such that for all t € (0,T) and f € Ch(p),

(3.16) IVEPf L) St P82 fll -

(iii) Forany pe€ Py, T >0and B € (0,2), there is a constant C = C(p,d,3,T) > 0 such
that for all t € [0,T) and f € Cl (p),

(3.17) IPef = Tif (o) So 21 f o

PROOF. (i) By the interpolation lemma 2.10, we only show (3.14) for 5 # 0. Let p be as
in (3.4). For j € Ny, by (3.13), (3.6) and (2.12), we have

RGP fll L= (o) < Z RS Tape * LeRY fll o< (o)
LeO}

(3.18) I+ DRI Tpellze Y ITeRES o)
Lo}
Moreover, by (3.8), we have
S IR flliey S D T REN e = > 10RE fll

tcot tcot tco!

(.12) ) ~
<D 2% ey S 277+ 4N fllcs,-
Leo!

Therefore, by (3.10) and (3.18), for any [ > 0,
1RGPy fl| () S (E7227) 7 A 1)2759 (1 4 (#49)P1)]| Fll g

which implies (3.14) for j € N by taking I = § + |3] and | = §, respectively. For j = —1, it
is obvious. Moreover, (3.15) follows directly by (3.14).
(i1) For (3.16), by Lemma 2.4, we have

o0

IVEP:flle(o) < D 29NRIP flle(ey < D 25PN (£227) %) fll sy,
j=——1 j=——1

Sflleey [ 25970 A 2) s

S

o0 In2d
_ Hf||cg(p)t(/3k)/2/ E=B(1 5 52k m2ds.
0
which gives (3.16).
(iii) Note that

3.1)

Ptf—th = Ft(pt*f_f)7
and by pi(z) = pi(—2),

P @)= 1) =5 [ mEEE) + 622
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By (3.8), (2.25) and (3.6), we have

1
IPef = Tiefllee(p) Sllpex f = fllr(p) < 2/ (2|62 f + -2 L= (p)dz
R2d

< ([, m@IeEa 1214 ) Il cs
where x > 0 is from (3.6) and we have used that for 5 € [1,2),

osf+0_sf= 5,22)f(' - 2)
Thus we obtain (3.17) by (3.3). ]

3.2. Kinetic Holder spaces and characterization. In this subsection we first give the def-
inition of weighted kinetic Holder space which is different from the classical one in time
direction. Then we give a characterization of the space. By using this we could transform
the results for a PDE in un-weighted Besov spaces to a PDE in weighted Besov spaces. See
Section 4 for more details. Finally we give an estimate for the derivative of a function in v
direction in kinetic Holder spaces.

For T'>0, a € R and p € P, let Cf ,(p) be the space of all space-time distributions
with finite norm

o = su t ol < OO.
I£lles..0 = 2 1f @)z

bt

We introduce the following weighted kinetic Holder space.
DEFINITION 3.5 (Kinetic Holder space). Let p € &y, o € (0,2) and T > 0. Define

(3.19) ST.a(p) == {fi 1fllsg. .00 = Iflleg .00 + 1l ggrz poe gy < OO},
where for 3 € (0, 1),

[f () = T—s f ()l ()
Illcs.c o ogthHf( M=) s;éte[IS,T] |t —s]P

For p =1, we simply write

%0 =59,(1), CLpL>:=ChL L>(1).

REMARK 3.6. (i) In the above definition, the appearance of I'; reflects the transport role
of v -V, (see also (3.17) for the same reason). It is noticed that this definition is essentially
equivalent to the one introduced in [IS21] by using the language of group.

(i) Lemma 3.11 below stated the Schauder estimate in kinetic Holder space. If f is in-
dependent of time variable, we can check that the Schauder estimate holds in the classical
Holder space.

Next we show a localization characterization for S ,(p) which will be used in Section 4
to deduce global estimate. Let x be a nonnegative smooth function with

(3.20) x(2) =1, |2[a <1/8, x(2)=0, [z|o>1/4,
and for r > 0 and zy € R??,
(3:21) X (2) = x (522), 670 (2) = X014 ) (25

where we have used the notation (2.1). The following characterization of weighted Holder
spaces is due to [ZZZ722, Lemma 3.8].
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LEMMA 3.7. Let a > 0 and r € (0,1]. For any p € Py, there is a constant C =
C(r,a,d,p) > 0 such that

(3.22) 167 llca () Sc p(z0), 20 € R,
and for any j € N and g given in (3.5),
(3.23) 162 llag () + 10 Vadllag () Sc (00)(20), 20 € R,
Moreover, for any p1, pa € Py, there is a constant C = C(r,«, d, p1, p2) > 0 such that
(3.24) 1fllcg (orp0) = sup (p1 (0197 fllcs (o))
ZOE 2d
and
(3.25) 1f 1z (o1 p2) = Sup (1 (20)[167° fll L= () -
ZOE 2d

PROOF. We only prove (3.23) and (3.24). (3.22) and (3.25) follow similarly. For j, k € Ny,
by the chain rule and definitions (3.21) and (2.1),

vk 120 _ —j—3k ik Z—2o
VIVEGR (2) = [r(1+ |20l)] 7 (VIVE) (i )
Note that
D i=supp(Vi Vi) € {2112 = 20la < (1 + [20la) }.
Since r < 1, it is easy to see that for z = (z,v) € D,
‘U|<|Z ZO‘a+|ZO‘a\% ’ZO|a7 1+|Z|a/\1+‘z0|a
Hence,
- Vo lim = sup, (o Vo7 (2)1p(2)) S (00) o).
and by the chain rule, for any m € N,
V™ (v - Va2 )| 1=(p) < (20)(20)-
Thus by (2.21) we have
v Vedillca(p)

Similarly,

SIVIEIF - Ve ) + v Vil e () S (00)(20)-

IV llcs o) < (20)(20).
Next we prove (3.24). By definition, it is easy to see that there exists ¢ such that for A with
|h|a <O

00T f(20) = 61T (670 1) (20)-
Therefore, by Theorem 2.7

+ (97 f)(20)

5([O‘]+1) iO 2z
£ llca (pups) S sup(p1p2)(20) | sup (¢a f)G)
20 |hla<8 |h|a

co(p) 197 fllco (o)

< sup ||
20

(3.22) ;
S sup p1(20)[107° fllca(py)-
20

) S sup [|¢5; ]
20



SINGULAR KINETIC EQUATIONS AND APPLICATIONS 23

Here we used ¢7° = ¢5°.¢7° in the third inequality. On the other hand,
(3.22)
Z
sup p1(20)[|07° fllcg (po) S 5UP P1(20) 197 lca (o) 1 e (pipe) S 1 llcg(pipn)-
2o 20
Thus (3.24) follows. The proof is complete. O

To give the characterization of the kinetic Holder spaces, we need the following elementary
lemma.

LEMMA 3.8. For any zy € R?? and |t| < r3 < 1, it holds that

(3.26) oo Tedgy = o0
and for j =0, 1, there is a constant C' = C(r,d) > 0 such that
(3.27) ITeVigie — Vil Soltl/(1+ |22 t).

PROOF. For |t| <13 < 1, by Young’s inequality, we have
o] '/3 < r (2 4 12,
Equality (3.26) follows by
supp(;°) C Byl 4 121.)/4(20) C LBy 121, (20)
and ¢g% =1 on Bﬁ(1+\z0|a)(20)' For (3.27), note that for z = (x,v),

DV (2) — Vi (2)] < s%p]tlv\\vxvicbi“(nz)l‘1{\FSHU|&<r<1+|zO|a>/4}
s€|0,t

A
(r(1+ |z0]q))3* lz=20la<r(1+|20[a)}

St/(1+[z0l2 ™).

The proof is complete. O

< tlzle

Now we are in a position to give the following characterization of S% o(P).

LEMMA 3.9. For any a € (0,2), r € (0,1/8), p € Py, and T > 0, there is a constant
C=C(T,r,a,d,p) >0 such that

(328) £l 0 =c sup (p(0)l1 67 Flss,. )

20
PROOF. By (3.24), we only need to prove that for any « € (0, 1),
£l =) = sup (p(2) 97 llcs 1~ )
By definition and (3.8), (3.25), it suffices to show

sup [|[f()|p~()+ sup  sup p(2)|1#7 f(t) Y Sf(9)IlL
ot<T o<|t—s|<r® 2z |t _ S|

= sup | Olmgn+ sup  sup PNPrS ) ~Lems(@rf) ()l
- » |

0<t<T O<[t—s|<rd = |t — s|*

(3.29)
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Since ¢7 = ¢7.¢g,., it follows from (3.26) that
O f —To(97f) = $iTu(95. ) — Tu(67 05, f), vt e[0,r7].
Thus by the fact I';(fg) ="t fT'1g and (3.27), one sees that
P97 sf(s) = Tis(07f)(s) [l

sup  sup

0<|t—s|<r® 2 |t — s|«

— sup  sup PG5, £(5)) — Toms (705, F)(5)]l1
0<|t—s|<r3 2z |t — s|«

< sup  sup p(2)|Te—s (D5, f(5))]| L= a”(;,g Ty
0<|t—s|<r3 2 |t — 8|

p(2) 05, f(s)|| L=t — s

S sup  sup (@)llés, ()Ha | |,§ sup || ()|l L= (p)-

0<[t—s|<r® 2 |t — s 0<s<T

The proof is complete. 0
Next we give a result regarding derivative of a function in kinetic Holder spaces.

LEMMA 3.10. For any a € (1,2), T > 0 and p € Py, there is a constant C =
C(p,T,a,d) > 0 such that for all f € ST, ,(p),

(3.30) IVofllsa—1r(p) Sc llflls., 0)-

PROOF. First of all, we prove (3.30) for p = 1. Fix o € (1,2), s, € [0,7] and z € R??.
By definition, one sees that for all Z= (0,7) € R??,

1= \f(t,2+ z) - f(S,Ft_SZ) —U- (vvf)(s’rt—sz)’
S Z2+2) = f(s,Dims(Z 4 2) [ + | f(5,Te—s(2+ 2)) — f(5,2 + T—s2)|
+ |f(5> zZ+ thsz) - f(S,Ft,sZ) —v- (vvf)(sa thsz)|
<1t = slF 1 fllgara g + 1= )01 F@llgers + 101197 (5)
S (1t = s> + 1011 Flls.,.

where we used |(t — s)v|5 < 3|t — 5| + 3|0|® in the last step. By exchanging s <+ ¢ and in
place of z by I';_s2, we also have

T :=f(s,2+ Tos2) = f(t,2) =0 (Vo f ) (& 2)| S (1t = s> +[0])] flls5., -
Let w be the unit vector in R¥ so that
I:=[(Vof)(t,2) = (Vo f) (s, Tims2)| =w - [(Vuf)(t, 2) = (Vo f) (s, Ti—s2)].
Let o = (f — s)2w and Z = (0, ). Then
(t—s)2T<Ti+ T+ |f(t, 2+ 2) — f(5,2+Ti_s2)| + |f(t,2) — F(5,Ti_s2)|
ST+To+[(t = )05 f(s,)log + 20 (1) = Tems f(5)l| =

St=9)%flsg.,-
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Hence,

(3.31) T=|(Vof)(t,2) = (Vof) (s, Tees2)| S (t —5)°F [|fllss .-

Moreover, by Bernstein’s inequality in Lemma 2.4, it is clear that

IVoflleg S 1flcs..

which together with (3.31) implies (3.30) for p = 1.
Next, for 3 € (0,2), note that by (3.27) and the definition of kinetic Holder space,

||vv¢jg\|c[;{gm S+ |z|a)_1||g||c;z{1%Loo

and

IVoiglls S IVodilloslgllos S (1 +[2la)~ lgllcs-
Hence,
(3.32) IVogigllss < 1+ 12la) " lgllss -

Now, for any r € (0,1/16), by Lemma 3.9 and (3.32) we have
vafHS;j}(p) = SUPP(Z)Héivvf”s;;l
, . ,

< sup p(2) [ V(62 g + 50D ()| VoS lgos
z ’ z ’
< sup p(=) 193 flls., +5up p() Vo2 (05, )z

S W fllss. o0) + sup ()92, Fllsg 2 S M llsg: o)

Here in the second inequality we used (3.30) for p = 1 we proved above. The proof is com-
plete. O

3.3. Schauder’s estimates. For given A > 0 and f € L} (R ;.7 (R??)), we consider the
following model kinetic equation:
L= (0 — Ay +A—v-Vy)u=f, u(0)=0.

By Duhamel’s formula, the unique solution of the above equation is given by

t
(333) u(t,) = / MNP, f(s,)ds = S S (1, ).
0

In other words, .#) is the inverse of 2. For g € [1,00], T' > 0 and a Banach space B, we
write

Li(B) := LY([0,T); B).

Now we can show the following Schauder estimate.

LEMMA 3.11. (Schauder estimates) Let p € Py, 5 € (0,2) and 0 € (3,2]. For any q €
[ﬁ, oo] and T > 0, there is a constant C = C(d, 3,0,q,T) > 0 such that for all A > 0 and

feLic’(p),

(3.34) 123 Fllge-s(y S AV D2 s fll o)
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PROOF. Letq € [ﬁ, oo] and % + % + g = 1. By (3.14) and Holder’s inequality, we have
for 5 € R,

t
RS = 5 [ € NIDIAN (= ) D5

so([ewas) ([ anee) Has) Il

1 o0 4 g
523(59>(Av1)‘p(/ (1As*5)ds) [T
0 e
This implies that for 5 € R,

+ia1
(3.35) I P3 fllgp () S AV 1)2* [RAVPYSTETE
On the other hand, let u := . f. For any 0 < t; < t3 < T, we have

t1
ults) = Tuqu(t) = [ (e a0 B (o)
0

ta
+ (Ptz—tl - th—m)f,\f(tl) +/ e M= p,  f(s)ds
t1

=10+ I+ Is.
Let
¢ =q/(qg—1).
For Iy, by (3.16) and Holder’s inequality, we have for 5 > 0,
im0 1) [N B (5) e

St~ t) A1) / N0 (1 — )51 £(5) oy 05

0
tl i
<= tlE =) F ([ e as) g

Sta—t) T (AV1)E WleHLch;B(p)-
For I, by (3.17) and (3.35), we have for 5 € (6 — 2,6),
0—8
2l (o) < (B2 = 1) = |2 flleos(p)

+i-1
St~ 1) T (AV1)F [RAFFRAPE
For I3, by (3.16), Holder’s inequality and the change of variable, we have for 5 € (0,0),

||I3HLoo(p)§/t e M=) 1y — 5) 72| f(9) | oo ds

ta=ts N\ a8
S (/ e 1 8877d3>
0

< ((ta—t)7 75 ANE" )HfHLq

07[-} [

08841
Slta—t) 2 A0 | fll e

1
a’

e
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where in the third inequality we have used interpolation inequality a” A b~ < a’b?~7 for all
a,b>0and 0 < ¢ <. Combining the above calculations, we obtain

6,1 1
1A Flleo-mr2 ey S OV D)2 fll o)
The proof is complete. O

3.4. Commutator estimates. In this subsection we prove important commutator estimates
about the kinetic semigroups, which are essential for applying paracontrolled calculus to the
kinetic equations. Compared with the case of the classical heat semigroups (see [GIP15]), the
kinetic semigroup is not a Fourier multiplier and there is a I'; in the commutator as stated in
the left hand side of (3.36) below, which leads to a commutator for .#) in the kinetic Holder
space (see Lemma 3.13 below). In the estimate of the main term [ J(O) in the proof, we find
that the commutator for the operator I';ps* gains regularity from f, while the commutator for
I"; cannot have this property. In particular, the decomposition (3.13) plays a crucial role in

the following proof.

LEMMA 3.12. Let p1,p2 € Py,. Forany a € (0,1), ER, 6 >0 and T > 0, there is
a constant C = C(p1,p2,a, 3,0, T,d) > 0 such that for all f € C(p1), g € Cg(pg) and
te (0,7, j> -1,

IREP(f =< g) = REUT L = Pg)ll 1 (1 )

_5 ]
Sct 22 (a+6+6)jHf”cii(m)”g”cg(m)'

(3.36)

PROOF. Without loss of generality, we only prove (3.36) for j > 3 and 8 # 0, —«. For
B =0 or —q, it follows by the interpolation Lemma 2.10. First of all, by (2.5), (3.13) and the
definition of <, we have

RIP(f <g) = ZZ Z RIRy PR (Sk—1fRy9),

g €@t k2—1

where
(~j = [0—7]<3
Noting that by (2.9),
R (Sk—1/Rig) =0 fori € O} and k¢ O £3,
where

O +3:={k>0:]k—1i|<3,ic O},
we further have

RIP(f <9) Z Z Z RIRE PR (Sk—1fRig)

(~j icOl kcOL+3
(3.13)
= Z Z RIRYP(Sk-1fR19)-
(~j k€OL+3
Similarly, by (2.9) we also have

RIS < Pig) =Y RY(SpaTof - REPg) = 1V + 17,
~
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where

10 = 3 R Se 1S Ri Pig),
Lroj

1P =" RY([Se-1,T)f - R§ Prg).

]
For I](-l), by (3.13) again, we can write

]j(l)zz Z R} (TeSe—1f - Ry PiRy9)
~j kEO;E3

=> > RYTu(Se-1—Sk-1)f - REPRE)
lrj kEOLES

a a a 11 12
+3° Y RUTSaf REPREg) = 1) + 11
I~ ke®!E3

Combining the above calculations, we obtain
0 11 2
RIP(f < g) = RY(Tuf < Prg) =17 — 1! — 112
where

1023 3 RY(REP(Sk1Rig) ~ TuSi1f - REPRLg).
(~j ke®!+3

For I](-O), let F, := Sj—1f and G, := R{.g. Note that
Jre = REP(Sk-1fRig) — Tt Sk—1f - R{PiRyg

3 g u
D (RETupy) # To(FuGy) — TuFe(RITypy Ty Gl

= RyLipe(2) (L' Fr(z — 2) — T Fi(2)) 11 Gr (2 — 2)dz.
R2d

By (2.25), (3.8) and (3.9), there exists dg > 0 such that for any m > 0,
kel oo (pr ) S </de IRiTepe(2)]|Te2]5 (1 + !5\2‘))015) 1F% o (o) 1Grll o= ()

S27 A ()T Flles (002 P 19l o2 )
Hence, by (3.12), for 8 # 0,

Cal— _1g|—¢
L (ppy S D2 D0 279 WA (#4773 Flea (o 9l ez
lj ke®)E3

o ‘ Al s
<279 (14 (149)) (1 A (047) 7 P2) | Fll g (o) 9l
<277 (04) 73| Flea oy l9ll e -

(11

For I; ), by (3.14) we have for any m > 0,

11 a a
I N iy S ITe(Sect — Sic1) f - REPREGN 1 (1)
l~j k€OLE3
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Y0 St = Ske) Fllw (o) IREPRE G| 1 (o)
< keO!+3

kve

SO D IR Ml (o0 (LA (#H4) ™) IR gl o)

t~j k€O A3 i=kNL

kvi—2
S ( > 2 m> (LA )™ leg (o) IREGN L (00)

t~j ket E£3 \i=kAl—1

SZ Z ~(knfag= kﬂ(l/\(t‘p) )HfHCS(pl)ngcg(pz)

t~j keO!E3
<273 (141491 A (14 ™) Fllos oo 902y

where in the last step we have used 2~ (kAo 9—ka | o—ta (3 12) and S £ 0, —a. Taking
m=a+ |8+ /2, we get

p(11 —(a+B)7 (445)— f 9llc
H J( )HLOO(Plpz) 52 ( )J(t ]) 6/2H |’03(P1)” ” fj(pz)'
For ZJ(.Q), noting that

-2 00
[Se-1,Telf = D [RETHf == D[R

i=—1 i=0—1
and by the definition of R,

[RETf(z)= | d(2)(f(Te(z = 2)) = f(Lez — 2))dz,

RQd
we have for some dy > 0 and all 7,

I[RE Te] £l Lo (1)
< swp pi(a) [ 13Tz~ 2) - ez = )]az

z€R2d

(3.6) .

< sup / |6¢(2)|(1+12l0) | f(Tu(z — 2)) — f(Tez — 2)|pa (2 — 2)dz
z€ER24 JR2d

(3.8) .

S sup / 164 (2)(1+ |2]a)% | f (Te(z — 2)) — f(Tez — 2)|p2(Te(z — 2))dz
z€R2d JR2d

(2.25)

S B+ LD 0+ )™ [l e 02
S (0273 fllog o)

Moreover,

[e.9]

a g _QJ
11Se-1: T flle o S Y 2795 1 f ez (o) ST275 1f log(on)-

i=0—1
Hence, by (3.14),

2
I e oupny S S MSe—t, el f Nl (o) | RE Pegll e )
U~



30

a _al Bl gl —2 8
< 352 | fllo 2 (145 gl
I~

S22 £l o lgll e -

The proof is complete. O
Using this lemma we can show the following crucial commutator estimate.

LEMMA 3.13.  Let p1,p2 € Pyand € (0,1), BER. Fork=0,1,T >0and 0 € 0,2],
there is a constant C' > 0 such that for all A > 0,

60—

(3.37) Ve f <gllegrero—r (o0 Se AV L) = (| fllsg (o l9lles (o)

PROOF. For k =0, by definition (3.33) of .%), we can write

A0 <lalt) = [ (P9 <o) = S0 < Prosal(s)) s
—/ e AM=s) (Pt_s(f(s) <g(s)) —Ti—sf(s) < Pt_sg(s))ds
0

+ / e NN, f(s) — () < Presg(s)ds
0

= Il(t) + Ig(t>.
For I (t), by Lemma 3.12 with 6 = 0,4 we have

t
RS0y 27 [ (@32 A Sl o 9,

Note that by Holder’s inequality,

/OteAS(WS)Q M (/Ote_?;dsyz" (/Ot((4js)2 A 1)§ds>g

-2

(3.38) <(AVv1) 'z 27,
Thus,
RS (E) | Los (pr o) S (AV 1)%27(a+ﬁ+0)j||f”<cg{a(p1) Hchga(pz)-
For I5(t), for any v > 0, note that by (2.26),
IRG(Te—sf(s) = F(£)) < Presg(8))ll L= (1 2)
S27OFINE o f(5) = F @) o) P59 ()Nl g5 ()

2703 (= )T s oo 905l (s

which implies by (3.38) again,

t
IRG L2 () = (py ) S 27 XH /0 e (LA (s47) ) dsl fllsg., o) l9llca (o)

0—

SOV )T fllss o l9llcs_ o
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Thus we obtain (3.37) for k£ = 0. Note that
[va,\,f 4]9 = Vv[f)\,f <]g + va(t) = j)\g'
Estimate (3.37) for k = 1 follows by what we have proved and Lemma 2.11 and (3.35). Thus

we complete the proof. O

The following commutator estimate is straightforward by Lemma 3.13, Lemmas 2.11 and
Lemma 2.13. Since we will use it many times later, we write it as a lemma.

LEMMA 3.14.  Let p1, p2, p3 € Py. Forany a € (1,2), y € Rand f <0 witha+ > 1,
a+B+~v>0and 1+ B+~ <0, we have

oo Vo ns 61 flleg ot (pupapa) S 1€llsg (o) 1 lles., (o) 1Pl . )

PROOF. Note that
[boVy Iy, 0lf =boVyI\(¢ = [)+boVyIi(P < f)—d(boVyIrf)
=boVyA(¢ = f) +bo[Vy Iy, ¢ <|f +com(p,V, A f,b).
By (2.28), (3.34) and (2.27), we have
160 VoI (@ = Pllcats+ (01 paps) S NVeIA (D = Pllcars (oo 10llez. . (00)

Sllé = f”C%ff’l(plpz)HbHC},a(PS)

S N6les= oo 1l o IBllc.. o)-
By (2.28), (2.29) and (3.37), we have
[bo[Vy I, ¢ <]f

‘C;‘tfﬂ—’y(plprS) SVeds ¢ <]f”C%f’f(p1pz)”b”@,a(ps)

S ||¢||Sf}71(p1)||f||((:%a(p2)Hb”(c;ya(pg)‘
By (2.31), (3.34) and (2.29), we have

lcom(¢, Vo Ia f, 0)llcotm+ oy paps) S NPlegt (o) IVosaflless oy blley. (on)

<18l oy Fllez o 1Bl (o

Combining the above calculations, we obtain the desired estimate. 0

3.5. Renormalized pairs. In this subsection we introduce the renormalized pairs. Fix
a€(3,2) and py,pp € Py. For T >0, let b= (by, - ,by) and f be d + 1-distributions in
C;%(p1) and C1% (p2) respectively. We introduce the following important quantity for later

use: for ¢ € [1, 0],
AZL(p1,p2) == sup|lbo V.7 - (Iblc; 1) .
(339) A7g(P1p2) =8 [[bo VoA Fll g cr2epipn) T (Pl o) + DI llgcoze oo

By (2.28), b(t) o V%, f(t) is not well-defined for o > 1 since by Schauder’s estimate, we
only have (see Lemma 3.11)

Vi f €Cp M (pa).

However, in the probabilistic sense, it is possible to give a meaning to bo V,,.#) f when b, f
are some Gaussian noises (see Section 7 for general probabilistic assumptions and examples
for Gaussian noises to satisfy the requirement in Definition 3.15 below). This motivates us to
introduce the following notion.
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DEFINITION 3.15.  We call the above (b, f) € C.%(p1) x C;%(p2) a renormalized pair
if there exists a sequence of (by,, f,) € LFC;° x LFPCy° with

(3.40) sup Agi:(’j;" (p1,p2) < 00
neN
and such that
(3.41) Tim (len =Bl (o) + 160 = Fllcsa o) =0
and for each A > 0, there exists a distribution bo V.2, f € C%{f”‘(pl p2) such that

(3.42) ILm |bn, © Vi I\ [ _bovvj/\fu(c;ja( =0.

p1p2)
The set of all the above renormalized pair is denoted by B (p1, p2). If foreach i =1,--- ,d,
(b,b;) € BS.(p1, p1), we simply say b € BS.(p1), a renormalized vector field.

A renormalized pair (b, f) € BS(p1, p2) is always associated with certain approximation
sequence (by,, fn)nen. The key point is of course the convergence in (3.42), which in general
does not imply that for (b, f), (b, f) € B3(p1, p2),

(b+ blaf) € B%(php?)

In other words, BZ(p1, p2) is not a linear space. But we have the following easy lemma.

LEMMA 3.16.  For (b, f) € BY(p1,p2) and V' € (C%a(pl) with 8> o — 1, we have

(b+ blaf) € B%(php?)

PROOF. Let (by, fn)nen be the approximation sequence in the definition of (b, f) €
B%(p1, p2). Let ¢, be any mollifiers in R?? and define b/, (¢,-) := b'(t,-) * ¢, (-). By defi-
nition, it is easy to see that

b”—"—b;w n bn, n b,’,” n
sup A7’ T (p1,p2) < sup (AT,OJ: (p1,p2) —|—AT70]; (/01792)> < o0
n

neN
For any v € (o — 1, 3), by (2.24) we clearly have
Jim 16, = Vley, (o) =0,
and by (2.28) and (3.41),
Jim 16 © Vo Irfro = 0 VoI flico.  (prp2)
< lim {15 lley (o0 VoA (Fn = Ollese (o)
+ lim {6, = lley (o0 VoA fllese 0y =0

The proof is complete. O

To eliminate the parameter A in (3.39), we give the following lemma, the proof of which
follows from [Z7Z722, Lemma 2.16].

LEMMA 3.17. Let ZL(f) = fst P,_, f(r)dr. For any t > 0, we have

(3.43) sup [[b(t) o Vo Iy f (1) | gr-20(,) < 2 sup [[b(t) o vast(f)\\cifzu(p).
A20 s€[0,t]
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The following localized property about the operation o is useful.

LEMMA 3.18. Let T >0, p1,p2,p3,p4 € Py, @ € (% %) and v € (a, 1). Suppose

(b, f) € BT (p1,p2), ¥ € Cp ,(p3), ¢ €St ,(pa)-

Then (b, f¢) € BS(p1ps3, p2pa) with approximation sequence (bpt), fn@), and there is a
C > 0 depending only on T, v, «, d, p; such that for all A > 0,

”(bl/)) © ij)\(f(b) - Wb(b o v?)j)\f)||C1+772“‘(p1p2p3p4)

(3.44)
So lbllcza (oo 1 Fllcza (o 19 llez (o) @ lls7, .. (o) -

PROOF. By approximation, we only prove the a priori estimate (3.44). Note that
L= (b)) 0 Vo A (f) — Yb(bo VoI f)
= () 0 VI, O f + GV Irfo, dlb=:T1 + L.
For I;,since 1 +v—2a>0and 1 —2a < 0,7+ 1—«a > 1 by Lemma 3.14, we have

M1llezso =2, papaps) S 1€ls3. o) 1 ke o) 10l (1 o)

S ”¢HS}‘G(,D4)||f”<c;f;(p2)Hb|’<c;3(p1)’W\c},a,(ps)-

For I, similarly by (2.32), we have
”12 ||C1TT:72Q (p1p2p3pa) S ||¢||(C:1Y",a(p4) H [vv'ﬂ)‘fo’ w]b||cl+w72a(ﬂlﬂz,03)

S 9lley (oo IVeoafllcize o 1Bllcze oo [P llcy, (os)-
Thus we obtain (3.44) by (3.35). ]
4. Linear kinetic equations with distribution drifts. Now that the necessary facts
about the kinetic semigroup and weighted Besov spaces are established, the next two sec-
tions are devoted to the actual construction of the solution to the stochastic kinetic equation.

The aim of this section is to show the well-posedness of the following linear singular kinetic
equation: for A > 0,

4.1) =0 — Ay —v-Vo+Nu=b-Vyu+ f, u(0)=ep,
where b= (b1, ,bg) and f satisfy that for some « € (3, 3) and p1, p2 € Py,

“2) (b, f) € Bt(p1,p2), bEBT(p1), T >0,
' have the same approximation sequence (b, fp).

For simplicity of notations, we shall write

ZAToo P17P1

We also write

th=0(1) A = ZA

In Subsection 4.1, we first introduce the notion of paracontrolled solutions, and then es-
tablish a localization property for paracontrolled solutions. Such a localization is natural for
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classical solutions by the chain rule. However, for paracontrolled solutions, it is quite in-
volved since the renormalized pair is defined in the approximation level. In Subsection 4.2,
following the same argument as in [ZZZ22, Section 3] and using estimate and commutators
for the kinetic semigroup, we show the well-posedness for PDE (4.2) in weighted anisotropic
Holder spaces. We emphasize that unlike using the exponential weight technique in [ZZZ722,
Section 3], the uniqueness is a direct consequence of the a priori estimate (4.31) below.

4.1. Paracontrolled solutions. To introduce the paracontrolled solution of PDE (4.1), we
make the following paracontrolled ansatz as in [GIP15]:
(4.3) u= P+ ut 4+ Vyu < b+ I ],
where u! solves the following equation
(4.4) ¥ =2\ (Vyu = b+ bo Vyu) + [ A, Vou <]b.

Note that b o V,u is not well-defined in the classical sense. We give its definition by para-
controlled ansatz and renormalized pair as follows: By (4.3), we can write

boVyu=>boV,uf+boVy(Vyu<.23b) +boV,I\f+boV, Py
=bo Vuf +bo (Viu< .7b) + (bo Vy7ib) - Vyu
4.5) + com(Vyu, VyI2\b,b) +bo VI f +bo V, Pp.
This motivates us to introduce the following definition.
DEFINITION 4.1. Let 7' > 0, p; € &, be a bounded weight and p9, p3 € &, be any

weights. Under (4.2) and ¢ € CLT(py/p1) for some & > 0, we call u € S7%(p3) a para-
controlled solution of PDE (4.1) corresponding to (b, f) if for some py € Py,

(4.6) u— Pip—Vou< I\b— I\ f =u e (C?pjaga(pz;)
satisfies (4.4) with b o V,u given by (4.5) which is well-defined by (4.8) below.

REMARK 4.2. In the above definition, if we consider & = u — P;¢, then the initial value
is reduced to zero. In this case, the nonhomogeneous f shall be replaced by

f=F+b-VuPep e Cr%(pa).
By Lemma 3.18 with ¢ =1,¢ =V, Py and p3 = 1, ps = p2/p1,
1o VoIA (b Vo Pip)lei-2e o, ) S 1l cirate papny Er(1):

Thus, we still have

(b7 f) € B%(pla 02)7
and (@, @) is a paracontrolled solution of (4.1) with f = f and %(0) = 0, where

@ =uf + V,Pip < Zb— 2\ (b- Vo Pip).

In the following, for simplicity, we may and shall assume ¢ = 0 by this procedure.

We have the following a priori estimate about the regularity of uf.
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THEOREM 4.3. Let u € Sz_o‘(pg) be a paracontrolled solution to (4.1) in the sense of
Definition 4.1 with ¢ = 0. For any € > 2221 and p, == = p1T((p1p3) A p2), there is a constant

C =C(T,e,a,d, pi, 15(p1)) > 0 such that for all X >0,

4.7) ¥ llcs-20 (o) S Nullsze o) + AT (01, 02).

PROOF. First of all, we show that for any ~, 5 € («,2 — 2a] and p5 < (p1p3) A p2,

48 [[boVyullgi-za(,,,) S () <||U|!<c;:p(p3) + | gp (p5)> + A% (p1,p2).
To prove this, it suffices to estimate each term in (4.5).
e Since 5 > a, by (2.28), we have
150 Vot ) S Iblles oy IVt ez < E(p0) el -
e Since v > aand v+ a —2 <0, by (2.27), (2.28), we have

1o (V3u < Ab) lcr-2e(2p0) S Ibllczo o) | Vou < Fablley, (prp)

S HbHC;‘;(pl)HV%UH@“* p3)||f/\bH<c2*“

S HbH% oltllcye ) S (o) [ulles s -
e Since v > a, by (2.29) we have
IVou(bo Vodab)licy-2e(p2,) S [Votllegror o) 100 Vosablics2ep2)

Sflz’r’(Pl)HuH(c;p(pg)-
e Since v > a, by (2.31), we have

leom(Vyu, Vs, 0)llet-2e (25) S N1bllcze (o) [Vortllegrar (o) IVo2bllcto )

Q(Pl
Sl oy etllegre o) S (o) lulleg )

Combining the above estimates and by p1p5 < pips, we get (4.8).
On the other hand, by (2.27), we have

IVt = bllgi—2e (5, ) S lttllezo oy 1z o)
and by (3.37) with (k,6) = (0,2) and (3.30),
122 Vo <bll =20, p) S NV otllg-e (o) 10llcze o) S Nullgze o) [Blleze ()-

Thus, by (4.4), (4.8) and Schauder’s estimate (3.35), thanks to p5 < p3, we obtain for 5 €
(o, 2 —2a0),

b7
(4.9) HUﬁHc;jf‘*(plpB) S lullsz=o(py) + ”UﬁHcgf;(pS) +AT,foo(,01,P2)-

For ¢

Let

14+e

pa = pi = ((p1p3) A p2), ps = pl((p1ps) A p2)' 0.
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Noting that p; p5 = p4, by (2.19) and Young’s inequality, we have for any § > 0,

0
g1 gy S N l1ga 1Pl

. (P5) CF > ((prps)Ap2)

5”“ H(C3 2a(p4 + 05||u ||(C2 Q (plpg)/\pz)
Substituting this into (4.9) and by ps = p1ps5 and letting J small enough, we get
b,
(4.10) ¥z 20 o) S tllgzea gy + 168 llc2a (o g npm) + AT (01, 02).
On the other hand, by (4.6), (2.27) and (3.34) we have

ez o poypay S Nllcz=s gy + 191 < Ibllez-s (o + 150 ez )

(p1p3)

S HUHCZTT;(m) + HVUUHL;@(pS)||fAb||¢:2Tja”(pl) + ||f||<c;f;(pz)

(4.11) S (o) [ullez-e ) + 1 llcze (o)

Substituting this into (4.10), we complete the proof. O

For the uniqueness part we need the following localization result about the paracontrolled
solutions.

PROPOSITION 4.4. Let u be a paracontrolled solution to PDE (4.1) with ¢ = 0. Let
¢, € C*(R??) with ) = 1 on the support of ¢. Then % := u¢ € S2Tja°‘ is also a paracon-
trolled solution to PDE (4.1) corresponding to (b, g) € BS., where

b= b, g = d)f - UAU¢ —2V4¢ - Vyu — (U : vmd))u - (b : Vv¢)u

PROOF. Without loss of generality we assume that A = 0. First of all, we claim (b,g) €
BS.. Since V,¢u € S2..%, by Lemma 3.18, (b,¢f — (b- V,¢)u) € B Note that

b/

—UAU¢ - QVU¢ : vvu - (U ' vx¢)u € S%“»_aa < C%—"—aa'

By Lemma 3.16, we have (b, g) = (b,¢f — (b Vyd)u + V') € BS.
By definition, one needs to show that

(4.12) U— Vo< Ib— Ig=: aﬁec?pjfa
satisfies

(4.13) @ = (Vo= b+boV,a) + [, Vi <]b,
with

boV,i:=boV,i* +bo (V2i=< Ib) + (boV,.7b) -V,
+ com(V,@, V. Ib,b) +bo V,.7g.

Since u is a paracontrolled solution, by definition we have

(4.14)

(4.15) u=9I(bxVyu+ f),
where
(4.16) bx Vo :=Vyu>=b+boVyu+ Vyu < b.

Let (by, fn) € LFCp° be as in (4.2). We introduce an approximation of u by
(4.17) Up = Ul + Vou < Iby + I fr,  bpi=bpth, i :=und,
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and
(4.18) b© Vi := (bx Vyu)p + (b Vyd)u — Vit < b — Vi = b.

In the classical case, it is easy to see b® V, @ = bo V4. In the paracontrolled case this is not
obvious and we introduce b ® V, @ which can be easily checked as limit of by, © Vyiin (see
step (ii) below). Moreover, it is not hard to prove that a satisfies (4.13) with bo V4 replaced
by b® V1 (see step (iii) below). Finally we use approximations to prove b® Vi = bo Vi
(see step (iv) below). Our proof is divided into the following four steps:

(i) We show that u,, is a suitable approximation of u and for some p € &y,

(if) We prove b ® Vi € (C%ﬂ’_a?a and
(4.20) lim by © Vi, —b® Vit e =0.

n—oo

(iii) We show that for @ being defined by (4.12) satisfies the following,
(4.21) Crlo 20 = 7 (Vi - b+ b©@ Vo) + [, Vi <]b.
(iv) With b o V4 being defined by (4.14), we prove
(4.22) b©® Vi =bo V,i.
Proof of (i): First of all, by (4.6), (4.17), (2.26) and (3.34), we have
[un = tllcz—o ((pupayrpe) S IVottllLss (o) 1on = bllere o) + 1fn = Fllcz (o)
which implies by (3.41) that

(4.23) lim [Jun — ulfcz—o =0.

=00 o ((p1p3)Np2)
Next, by (2.27), (4.23) and (3.41), we also have for some p € L,
4.24) nlg)go |bn, < Vyu, —b < VUUHC;THZQ(/)) =0,
and by (2.26), (4.23) and (3.41),
(4.25) nh_)rgo |br, = Vyu, — b > quH(C;f;(;;) =0.
Moreover, note that by (4.17),
b © Vot = by 0 Vot + by, 0 (V2 < 7by) + (by 0 VI by) - Vou
+ com(Vyu, Vy I by, by) + by o VI fi.

By (3.41), (3.42) and Lemmas 2.11 and 2.13, it is easy to see that each term of the above
RHS converges to the one in (4.5) in (C%ffo‘(p) for some p € . Thus,

(4.26) nh_>nca>o |bn, © Vyun, —bo v”uHCl{f“(p) =0.

Since —a < 1 — 2, combining (4.24), (4.25) and (4.26), we obtain (4.19).

Proof of (ii): In this step we first use the chain rule for approximations and then take the
limit. Since ¥¢ = ¢, by the chain rule we have
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Hence, by Bony’s decomposition,
b © Vylin = (bn - Votn)d + (bn - Vo@)tin — Viig < by — Vg > by,
Since ¢, € C(R??), by (3.41) and (4.23), we have
Tim [|(by - Vog)un — (b Voo)ulls 2 =0,
and by Lemma 2.11,

nll_{ng HBn < Vyiy — b= vvﬂ”c;{f“ =0

lim b, = Vytiy, — b > Vi, =0,
which together with (4.19) and (4.18) yields (4.20). On the other hand, we use regularity of
b, o V1, to improve the regularity. Note that
bn © Vyiin = (b)) 0 (Vound) + (bnh) o (Vo)
=[(Voung)o, ¢]bn + ¥[bno, 9] Vyun
+ Y9 (b © Vtn) + (bnt)) o (Vodun).
Moreover, by (4.20), (2.32) and (4.26), one sees that

(4.27) 16® V|20 < sup [|bn 0 Viitn [|c1-20 < 0.

Proof of (iii): By the chain rule, we have in the distributional sense
Lu=2L(up) =pLu—ulyp —2Vy¢-Vyu — (v-Vied)u.
Taking the inverse . ~! = .#, and by (4.15) and definition (4.18), we get
a= I ((bx Vou+ )¢ — ulpd — 2V - Vou — (v- Vai)u)
= F(beOV,i+ Vi <b+ Vi =b+g),
which, combining with definition (4.12), yields (4.21). Moreover, since by (2.27) and (4.27),
Vit = b+b® Vi € Cp 2,
by (3.34) and (3.37), we clearly have
(4.28) uf e CY 2°.
Proof of (iv): To show (4.22), we first find a suitable approximation for boV,u. Let
Gn = = Ul — 2V, - Vyu—(by - Vo d)u — (v - Vo),

By Lemmas 3.16 and 3.18, one sees that (b1, g,) is the approximation sequence of (b, g)
and g, — g in C. . Noting that

by, o V(@ + Vit < by, + I gy)
= by, 0 Vot + by, 0 (V20 < Iby) + (by 0 Vo Iby) - Vol
+ com(V i, VoI by, by) + by 0 VI g,
by (4.28), (3.41), (3.42), Lemmas 2.11, 2.13 and some tedious calculations, we have
(4.29) Tim by o Vo(i + Vot < Fby + . gn) = bo Vi in Cp 2.
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Here we use the decomposition in Lemma 3.18 to deduce the convergence of by, 0 V. Zb,, to
bo V,.#b. Hence, by (4.20) and (4.29), it remains to prove that in suitable space,

(4.30) lim by, 0 Vo (tiy — @F — Vyii < by — Fgp) =: lim A, =0.
n—oo n—oo
Note that by (4.12),
ﬁﬁ:ﬁ—vvﬂ<]E—Jg:¢<uﬁ+(vvu<ﬂb)+ff) Vi< Ib— g,
which together with (4.17) yields
A, =by 0 Vv((Vvu < IBp)p—Vyu=<I(By)+ ¢ IF, — fGn),
where
Bp:=by—b, Fy:=fn—f, Ghi=gn— 9.

By commutator estimates (see Lemmas 2.11 and 2.13) and (3.41), (3.42), it is easy to see that

lim (Bn 0 Vo((Vot < I Bp)o) — dVotu(by o vvan)) —0

n—oo

and

lim <En 0 Vo (Vo < I (Bnth)) — ¥V oii(bn 0 VUan)> =0.

n—o0

Moreover, noting that

by Lemma 3.14 and Lemma 3.13, we also have

lim (Bn o V(I Fy — IGr) — (Vi) (by 0 vaBn)> —0.

n—oo
Finally, since ¥V, u = V,(¢u), we have
(YV i — ¢V yu — Vo) (by o VoI B,) =0,

which together with the above three limits yields (4.30). The proof is complete. U

REMARK 4.5. The above result clearly holds for classical solutions by the chain rule.
However, for the paracontrolled solution we cannot directly apply the chain rule since the
paracontrolled solution is in the renormalized sense, i.e., b- V,.#b and b - V,.# f are un-
derstood in the approximation sense. Therefore, we have to first construct suitable smooth
approximations for the solution so that we can use the chain rule. In the last step, an obvious
difficulty is that although

it does not imply that

lim b, o V,.# (b, —b) =0 in any space.

n—oo
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4.2. Well-posedness for (4.1). The aim of this section is to show the well-posedness of
PDE (4.1). To this end we first establish the following Schauder estimate with the coefficients
in unweighted kinetic Holder spaces. The proofs are essentially the same as in [ZZZ22, Sec-
tion 3.2] by using Lemmas 3.10, 3.11, 3.13 and Theorem 4.3. In the following we omit the
details of the proof and only recall the idea of proof. The proof is divided into two steps: first
we prove a Schauder estimate depending polynomially on the coefficients for A large enough.
Then by a classical maximum principle we extend the result to all A > 0. In the case of (4.1)
the maximal principle is easy when b, f € L5 C;°, as the fundamental solution exists in this
case (see [DM10]). The only difference is that we do not introduce the notion <<. Instead by
similar argument as in the proof of Theorem 4.7 below we obtain the following results.

THEOREM 4.6. Let T >0 and ¢ = 0. For any (b, ) € BS, there is a unique paracon-
trolled solution u to PDE (4.1) in the sense of Definition 4.1. Moreover, there are q¢ > 1 large
enough only depending on o and c1,co > 0 such that

_5_ b 9 b
lullu < er ()75 Ag, ullgs o <ea(lh)T5=AgL.

By using the characterization of S%’a(p) established in Lemma 3.9 and Theorem 4.6 we
obtain the following well-posedness of PDE (4.1) in weighted kinetic Holder spaces.

THEOREM 4.7. Let v € (5, 2) and ¥ := 2. Let k1 > 0 and k3 € R with
(20 4+2)k1 <1, k3:= (29 + 1)k1 + Ko.
With notations in (3.5), let

pi=0" € Py, 1=1,2,3.
Under (4.2), for any T > 0 and o € C(p2/p1), where v > 1+ «, there is a unique paracon-
trolled solution u € S?{f(pg) to PDE (4.1) in the sense of Definition 4.1 so that
b7

(431) ‘|u|’S§Taa(p3) /SC HQOHCQ(pz/pﬂ + ATf;o(plv p2)7

where C = C(T,d, a, ki, 5-(p1)) > 0. Moreover, let (by, fr) € L C® x L¥CEC be the ap-
proximation in Definition 3.15, and ¢, € Cy° with

sSup ”Spn”cg(Pz/,Dl) < o0,
n

and @, converges to o in R%*¢ locally uniformly. Let u, be the classical solution of
PDE (4.1) corresponding to (by, fn) and @,. Then for any 5 > o and py € Py with

lim, o0 (pa/ps3)(z) =0, we have
(4.32) nh_)rrgo ||lur — u||SQTTf(P4) =0.

PROOF. We mainly concentrate on showing the a priori estimate (4.31) for any paracon-
trolled solution w of PDE (4.1). Without loss of generality we may assume A =0 and ¢ =0

(see Remark 4.2). We fix 0 <7 < 1—16. Note that ¢3, = 1 on the support of ¢?. For each z € RY,
by Proposition 4.4, u, := u¢? is a paracontrolled solution to the following PDE:

Opuy = Ayuz +v - Vou, +b, - Vyu, +g., u.(0)=0,
where b, := b3, and

gz = f¢i —2Vyu- vvqbi - (Avqbi +v- quﬁi)u —b- Vv(ﬁiu
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By Theorem 4.6, there are ¢ > 1 large enough and two constants cj, co > 0 such that for all
zeRe,

b. b..9- b b-,9-
(433) gz < 1 ()P AR, llusllue < a(h)? A%

T,00

Below, for simplicity of notations, we drop the time variable. By the definition of g,, Lemma
2.11, (3.22) and (3.23), we have

||QZHC§‘* < ”fﬁbeC;“ +2(|Vyu - Vvﬁbi”c;“ + 16 vv¢i““c;“
+ [w(Audr + v - Vady)| L

p2)||¢'r’”cl(p2 + |

(o) IVoorlloy o)

+ ||b||C;°‘(p1)HUHC},(PS)vagbructll((plpg)*l)
+ ||UHL°° (ps) HAvd)f tvu- vxﬁbeLW(p;l)

(4.34) 2 D ez o) + (001 03 () [l o o) -
Hence,
(4.35) l9:123 0o S o2 (D F g goey + (001 03 ) ()l 2301 (o) -

Moreover, we have for any \ >
1(bz © VoI5 g2) | iz < Hb o VoI5 (f i)l cp2e + [1bz 0 VoI5 (b Vodiu)| gr-2-
+[|b2 0 V5 (w( Ayl + v - VoZ) + 2Vu - Vo?)|| Lo
=17+ 15+ 13.
For I7, by (3.44) with p3 = p; ,p4—p2 and¢:¢f,wehave
IT S ||¢§r||c;(p;1)||¢f”c;(p;1)At,’oo(P1,Pz) S (Pflﬂgl)(z)At’go(Pl,PQ)
For I3, by (3.44) with p3 = pf2,p4 =1, and ¢ = V¢Zu, we have

z z z b
I3 S 105, o (o IV odFulls:, Ar e (o1, 1) S (007 203 ) (2)lullst, (oo
where by (3.32) and (3.28), we have

IVodiulls:, S e(2)l65ulls:, S (o5 ) ()llulls, (py)-
For I3, as in (4.34), by (2.28), Lemma 3.11 and (3.23), we have
I3 S bl ez VoI5 (w(Aug + v - Vad]) +2Veu - Vogyi) | ey
S o1 @bl gre o) l(Aogr + v Vi) +2Vou- Vodillce,
S (et o3 D@ uller, o) S (001203 D (@) ullcr, (o)
where in the second step we used

(4.36) b2l o S 1Bll o 195l oty S 21 () Bll o)

and in the last step we used p; is bounded. Combining the above calculations, we get for any
t€[0,T],

162 0 Vo392) )l a2 < (1 o2 NALL (01, p2) + (001 "3 ) (@) ullsy )
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Now by the definition of Agf ;Igz, (4.35), (4.36) and the calculations above, we get

b,g-
AT’qg :st;p”bzOvvfj\gz”Lchifm+(||bz‘|<c;f;+1)||9z”L;C;a

T 1/q
A3 S A e + @) [l )
On the other hand, by (3.22) and (3.44) with p3 = p; !, ps = p; ! and ¢ = ¢ = ¢Z, we have
12 © VI5b: [l g1z S (2)(1bo VI3l ~20(2) +HbHC
Hence, by (4.36)

p (Pl

b.,b. —
U = Az (L, 1)+1 5 07 () (o),
Then, by (4.33) and (4.37) with ¢ = oo, we have
7f

lizllsg- S o7 (2) | (7 0 (AT (o1, p2) + (007203 ) @l o
= (72 ) ()AL (o1, 2) + (07 205 ) (2)llullsy (o)
and

T
ol (0120 YA onpa) + (oo ) ([l )

From these two estimates, and noting that

1/q

p3=p 2y, 0p72 20 <1,
by Lemmas 3.9 and 3.7, we get

(4.38) letllsz - o) S AT (01, 02) + l[ullsy.. (o)
and
< b,f T q 1/q
(4.39) ol ) S A5L o p2) (Tl 8) ™
Note that by (2.19) and Definition 3.5,
< lu ||1/(2 a) )

HUHSITQ(PS)N 52,((/) ” HIL°°(p3

which by Young’s inequality implies that for any € > 0, there is a constant C; > 0 such that
st (pa) S €llullsz=o () + CelltllLzs (po)-

Substituting this into (4.38) and choosing € small enough, we get

H’U’HS? “(p3) ~ AToo(plvf)Q) + HUHL‘X’(/JS

which together with (4.39) and by Gronwall’s inequality, we obtain (4.31).

(Uniqueness) Let u1, us be two paracontrolled solutions of PDE (4.1). By definition, it is
easy to see that u = uj — wyo is still a paracontrolled solution of (4.1) with ¢ = f = 0. Thus
by (4.31), we immediately have u = 0.

(Existence) Let (by, ) € LFCp° x LFCP° be the approximation in Definition 3.15,
and u,, be the corresponding solution of PDE (4.1). By the priori estimates (4.31), (4.7) and
(3.40), we have the following uniform estimate:

(4.40) D (Jtnllsg o) + 18 s 20, ) < o0
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By Lemma A.3, for any 5 > « and p5 € &y, with lim,_,(p5/p3)(2) = 0, there are u €
S2-“(p3) and a subsequence 7y, such that

i [un, —ullgz-s,,) = 0.

Moreover, let uf :=u — V,u < #\b — ., f. By the above limit, (2.27) and (3.35), it is easy
to see that for some pg € Py,

Timn o, — w1 ) = 0.
which, together with (4.40), and by Fatou’s lemma and the interpolation inequality (2.19),
implies that uf € C3:>*(p4) and for any 3 > a,

. g 8 =
Qi b, =gz, ) = 0.

By a standard limit procedure, one finds that u is a paracontrolled solution in the sense of
Definition 4.1 (see [GIP15]). Finally, by the uniqueness of paracontrolled solutions, the full

limit (4.32) holds. ]
5. Well-posedness of singular mean field equations. In this section we study the non-

linear singular kinetic equations. Throughout this section we fix T' > 0, o € (%, %), 9= 2_93a

and

(5.1 Ko <0, 0</€1<1/(2’l9—|—2),

and let

Ko =K1, K3 := (20 4+ 2)k1, pi:= 0", 1=0,1,2,3,

where o is given in (3.5). Consider the following nonlinear kinetic equation with distribu-
tional drift

(5.2) ou=Ayu—v-Vyu—W -Vyu—Kx*(u)-Vyu, u(0)=¢,

where u : Ry x R?¢ — R is a function of time variable ¢, position 2 and velocity v,
(u)(t,z) := [pa u(t,x,v)dv stands for the mass, K : RY — R? is a kernel function, and

Ko (u)(t, x) = y K(z —y){u)(t,y)dy.

Here we assume that W (¢, z,v) satisfies that

(5.3) W € BT(p1) has the approximation sequence W), with div,W,, =0,
and
(5.4) K €Ugsq1CP3.

REMARK 5.1. (i) For K (z,v) = K (z), it is easy to see that
KeCl — KeC’B, vpeRr.

Moreover, for K (x) = |z|~" with r < (1 — «)/3, (5.4) holds.

(i1) Since div,W =0 and K does not depend on v, one can write (5.2) as the following
divergence form:
(5.5) Ou=Ayu—v-Vyu—divy,(W + K % (u))u), u(0)=¢.

In particular, when W and K are smooth, if ¢ is a probability density function, then so is
the solution .
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To use the framework of the above sections we define the solution to (5.2) by the following
transform: for f € .7/ (R?%), o € .7 (R??)

Tf(p):=flre)  To(x,0):=p(z,-0).

It is easy to see this transform does not change Besov norm.

DEFINITION 5.2. Wecall u € 82 (p3) a probability density paracontrolled solution to
PDE (5.2) if 7u is a paracontrolled solutlon to PDE (4.1) with A=0and b=7W + K * (u)
and initial value 7¢

u}O,/ u(t,z)dz=1, te[0,T].
R2d

REMARK 5.3. (i) This definition should be equivalent to the definition using the semi-
group associated with A, — v - V.

(ii) Let u be a probability density paracontrolled solution to PDE (5.2). Under (5.3) and
(5.4), by Lemma 3.16, it is easy to see that b = 7W + K * (u) € BS(p1), whose approximation
sequence can be taken as

by, =T7W,, + K, % (u) with div,b, =0,
where K,, = K * ¢,, with ¢,, being the usual mollifier.

For a density solution the nonlinear term can be bounded easily. To prove the existence
of solutions we use smooth approximation and need to prove the convergence not only in
the kinetic Holder space but also in L' space since the nonlinear term contains a nonlocal
interaction. The proof of the uniqueness part is more involved. To deal with the nonlinear
term, we have to bound the difference of solutions in L' space which requires an uniform
L?L! bound of the gradient of the solutions. To this end we use an entropy method and
introduce the following entropy. For a probability density function f, one says that f has a
finite entropy if

H(f):= f(2)In f(2)dz € (—o0,00).

RQd
The main result of this section is the following theorem.

THEOREM 5.4. Suppose that (5.1), (5.3) and (5.4) hold. Let v > 1+ a.
(Existence) For any probability density function ¢ € L'(pg) N Cq, there exists at least a
probability density paracontrolled solution u € SZT;‘" (p3) to PDE (5.2). Moreover, there is a
constant C' > 0 such that for all t € [0,T7],

(5.6) [w(®)] L1 (po) < Cllell L1 (po)

and if |H ()| < oo, then it holds that

(5.7) H(u(t) + [ Voull 720, < H(p),

and

(5.8) |H (u(®)| + [ Voullfzr: < H(p) + Cll@llLi () +1)-

(Stability) If in addition K is bounded, then for any 1, ps € L (po) N Cq with H(p1) < o0,
and any probability density paracontrolled solutions uy and us with initial values o1 and o,

respectively, there is a constant C > 0 only depending on || K|, |¢1l[11(p,), H(p1) and
le=P0|| 1 such that for all t € [0,T),

(5.9) lur () = w2 (t) | 2 < e“llpr — alle.
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REMARK 5.5. ¢ € LY(pg) is a moment requirement, i.e.,

/ 2|1l p(2)dz < 0.
R2d

This is a common assumption in the entropy method (see [JW16]), which can be seen from
the following Lemma 5.6.

We need the following elementary lemma.

LEMMA 5.6. It holds that for any measurable ¢, f >0, 6 € [0,1) and p € Py,
[olsmts+ol< [ormes+8)+2( fonr+ [oe7).

PROOF. By Young’s inequality, we have
—rln(r+9d)<—rlnr<ar+e¢®, Vrel0,1], a>0.
Hence,
|rIn(r +9)| =rn(r +6) — 2rIn(r +6)1jo<r<i—sy < rln(r +96) +2(ar +e7).

The desired estimate follows by taking a = p. O

We recall the following result (cf. [RXZ21]).

LEMMA 5.7. Let b€ L¥C(R?*) and let Z;° = (Xy,V;) be the unique solution of the
following SDE:
(5.10) dX; = Vidt, dV; = V2dB; + b(t, X;, Vy)dt, (Xo, Vo) = 2 € R*,

Then for any initial probability measure L,

u(t.dz) = [ P27 € dpn(dzo)
RQd
is the unique solution to the following Fokker-Planck equation in the distributional sense:
Op = App—v - Vypu—divy(bp), p(0)= po.

Now we derive the following a priori moment and entropy estimates. The proof is divided
into three steps. First for given solution « we can find a linear approximation such that Theo-
rem 4.7 can be applied. Next we prove (5.6) by a probabilistic method. Finally we use entropy
method to prove (5.7) and (5.8).

LEMMA 5.8. Under (5.3), let u € S%Taa(pg) be a probability density paracontrolled so-

lution of (5.2) with initial value ¢ € L*(po) N Cq. Then (5.6) holds. Moreover; if H(yp) < 0o
then (5.7) and (5.8) hold.

PROOF. (STEP 1) Let b, € LC°(R??) be the approximation sequence as in Remark
5.3 and ¢, = ¢ * ¢, with ¢, being the usual mollifier. Since b, € L C(R24), it is well
known that there is a unique probability density solution u,, € L Cg°(R??) to the following
approximation Fokker-Planck equation:

(5.11) Oy, = Ay, — v - Vo — by - Vit = Ay, — v - Vg, — divy (T uy,),
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with u, (0) = ¢y, It is easy to see that Tu,, satisfies the following equation:
0Ty = ANyTUy + 0 - VTUy + by - VoTuy,.
By (4.32) and definition of solutions, we have for some p € &, and § € (o, 2),
nh_)n(r)lo |7, — Tu||S2TTaﬂ(p) =0,
which implies that
(5.12) nh_)rrgo lltn — UHSQTTf(p) =0.

To show (5.6), (5.7) and (5.8), it suffices to show that for some C' > 0 independent of n,

(5.13) [un ()| L1 (00) Sc llonllLrpe) Sc lellL(pe)s
and if H(p) < oo, then

(5.14) H (up (1)) + [ Vounl[72r: < H(pn)-

Indeed, it is easy to see that (5.13) implies (5.6) by Fatou’s lemma. Now we show how to
derive (5.7) and (5.8) from (5.14) and (5.13). First, since r — 7 log 7 is convex on [0, cc) and
H(p) < 00, by Jensen’s inequality, we have

(5.15) H(pn) = H(p ¢n) < H(p),
and by the lower semi-continuity of u +— ||V ul|zz21,

(5.16) [Voullzzr < lm [|Vyunl 2z
n—oo

On the other hand, let kg < kK < 0 and p := p*. Recalling (3.5) and pg = 0"°, for any R > 0,
we have

llwn (t) — w(t) || L p) < / [un(t, 2) —u(t, 2)| - 14|, <ry - P(2)d2
+/’un(taz)_u(t7z)"1{|za>R}'p(Z>dZ

< [ ln(t.9) ~ ult. 9] Ly ey ol
+Csuplun ()| 1) BT,

which implies by first letting n — oo and then R — oo,
(5.17) Jim ffun —ull Lz (p) = 0-
Now we define the relative entropy for nonnegative measurable function f,
(5.18 Hy(f) = [ Fin(se) = H(E)+ T,
Since r(Inr — 1) > —1 for r > 0, we have

i%f un(t)(ln(un(t)e”) — 1) >—ePell,
which by Fatou’s lemma implies that

Hy(u(t)) —1< lim [ up(t)e” (In(uy(t)e?) — 1)e ™ = lim H,(un(t)) — 1.

n—oo n—o0
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This together with (5.17) and (5.18) yields
H(u(®)) < lim H (un(1)).

n—oo

Combining this with (5.14)-(5.16), we obtain (5.7). Moreover, by (5.6) and (5.7) and Lemma
5.6, (5.8) follows.

(STEP 2) In this step we show (5.13) by showing a moment estimate of solution to (5.10)
which is achieved by establishing a Krylov’s type of estimate for the singular drift term. For
simplicity, we drop the subscripts n below. By Lemma 5.7 one has

a0l = [ BoolZ)o(e0)dan
where Z;° = (X, V}) is the unique solution to SDE (5.10) with b = 7b,,. Hence, to show
(5.13), it suffices to prove that for some C' > 0 independent of n,
(5.19) Epo(Z7°) <c po(20), Vzo € R*.

By Itd’s formula, we have

t

t
Epo(ZfO)—,oo(zo)—i—E/ (Avpo+v-vmp0)(Z§°)ds+E/ (b- Vopo) (s, Z7)ds.
0 0

Noting that by (3.7), for some Cy > 0,
|Aypo+v-Vapo|(z) < Copolz),

we obtain
t t
Epo(Z{°) < po(z0) + COE/ po(ZZ0)ds + E/ (b Vupo)(s, ZZ°)ds.
0 0

To estimate the last term, we use Theorem 4.7 to deduce a Krylov’s type of estimate. More
precisely, for fixed ¢ € [0,77], let w’ be the unique smooth solution of the following backward
PDE:

Dsw' + (Ay +v-Vy+b-Vy)w' =b-Vypo, w(t)=0.

By It6’s formula again, we have

0=Ew'(t, Z°) = w' (0, 29) + E/t(b -Voupo)(s, Z2°)ds.
Hence, 0
(5.20) Epo(Z7°) < po(z0) + CoE /Ot po(Z7)ds — w'(0, 20).

Let B € (a,1) and py := (poo)~'. By (3.7) and (2.21), we have

||VvPO‘|c§(p4) < 00,
which by (2.29) yields that

15 Zopolles (pupey < Mbllese o IV op0ll 2y S [z -
Moreover, by Lemma 3.18 we obtain

1o Vo Ia(b- Vupo) H(ClTjj"(pfp4) <l(be vv]Ab)vaOH(Clef“(

pips)

+ 1160 VuIa(b- Vupo) = (bo VuIab)Vupolley—2e (2,

Sbo vvﬂ)\bH(Clej“(pf)||V’up0||c§(p4) + HbHé;Z(m)HVUPOHCE(/M)'
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Since (20 +2)r1 < 1 and p; = 0", py = 0~ "°~L, by Theorem 4.7 we have

b,b-V,,
HthL;o(pgl) S AT,oo P (p1, p1pa) < o0
which implies that for some C > 0 independent of n and zg,

|w' (0, 20)| < C1po(20).

Substituting this into (5.20) and by Gronwall’s inequality we obtain (5.19).
(STEP 3) In this step we show (5.14) by entropy method. Recall x in (3.20). For ¢ € (0,1)
and R > 1, let

Bs(r) :==rin(r+90), xr(z,v):= X(%, %)

Since w is a smooth solution of PDE (5.11), by the chain rule, it is easy to see that

8uBs(u) = Do Bs(w) — v - Vufs(u) = b- Vo Bs(u) — B3 (u)[Vyul®.
Multiplying both sides by y r, then integrating over [0, ] x R?? and by integration by parts
and div,,b = 0, we obtain

/XRﬁa(u(t)) /XRB& / /XRB ) Voul?

t
:/ /(AvXR+v-VxXR+b'VuXR>56(U)
0
t
< Buxr+v- Vaxa+b- Voxlis / / xor|B5 ()
0

t
(5.21) <Cx(1+||b||Loo)R‘1/0 /XQRW&(U)

where C', only depends on . For m € N, define

GR(t)i= [ xemalBs(ut)]
Noting that [3’(’5’ > 0, by Lemma 5.6, (5.21) and (5.13), we obtain

GR(t) < / XZV"RBJ(U@))—FQ( / u(t)po + / epn)

C b
< gz | G 6s+ [ 1As(o)l+ el + 1)

G
R Jo
where Cy, := Cy (1 + [|b]| .~ ) and

Ao =/!ﬂ5(<ﬂ)|+C(!<PHL1(pO)+1)S/lenwl+1+C(H¢HLl(po)+1)<OO

Here the first inequality is due to
(5.22) B5(r)| < |rlogr| + 7, §€(0,1), >0,

and the last inequality we used Lemma 5.6. By iteration, we obtain that for any m € N,

m—1
Go(t) < A thk e dt

t
G (s)ds + Ay,
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Since u € LFCy° (RQd), there is a constant Cs > 0 such that forany R > 1,
GRt)<Cy [ xamr < Co(2m R,
Therefore,
om tm
G%(f) < Aoert/R+ ing(QmR)&if

R m!’
which in turn implies that by first letting m — oo and then R — oo,

52 [18s(®)] = Jim GhO) < A0= [ 1B+ Cllzri +1) <oc

Thus, by taking limits R — oo on the both sides of (5.21), we obtain

JE) //5 DIVauls)Pds < [ 8306

By (5.23) (5.22) and Fatou’s Lemma, we further have

(5.24) / u®)n(u(®)] < [ ol + Cllellny + 1) <
Letting 6 | 0, by /35 ( T+5 + 3o +5)2 and Fatou’s lemma,
t 2
(5.25) /u(t) ln(u(t))—l—/ /mu(s)’dsg/golncp.
0 u(s)

Here for the first and last term we used (5.24) (5.22) and dominated convergence theorem.
On the other hand, by Holder’s inequality, we have

P N o R R N

Substituting this into (5.25), we obtain (5.14). The proof is complete. ]
Now, we can give the proof of Theorem 5.4.

PROOF OF THEOREM 5.4. (Existence) By our definition of solutions it suffices to prove
there exists a solution u to the following equation:

(5.26) Ou=Ayu~+v-Vou+7W - Vyu+ K * (u) - Vyu, u(0)=rTe.

Let W,, € LLC°(R?*) be as in (5.3). Let ¢,,(2) = n¢p1(nx) be the usual modifier and
K, =K=x¢,€ Cgo(Rd). Since the coefficients are bounded and Lipschitz and div,W,, =
div, K,, = 0, by standard fixed point argument, one can show that there is a unique smooth
probability density solution wu,, to the following PDE

(5.27) Optty, = Ay, + 0 - Vyuy, + (TWy + K % (up)) - Vytn, un(0) =T0,.
Define
b (t, x,v) :=TWy(t,x,v) + Ky * (upn) (t, ).
Since for 5 > (a —1)/3
[ (un)los < 1 Knllesl[{un) |2 < 1Ko llunll S 1,
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by (2.28), (3.30) and (3.34) and Remark 5.1 it is easy to see that
[1bn © Vool (Ko (un)) | gzosr-e () S 0nll ey (o) [ B # (un)llgze S 1,
where the implicit constant is independent of n. Thus, by definition we have

sup £ (p1) < sup (eW (p1) + 3 (1) + ZAW"’K ) 1)) < oo,
n n
and by Theorem 4.7 and (4.7),
sup ([t sz ) + 1 g2 ) < 00
Thus, by Lemma A.3, there are u € S (p3) and subsequence ny, such that for any 5 > «
and p5 € Py, with lim,_,(p5/p3)(2) 0,
i fun, —ullsz-s,,) =0.
As in the proof of Theorem 4.7, one sees that uf :=u — Pip — Vyu < b e (C3 2C“( 1) and

for some pg € &y, and any 5 > «,

PG) — 0

; gt
klggo l|ug, —u ||C?%Ta2ﬁ(
It is the same reason as in (5.17), we have
khanolo ||unk - UHL%OLI =0.
In particular,

(5.28) u>=0, /u(t,z) =1.

Since K € Cg for some 8 > a — 1,
| K * (up, ) — K * <u>||C? —0 ask—o0.

Lete =(8—a+1)/2>0.By (2.24), we have
[ K * (un) — K * (up)||ca—1+e Sn7°||K][cs -0 asn — oo,
which implies that
||by, 0 VIA\by, —bo Vj,\b”(c’lrzfa(p%) — 0.
Taking limits on both sides of (5.27), one sees that w is a probability density paracontrolled
solution of PDE (5.26).

(Stability) By our definition it only suffices to prove the result of solution to (5.26). Let u1, us
be two paracontrolled solutions of PDE (5.2) with the initial values ¢; and s, respectively.
For i = 1,2, let u}' be the smooth approximation solution of the following linearized Fokker-
Planck equation

Opui = Ayui +v - Vaul + (W, + Ky % (w5)) - Vyui', ui (0) = f,

where @' = @; * ¢, and W/, is the approximation sequence in (5.3), K,, = K x ¢,,. By (4.32),
we have for some p € Ly,

n—o0
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Let
Wy i =ul —uy, wi=ug — ug,
and
bp :=TWy + Ky % (ug), fn:= K, * (w) - Vyul,

and for any 6 > 0,

B(S(T) =V 7240 — \/57 XR($7U) ::X(%v )

=l

It is easy to see that
0wy, = Aywy, +v - Vawy, + by - Vywy, + fna

and similar as (5.21) by the chain rule and the integration by parts,

o / xrBs(wn) = / (Doxn—v- Vaxz)Bs(wn) — / B () |V

_/(bn'vaR)Bé(wn)+/anRB:S(wn)-

Since |Bs(r)| < |r|, |85(r)| < 1 and [ |w,| < 2, there is a constant C' > 0 independent of R
such that

o / xeBs(wn) < C(R™2 4 bl iR + / Falxa.

Integrating both sides from 0 to ¢ and letting R — oo and § — 0, we obtain

t
[wn(8)ll e < [lwn (0)]] s +/O [/l 2 ds.

Note that by Holder’s inequality,

t t
/0 | fullzrds < /0 1K % () o IV 1 s

t B
<K~ ( / ||w||%lds) IVl
0

Since T does not change entropy and (5.14), (5.15) and (5.24) also hold for u,, which implies
that

IVoulllzr: < H(py) — H(uf(t)) §C/|¢1 |+ (o1l ) + 1)

where C only depends on pg. Thus,

t
lwn(®) 122 < a0 l2: + Cr oo ( / Hw(s)H%lds>

Letting n — oo and by (5.29) and Fatou’s lemma,

t
lo®llz < 1wz + Ckprpe ( /0 Hw@)u%lds) |

which implies (5.9) by Gronwall’s inequality. 0
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6. Nonlinear martingale problem with singular drifts. In this section we consider the
following nonlinear kinetic DDSDE with distributional drift:

(6.1) dX; = Vidt, dV; =W (t, Xy, Vi)dt + (K * px,)(X¢)dt +v2d By,
where W € B (o) for some x > 0 and K (x) : R? — R satisfies that
K € U5>aflc/3/3.

Here /1, stands for the law of X; in R?, and for a probability measure z in R,
Kxp(@):= | K(z—y)u(dy).
Rd
We first give the definition of solutions. Fix T' > 0. Let Cr be the space of all continuous

functions from [0, 7] to R??, and P(C7) the set of all probability measures over C7. Let %;
be the natural o-filtration, and z be the canonical process over Cr, i.e., for w € Cr,

z(w) = (2 (w), vi(w)) = wy.

As mentioned in the introduction, we define the martingale problem by using the linear
version of the Kolomogorov backward equation. More precisely, for a continuous curve
w2 [0,T] — P(R?) with respect to the weak convergence, define

Ll =AMy 4+v-Vo+ (W) + K * ) - V.

As in Remark 5.3, it is easy to see that W + K * 1y € BS(0%). Let f € LCy(R??) and
@ € CJ(R??) for some v > 1+ « and ¥ := 5785 3a By Theorem 4.7, there exists a unique

paracontrolled solution u‘; € S%;_ao‘(g%ﬁ“)“) to the following equation:
For any § > 0, let Ps(R??) be the space of all probability measures v on R?? with

2)"%u(dz) = 212\v(dz 00.
e = [ alativas) <

We introduce the following notion about the martingale problem.
DEFINITION 6.1. (Martingale problem) Let 6 > 0. A probability measure P € P(Cr) is

called a martingale solution to SDE (6.1) starting from v € Pg(RM), iftPoZy 1=y and for
all f € L¥C,(R??) and ¢ € C7(R??) with some v > 1 + a,

Mt:—u(tzt) OZO /fszs
is a martingale under P with respect to (%, ), where iy :=Po CL‘; and u’; is the paracontrolled
solution to (6.2). The set of all martingale solutions [P associated with W, K and starting from

v is denoted by ., (W, K).

REMARK 6.2. The moment assumption for v is necessary for making sense of
Eu‘]ﬁ (0, zp) since the solution u/; ¥ lives in weighted spaces.

Our main result of this section is the following:
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THEOREM 6.3. Let a € (%, %) and ¥ := 5% Suppose that for some r € (0, ﬁ] and

B>a—1,
W eB3(0"%), K e CP/3,

Then for any v € Ps(R??) with § > (49 + 4)k, there exists at least one martingale solution
P e #,(W,K) to SDE (6.1). Moreover, if K is bounded measurable, then there exists at
most one P € A, (W, K).

The existence part of the proof follows by the convolution approximation. We prove the
uniqueness first for the case K = 0 and then use Girsanov’s transform. Let IV,, be the approx-
imation sequence of I, and K,, = K * ¢,, with ¢,,(z) = n%¢; (nx) being the usual mollifier.
We consider the following approximation SDE:

(6.3) AX]" = VA, AV = Wi (t, ZP)dt + (K # pxe ) (XP)dt +v2d By,

where Z" = (X", V") and P! o Z}' = v. Since W,, and K, are globally Lipschitz, it is
well-known that there is a unique strong solution Z" to (6.3) (see [Wal8, Theorem 2.1]). We
first establish the following uniform moment estimates for V;* by a PDE’s method.

LEMMA 6.4.  Suppose § > (40 4 4)k. For any p € (2, 75|, there is a constant C' > 0

(20+2)k
such that forall 0 < s <t < T,

Sup B[V — VI'IP S (¢ — s)P/2.
n

PROOF. By SDE (6.3), it suffices to prove that

¢
/ by (1, Z))dr

p

(6.4) supE <c |t —s|Fr/2,
n

where
b (t,2,0) = W (t,z,0) + (Kp * pxp ) () € LF O (R?*).
Fix t € [0,T]. Let u,, be the smooth solution to the following kinetic equation
Oty = Aty + v - Vptty + b - Voyun — bl u,(0) =0,
where b, (s, 2) = b, (t — s,2). By Theorem 4.7, for o := (29 + 2)k, we have

(6.5) sup [t gz gy < 00
Let
ul (8) :=up(t — s).
Then v}, satisfies the following equation
opul, + AvufZ +v-Vul 4 by - Voul = by, ufl(t) =0.

By (6.3) and 1t6’s formula, one sees that

t t
/ bo(r, ZM)dr =t (t, Z1) — ul (s, Z27) — f2/ Voul (r, Z1)dB,

t
(6, Ty 20 — (5, 27) — /2 / Vil (r, Z")dB,,
S
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where the second step is due to
u (8, 20) = 0 =l (1,4 20).
By BDG’s inequality, (3.19) and (3.30), we have for any p € (2, $],

(20+2)k
t P
B| [ bu(rn 2] S (-9 Rl ., Be 7 (22)
t o, p/2
#1902 ([ 07220 )
(6.6) < ((t— )22 (8 — $)P/2)||lup||Ps-., . sup Eg P7(ZM).
Sea"(07) Lelog) "
Finally, since po < 9, as in showing (5.19), we have
(6.7) sup sup Ep%(Z") < / 0 % (2)v(dz).
n sel0,t] R2d

By (6.6), (6.7) and (6.5), we obtain (6.4). The proof is complete. ]

Now we give the following convergence result.
LEMMA 6.5.  Let (j1,)nen be a family of probability measures on C ([0, T); R?). Suppose
that ju,, weakly converges to . and K € CP, Then for any By < /3, we have

lim HKn * fhp — K« /LHL%oCﬁO =0.
n—00

PROOF. It suffices to prove the result for 5y satisfying 5 — 5 € (0,1). By Skorohod’s

representation theorem, there are a probability space (£2,.%,P) and random variables X,,, X
with values in C/([0, T]; R?) so that

lim sup |X,(s)—X(s)|=0 a.s.,
n—=00 5e[0,T)

and
Po(X,) ' =pm, PoX t=p.

Let R; be the usual block operator with @ = (1,---,1) in (2.4). By similar arguments as
(2.25) we have for any j > —1 and h € R?

(6.8) IR;E (- +h) = RiK = S A7 PR K |0 S 2777 1|7~ K| s

~

From this, we derive that
IR; K = Ryl <sup [ [RE (o~ 9) = Ry ()] om(u)dy
x Rd

(6.9) Sm” O RK |l gos0 S 2759 m™ 0| K| s
Note that
IR (Ko # in(5) = K 5 pa(s)) ()] = [ER; K (2 — X (5)) — ER; K (z — X (s))]
<EIR; Kn (2 — Xn(s)) — R K (v — Xn(s))|
+E|RK (x — Xn(s)) — RjK (z — X(s))]
= T (s,2) + T (s,2).

7j
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For jrflj) (s,x), by (6.9) we have
1 _B0i —(6—
1T M 1 < IR K — RyK||p= S 277090~ 05| K| .
For jf]) (s,z), by the dominated convergence theorem and (6.8), we have

- Bod || 7)1
7}1_>H3081j1,p2 INAHIIF3

ng(nm sup sup2ﬁoﬂ‘|7zjK(x—Xn(s))—RjK(x—X(sm)

n—oo SE[O,T] j

=90 50,7

sIE(hm sup rxn<s>—x<s>|ﬁ-ﬁo> IK o =0.

From these two estimates, we derive the desired limit. O
Now we can give the proof of Theorem 6.3.

PROOF OF THEOREM 6.3. (Existence) Let P,, = P o Z" be the law of Z" in (Cp, Ar).
By Lemma 6.4 and Kolmogorov’s criterion, we have for each € > 0,

lim sup P sup V" =V >e|=0.
=0 n s#£L€[0,T),|t—s|<6
Since X7 = [; V'ds+X, and
lim supP(|Zy| > R) = lim v{z:|z| >R} =0,
R—oo p R—o0

it is easy to see that for each € > 0,

lim sup P sup |Z = Z7 | >¢e | =0.
6=0 n s#£t€[0,T7],|t—s|<6

Thus (P, )nen is tight in Cp.
Let P be any accumulation point of (P, ),en. Without loss of generality, we assume P,
weakly converges to P. Let

pn:=P,o X! p:=PoX 1
Let ¢,, be the usual mollifier in R2¢ and define
fu(t,2) = f(t,) % Pn(2), on(2) =@ % dn(2)
and
b =Wu+ Ky *ppn, b:=W + K *pu.

Since by, fr € L%OCgo(R2d), it is well known that there is a smooth solution wu,, €
L C°(R*) to the following PDE:

Now we define two functionals on Crp:

t
M = M (2) == un(t, 2t) — un(0, 20) —/0 fn(s,zs)ds
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and

¢
My = My(2) := u’]ﬁ(t,zt) — u’;(O,Zo) - /0 f(s,25)ds

We want to show that for any 0 < s < t <T" and Hs-measurable bounded continuous func-
tional G5 on Cr,

(6.11) E" (MGs) = EF (M,Gs).
For each n € N, by (6.3), (6.10) and Itd’s formula,
t
M2 = / Votn(s, Z1)dB,
0
is a P-martingale. Hence,
E™ (M]'G,) =E(MMZ™Gs(Z™)) = E(MN(Z™)Gs(Z™)) =E (MI'G).
Thus, to show (6.11), it suffices to show that
(6.12) lim E™ (M]'G,) =E" (M,G,).
n—oo
Note that by Lemma 6.5, for v € (o — 1, ),
lim || K, * p, — K % MHC}a =0,
n—oo ’
which by Lemma 3.16 implies that
(b, f) € B3 (0", 1) with approximation sequence (by,, fr)-
Thus by Theorem 4.7, for any o > (2 + 29)k,

(6.13) SUp [|tn| () <00, lim [lun — ]| () = O
Moreover, by (6.7) we have for any 6 > (4 + 49)k,
sup EF» (g*‘s(zt) + Qf‘s(zo)) < 0.
n
Note that
87— M| < — oy (7 () + 077 / o= (s, 2)ds

Since for each s € [0,1], (P, 0 z; !),en is tight, and for any R > 0,
lim sup |fn(5az) - f(8,2)| =0,

it is easy to see that

hmEP/|fn f1(s,25)ds

n—oo

t
g/ lim Sup | fn(s,2) — (S,z)]ds—l—}%/ supEF 979 (2, )ds.
0 0

Thus, by (6.13),
(6.14) lim [EF(M]'Gy) — E (MyGo) | < [|Gislloo lim EF|M]" — M| =0.
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Moreover, since M; is a continuous functional on Cr, and

(6.13) 6.7)
supE™ [MGif* 5 [supﬂ-zﬁ"n (95<zt>+gé<zo>)+uf||%w} |Gllz~ < oc,
n n

it is easy to see that
lim E™ (M,G;) =E" (M,Gy).
n—oo
Combining the above calculations, we get (6.12). Thus, we complete the proof of the exis-
tence of a martingale solution.
(Uniqueness) First of all, we show the uniqueness for linear SDE, i.e., K = 0. Let P;,P5 €

M, (W,0) be two solutions of the martingale problem. Let f € L C,(R??) and let u be the
unique paracontrolled solution to (6.2) with u(¢) = 0. By Definition 6.1, we have

T
/ u(0,2)r(dz) = —EPi/ f(s,Zs)ds, i=1,2,
R24 0

which means that

T T
/Eﬂ”lf(s,zs)ds_/ EP2 f(s, Z4)ds.

0 0
Hence, for any f € C(R??) and t € [0, T,
E" f(Z) =E™ f(Zy).
From this, by a standard way (see Theorem 4.4.3 in [EK86]), we derive that
Py =Ps.

For general nonlinear SDE, we use Girsanov’s transformation method. Let P;,[Py €
M, (W, K) be two solutions of the martingale problem. Let W), K,, be the approximations
of W and K as above. We consider the following approximation of linearized SDEs: for
1=1,2,

(6.15) AX]" = VAL, AV = W (Z0™)dt + (K, i) (XP™) +V/2d By,

where i :=P; 0z, ! As in the proof of the existence part, and due to the uniqueness of
linear SDEs, for ¢ = 1,2, the law of Z»™ = (X*" V™) weakly converges to P; as n — oo.
In particular, for any ¢ € C(R?),

Ep(X;") = B p(a;), i=1,2.

On the other hand, we define
t

4 1 . . 1 rt . .
AR = exp {— (Ko i) (X2")AB, — / [ M’)(X“”)VdS} .
t ﬂ 0 s 4 0 s s
Since

(6.16) [ K il || oo <K o

by Girsanov’s theorem, under the new probability measure Q""" := A;znP, fort €[0,T]

1 t . .
Bz’n::/ K, *xu)(X¥"™)ds+ B
t \/i 0 ( n :U’s)( s ) t
is still a Brownian motion, and

dX;" =V A, AV =W, (2" dt + V24 B
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Since the above SDE admits a unique weak solution, we have
Ql,n o (Zl,n)fl — Q2,n o (ZQ,n)fl
Thus, for any o € Cy(R?),
Ep(X; ") = E(AF (X, ™)/Ar") = B(A7" o(X{™)YE)
and
[Bp(X, ™) = Bo(X7")| < el o~ BIAZ"YF — 1],

where
1 (7 1 (7
YTn::exp{/ (Kn*ui)(Xf’")stJr/ y(Kn*M;)(X}“)Pds}.
V2 Jo 4 Jo

On the other hand, since ¢ — A? ™ Y;" are two semimartingales, by the product Itd formula,
we obtain

t t
AZYR — 1= / AZrAY] + / YIAT™ + [A>" Y " p
/ A2Y (K * pt — K * p)(X2™)dA B,
/ AZMY (B 5 ) (XE™) P = (K o+ p2) (X2™)P)ds

1
6.17) [ ARG ) X2 — (K ) (X2 P
0

By (6.16), it follows from BDG’s inequality and Holder’s inequality that for any p > 2,
t p/2 t
B P S 14 K ([ 1202 Pas) 4 I [ B2y
0 0

t
<14 ||K] / E|AZ"Y 7 Pds,
0

which by Gronwall’s inequality implies that

sup sup E|AZ"Y|P < .
n  sel0,7

Hence, by (6.17), BDG’s inequality and Hélder’s inequality, we arrive at

) T 1/2 T
E|Af"Yﬁ—1\s(/0 uuz—uiu%vds) n /0 142 = v ds,

where || - |7y stands for the total variation norm of a signed measure. Combining the above
calculations, we obtain that for all ¢ € C,(R?),

[E™ p(er) — ERp(er)| = lim [Ee(X7") - Ep(X7")]

T 1/2
< lloloo ( /0 2 —M;H%Vds) ,
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which in turn implies that
2 112 Tia e
I = bl < [ = v

By Gronwall’s inequality, u1} = 2. Finally, we use the same argument as the uniqueness for
linear equations to derive the uniqueness for nonlinear SDEs. U

7. Existence of renormalized pairs in probabilistic sense. In this section we perform
the construction of stochastic objects, i.e. renormalized pairs of the stochastic kinetic equa-
tions by probabilistic calculations. We state the main result in Subsection 7.1. In Subsection
7.2 we give examples of Gaussian noise satisfying the general assumptions. In the last sub-
section we give the proof of the main result.

7.1. Statement of main result. Let 1 be a symmetric tempered measure on R?¢, that is,
for some [ € N,

a.n [+l @) < oc.

Let L(%( 1) be the complex-valued Hilbert space with inner product

Pz = [ O FOR(A0) <ox.
Let H be the completion of .7 (R??) with respect to the inner product
<f7.g>H = <.]E7g>L(2c(u)

DEFINITION 7.1. Let X be a Gaussian field on H, i.e., X is a continuous linear operator
from H to L?(Q2,P), and for each f € H, X(f) is a real-valued Gaussian random variable
with mean zero and variance || f||. In particular,

(72) B(X(NX(9) = | FOa(=Ou(do).
We call X the Gaussian noise with spectral measure p (see [SVI7]).

The following result is the main result of this section.

THEOREM 7.2. Suppose that p is a Radon measure and satisfies

(S) p(d€, dn) = p(d€, —dn) = p(-dg, dn),
and for some 3 € (%, %)

AB :U(dC) .
Ao rern /R (L+]¢+ ¢l =

Let W = (X1,---,Xq) be d-independent Gaussian noise with common spectral measure |i.
Then for any k > 0 and o > 3, it holds that

P{w:W(,w)eB(o")} =1.
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REMARK 7.3. (i) Condition (A?) implies that for any o,y > 0 with o + v = 24,

73 p(dq) '
() S, L ooy <

Indeed, it follows by the simple observation:

p(d¢)
</<|a><'+ca +/|<a<|c+qa> (L+1¢" +¢la)? (X +[Cla)

p(de) p(dg)
S / A+ 10+ () +/ L+ 1Ca)

(i) The symmetric assumption of y in the second variable n allows us to use some cance-
lation to show the convergence in (7.23) below (see (7.22) below). In the classical case by
symmetry the terms in the Oth Wiener chaos are zero. However, in the kinetic setting these
terms are not zero but converge in the required weighted Besov space after subtracting suit-
able renormalization terms, which by symmetry assumption of 4 are zero.

Let ¢ € .7 (R??) be a symmetric function and define
Xo(2) = X(p(z =))-

Then by Lemma B.1 in appendix, z — X (%) has a smooth version.
Let o, o' € .7 (R??) be two symmetric functions. For H € .7 (R*?), define

(74) (X, © X )(H) = / H(z, )Xo (2) X () d2d .
R2d JR2d

The following result is standard by the properties of Gaussian fields (see [SV97]). For the
reader’s convenience, we put the proof in Appendix B.

LEMMA 7.4.  For any H € .7 (R*%), it holds that

1.5) B((Xp® Xp)(H) = | | H(G-0$(OF (Ou(d)
and
1.6 Var((X,© X)) =2 [ [(Sm )¢ (),

where Hy o (¢,¢') == H((,¢)@(¢)¢'(() and
(1.7) (SymHp, o) (C,¢') 1= (Hor (C,) + Hor (¢,0)) /2.

If we do Wiener chaos decomposition for (X, ® X, )(H) (see [Nua06, Ch.1]), Iy :=
IE((X¢ ® XW)(H)) corresponds to the term in the Oth Wiener chaos and I := (X, ®

Xy)(H)—-E ((ch ® XW)(H)> gives the term in the second Wiener chaos.

REMARK 7.5. If X,Y are two independent Gaussian fields with the same spectral mea-
sure, then E((X, ® Y,/ )(H)) =0 and

08 BV ) = [ [ COPIROP O ramA).



SINGULAR KINETIC EQUATIONS AND APPLICATIONS 61

7.2. Examples for (A?). In this subsection we provide three examples for condition
(AP to illustrate our result. We need the following simple lemma.
LEMMA 7.6. For 31,32 € [0,d) and 1,72 > 0 with

M+ B >d, 381+ B2+ 2 >4d,
it holds that

ae
7.9 s
7 S, L AT Ereyt <

and for ( = (§,n) € R2d

< 0.

dg¢
(7.10) sup /
crerea Jrza [P 1P (1+|C + (o)

PROOF. For (7.9), we have

¢ _ ¢
L. P Erens </5+5'<|£+/|§+e|>|§> Pt E e

d¢ dg
g - >
/|§+§'|<§| €+ 1+ 6+ " A+§'|>g| €18 (14 €)™

< / d¢ N / ode / e
S Ura [EFEPAHEFEDT T Jra €A (1 +[EN™ Re [§]7 (1 + €))7
which is finite by 71 + 81 > d and 31 < d.
Next we show (7.10) by (7.9). Let

g Bd=B) _ 3(d-p)

C O 3(d— 1)+ (d—PB2)  Ad—3B1 — B
Since o > 4d — 331 — B2, we have

(7.11) B1+0v2/3>d, B2+ (1—0)y>d.

By |€]Y/3V ] < [C|a» we have

€(0,1).

/ ¢ </ d¢
roa (€5 0|22 (L4 [C 4+ C'a) > Jra €15 (L4 [€ + €/ [1/3)00

x / dn
re [ (1 + | +ay/]) (=002
which in turn gives (7.10) by (7.11) and (7.9). ]

EXAMPLE 7.7. Fix B € (3,2) and vy € (d — 28,d). Let
pu(d€, dn) = [¢]77dEo(dn),

where d¢ is the Lebsgue measure on R and dy(dn) is the Dirac measure on R? concentrated
at 0. By (7.9), one sees that (AP) holds. In this case, it is well known that for some cgny >0
(see [St70, p117, Lemma 2]),

(z) = @, v) = caqyla] 0 2= (2,v).
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In particular, for any f, g € .7 (R?%),

B(X(0X) = [ FOa=0n@) = [ [ st - )azas

, cq~dada’
:/Rd /Rd ( » f(x,v)dv) (/Rdg(x ,v)dv) 7]x;yw’|d_7'

Fix ¢ € . (R?) with [, ¢ = 1. Forany f € /(R%), if we define

X1(f):=X(f), fla,0):=f(@)e),
then for any f, g € ./ (R%),
dazda’ 5 d¢

B(Xi()Xi(0)) = | F@ea) = = [ OO

Re JRd ’x
where the right hand side is just the inner product of homogenous Bessel potential space H
in R? (see [BCD11]). In particular, X (f) can be extended to all f € H™7. This corresponds
to the noise independent of v variable. Let d = 1 and define

By(y) = (Xl(l[o,y])1y>0 - Xl(l[y,o])1y<o)71/2(1 +7)2(2¢q,,) V2.
By the elementary calculation, we have
E(B, (1) B, (1)) = Sy + |/ — Jy /).

Hence, B, (y) is a fractional Brownian motion with Hurst parameter H = HTW €(l- g, 1),

and for any g € . (R),
Xa(9) = ~¢ar [ 9 W)B; ().
R
In other words, X1 = Ed,YB’7 in the distributional sense.

EXAMPLE 7.8. For € (3,2) and 0 <y € (d — 28,d), let

pu(d€, dn) = |n| ™7 do(d€)dn.
By (7.9), one sees that (A?) holds. When d = 1 and v =0, we have
ji(,v) = do(dv)

B(x(x@) = [ ([ o) ([ o) a

In particular, for ¢ € . (R?) with Jga =1, if we define

and

X2(f) = X(f)a f(l',U) = gO(fL‘)f(U)
then X5 is independent of z and is a space white noise on R. As Example 7.7, for general y €
[0,1), X corresponds to the derivative of a fractional Brownian motion with Hurst parameter

H=32e[l1).
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EXAMPLE 7.9. For B € (3,2) and 1,72 € [0,d) with 3y; + 72 > 4d — 2, let
p(dg, dn) =[] o772 d&dn,
By (7.10), one sees that (A?) holds. When v1y2 # 0, we have
flw,v) = caq |z o1
When v, =0, since 3 € (3, %), we have
(4d—2B8)/3<m<d=d<28=d=1,

and
dvdxdy
B(X(NX(0) =er, [ fav)gloee
! Tyt
In particular, one can regard W being white in v-direction and colored in z-direction. In gen-
eral W is the generalized derivative of a fractional Brownian sheet with H; = 1= +1 satisfying

3Hy + Hy>4— 8.

7.3. Proof of Theorem 7.2. Recall the definition of (d)‘]’) j>—11n(2.3). We could assume
that ¢® ; has the following symmetry

¢i1(§a 777) = ¢i1(5777), (5777) € R2d'

We introduce the following function for later use:

(7.12) V(¢ )= Y O, ¢ eRM

li—jI<1
In particular, by the symmetry of ¢, in 7, for any ¢ = (&,7),¢" = (¢/,1) € R,
(7.13) D((&m), (€n") = v((&,—n), (€,0) =»((&m), (€, =)

Now we recall some notations used before. Let z = (z,v) € R** and ¢ = (£, 7). For t € R,
we define

[z = (x +tv,v), ft( = (&,n+tg),

and for a function f on R?? and y, z € R??,

(Cef)(z) = f(Tr2), (ryf)(2) = (2 —y).

Clearly,
Ftr—tz =z, <tha C> = <Z, ft<>a
and
7.14) (P9 = [ mi@eway
RQd
and

Lof(Q =T f(Q), Tul(f%g) = (Tef) * (Tg).
Recalling (3.2), we have for some ¢y > 0,

(7.15) Ds(&,m) = e SINP=s?IE/3=sEm) o =colsPIE*+slnl®)
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Now let ¢ be a smooth probability density function with compact support and symmetric in
the variable v. For € € (0, 1), let

pe(2) =7 Mp(2/e), Xe(2) =X, (2) = X(pe(z — ).
To prove Theorem 7.2 it suffices to prove
XeC, "), P—a.s.
and
X oV,#X cC([0,T],CL2%(p")), P —a.s.

Now we consider them separately.
(i) Regularity of X. As in (B.1), by the hypercontractivity of Gaussian random variables,
forany a € (5,8 + 1), we have

BIRIX.(2) - RIX ()" < (BRGX(2) - Rex(2)?) "
p/2
- ( [ 10r18.0 - uwo)
de

O s ([ 12172 N
S ([ gao)

where the implicit constant does not depend on z. Noting that
[9=(Q) = 1/ =p(=¢) = 1] @157,
by definition, we have for any o > @ and p > 4d/,

BIX. = XI o = 2 [ EIRIX.2) ~RIX ()Pl ()P
j |

7.16 < SR " 5(2)Pd
.16 S(Loasamna@) [ leers,

which, by (A®), converges to zero as ¢ — 0. Furthermore, for o > &, by Besov’s embedding
Theorem 2.6, for p large enough, we have

. o p _
lim BJ|X. — X[, =0.

(i1) Regularity of X o V,.# X. Since X is independent of ¢, by Lemma 3.17 we only need
to show

E sup [[XoV,IX(l) =X oVyIX(s)|gr2e (g < 00.
0<s<t<T

We represent R (X o V,.# Xc(t)) in terms of (X, ® XE)(Hf) as given in the following
lemma.
LEMMA 7.10. Foranyt > 0and { > —1, we have
(7.17) RY(Xe 0 VoI Xe(t)) = (Xe ® X)(HY),
where

t
Hof)= 3 [ Ri6tmy(REVLp0)ds.
li—j]<1
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Moreover, for ¢ = (£,1) € R?%, we have

— t . .
(7.18) H{((, () =—i / e D 8D ¢+ (D¢, ¢) (1 + 5€)ps(C)ds,

0
where 1) is defined by (7.12).

PROOF. By definition, we have

t
REX. - (RIV,.IX.) () = / (62 % X.) - (REV,Tspy) * (Ts X2)ds
0

t
:/ / (/ Ty §5 - TFSy(R?Vstps)ds> X-(y) X< (v )dydy'.
R2d de 0

which implies (7.17). For (7.18), letting h := R?(VUFspS), by easy calculations, we have
/ / eii(C.HC.y/)‘ZE? * (Ty’ég - yh)dydy’
R2d R2d

= R GHDC+ ¢ (C)A(-Ts0),
where for ¢ = (&,71) € R,
7(€) = 65 () (i) (T-ss) (€)-
Thus we obtain (7.18) by I'_,I's¢ = ¢. O
REMARK 7.11. Notice that for each y, 3y’ € R??, H(y,y') is a R%-valued function of z.

In expressions (7.17) and (7.18), we have suppressed the variable z for simplicity. Without
further declaration, we also use such a convention below.

For simplicity of notations, we write
M (z) = (Xe 0 Vo I XL(1))(2)
and
(7.19) GEs (2) = M7 (2) = M7 (2) = Mg (2) + MS ().

Below we drop the variable z. It is easy to see My = EM; + M; — EM; as the Wiener
chaos decomposition for M; with [EM; in the Oth Wiener chaos and M; — EM; in the
second Wiener chaos. In the following we consider them separately.

Terms in the Oth Wiener chaos First we have the following estimates for the terms in the
Oth Wiener chaos. This terms are not zero as the classical case. After subtracting formally
divergent terms (see J., , below) which are zero by symmetry, the terms in the Oth Wiener
chaos converge in the cofresponding spaces. Note that by (7.17),

(7.20) R{M; = (X © X.)(Hy).
and by (7.5),
RYEM; =ER{M; = | HH(G =22 (On(d0) = AS

This corresponds to the zeroth Wiener chaos of random field (X. ® X.)(HY).
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By (7.18) we make the following decomposition:

— t ., oA ~ A~
HY(C=0) = =i [ 0004 (0.¢ - O (w(E6,~0) ~ 916, ~O) ) (s

0

i S A
L /0 e L= ga(D ¢ — (¢, —C)mps(C)ds

t o R N
5 /0 ¢TI0 g (P ¢ — Oap(T4¢, —C) s Ps(C)dis

=: JL4(C) + T5.4(¢) + T3,4(C).
For jlt,e(o’ noting that for { = (£, 7),
(7.21) D¢ = ¢=(0,58),
by (B.4) and (B.6) with v = 2a. — 1, we have

t A A
1Tl < /0 62(EuC — O [B(EC, —C) — (C, —C)] 1] Pa(¢)dis

goee [ (L sel e (s
0 (1+ |<’a)2a71

t

< 92a=l(] 4 |¢),)2 2 / pe(C)ds
0

aISE ,
S 200V I¢l)

For J5 ,(C), since [¢| < 1, by (7.21), we have

~

t
17 (Ol < 220 / (1+ [s€])120s¢]pa(C)ds

0

t
2000 [ jsg e, (s
0

(7.15),(B.7) Y )
S 200D 4 |¢)g) T

For J; ,(¢), by we can write

T30(¢) = —i / t e T g0 (D ¢ — (¢, —Cme s =161 /3 (e=5*&m) _ 1) 45

0
_i/ot eﬁ(-,ﬂ(%%;(fsg (¢, —C)mesInP sl 3 g

=: ~72t1,e(C) +~72tz,e(4)~
For J3, ,(¢), noting that
e &M — 1| < |sg] |sn| e €M

by (7.15) and (B.7), we have

t
121,01 52@‘”)5/0 (1 + [s€])1=2se]|sn| ] e~co (I +sln) g g
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t
< 2(2041)5/ ’3&2720[’377”77‘ efco(s3|§\2+s\n|2)ds
0

t
52(204—1)8‘5‘2—204‘7”2/ 83—2066—00(53|§|2+5‘77|2)d8
0

B.7)
< 200D |¢l,)
On the other hand, by (7.21) and (7.13), one sees that
j2t2 2(57 —77) = _‘72152 f(§7 77)

Since p(d€, —dn) = u(d€,dn) and ¢, is symmetric w.r.t. v variable, we have

(7.22) / Ty o(OPOn(AC) =0,

Thus, we get

8= [ (a0 + T4+ T ) 2Ot
and
1A7 = A% e~ S / (1Ol + 17516 2= + 175 ()2 )
X [22(0) = £2.(Q)lu(dC)
S |11 10 — POt

By the dominated convergence theorem, we obtain

(7.23) lim sup sup 2(1_20‘)Z\|Af’5 - Af’gl
&' 200> _1t€(0,1]

’Lw :Ou

where the norm || - ||~ is with respect to variable z. Thus, we have

lim sup [|[EM; — EM?
g,e' =0 €[0,77]

Hcifza - 0

Terms in the second Wiener chaos By Kolmogorov’s continuity criterion and Besov’s
embedding Theorem 2.6, it suffices to show that for some § > 0, and any o > 3 and p > 2,

lim  sup (t—s)_épE(HGi’ EGiz ||B1 200 (g )) =0.
&' 200gs<t<T

Since Gi’j - EG?E belongs to the second Wiener chaos space, as in (7.16), we only need
to show that

02 lm s s (¢ 7020 NV (REGE ) - =0
S

Noting that by (7.19) and (7.20),
REGeS = (X ® X.)(Hf — HY) — (Xo ® Xo0)(Hf — HY)
= (chs—tpg/ ® chg)(HtE - Hf) + (Xsog/ ® Xsog—cpgf)(Hf - H£)7
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by (7.6), we have
Var(R{G) < 2Var(Xp.—p., © Xp.)(H{ — HY))
+2Var((X,., ® Xp. ., ) (Hf — Hy))

= 4/de /R Sym((H{ — HOK) (¢, ¢) Pud) ()
" 4/]R2d /RM |Sym((I—/I\tz N I/_‘[\f)Ké?’)(Cv <l)’2
S 4/ / (! = HYKD)(¢.¢)Pu(do)p(dd)
R2d JR2d

(7.25) +4 / / ((EE = HYKD) (¢, ¢ P(do)u(dd),
R2d JR2d
where

ED(¢,¢) = (:(0) — ¢(0)e(()
and
KL (¢,¢) = 0o (Q)(:(¢) — ¢or (1))
For any 6 € (0,1), we have
K¢ < (@ — @) (OIS e — 197318

and
K2 < N(@e — @) () S e — 1P
Moreover, by (7.18) we clearly have
10 ¢ ¢ 0
||(le )K (¢ S le - |/3/ D, (¢, ¢ aln + rl pr(¢)dr
and

®1(¢,¢) = 1of (0 ¢ + O [ (TG, -
Let o,y > 0 with ¢ + v = 2. Noting that by (B.4), (B.5) and (7.3),

ol r ~+260 R
I8¢ B S [ ¢y €271+ Fgla)
ss (14 FC + )7 (LT [C]a)

we have by Minkowski’s inequality,

Ml = BOEE ),

/ e — &R, o 1+ €l o (O

(7.26) <le—032% / (1 + B Cla) 22 1 + € 50 () dr
Since |n| v [¢/3 < ma, by 'x¢ = (§,n+ 7€), we have

(14 [Frcla) ™2 |77+7“£\

< (U 1¢1a) 2 Il + (rIED 52 il (14 1) 22 ] + (rfe]) 2521

3(’Y+ 9)
<A+ [Cla) T ¢y 2

3(1£20) o

y+26 y+26
+r(1+1[¢la) 2 P rTE T

a
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If we choose o = 4 — 2 for some « > (3, then
I-1=p-2a<-0.

Thus, by (7.15) and (B.7), for 6 small enough thereisa § > 0 such that forall 0 < s <t < T
and ¢ = (&,m) € R*,

t
~ ato . _
[ IR 4 7€ 5 (O S (2= )21+ ).
Substituting this into (7.26), we get

Sle — &/ [P32007 Dt — 5)° (1 + [¢la) 2.

~

e - x|,

For the term containing K (1) we have the similar bounds. Substituting these into the left
hand side of (7.25), we obtain the regularity of the term in the second Wiener chaos. Thus we
complete the proof.
APPENDIX A: CHARACTERIZATIONS FOR B3 (p)
In this appendix, we provide a detailed proof for Theorem 2.7. First of all, we prepare two

useful lemmas for later use.

LEMMA A.l. Forany a > 0, there is a constant C' = C(d,a, m,«) > 0 such that for all
A >0,

(A1) / R[o=emdh <o A, / RO mdh <o A
|h)a <A [hla>A

PROOF. Let h = (hy, .., hy,) € RY with h; € R™ . Define a transform i — h by
71’ = (7—;17 T 7ETL)7 77’2 = ‘h’b|:_1hl
Clearly, foreachi=1,--- |n,
il = [Ra|, Py = hil R
and
| det(Oh; /0h;)| < @™ [hy| ™= < al™ Rfgmm,

where 0h;/ B%i stands for the Jacobian matrix of the inverse transform 7@ — h;, and \Eh =
>-i- 1 |hi|. Thus by the change of variable,

/ |h|2~ @™k = /N |R|¢~ ™I, | det(h; /Oh;)|dR
[ZRSY IR <A

n

<o /~ RjoNdh < A9,
i=1 [l <A

where N =mjy +--- + m,, and

n

/ bl mdh < [ [ af™ /~ Ih)TNdh <A,
[Rla>A i=1 [h|1>A

The proof is complete. O
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By the following lemma we can estimate the norm in B,5(p) by duality.

LEMMA A2. Letpc€ W withp ' €W,scRandp,q,p',q¢ €[1,00| with1/p+1/p =
1/¢+1/¢ =1
(i) Forany p €. and f € Bpg(p), it holds that
|(f, )| < ||f||B;;;‘:,(p)”90||B;,f;}(p—1)-
(ii) There is a constant C = C(p,d, s, p,q) > 0 such that for any f € By(p),

13550 < € 505 el

PROOF. (i) By (2.5) and Holder’s inequality, we have
(f0) =D (RIFRID) < D ARG Ffll o) IRG 1o -

jz—1 j>—1
< HfHBZ’,Z(p)HSOHB;,S,L‘;(p*l)'
(ii) We follow the proof in [BCD11]. For M € N, let

U](\Z/[ = {(Cj)jeN: Z |Cj’q/ < 1, Cj :O, j>M}
JsM

By the definition of By 5(p), we have

1/q
111855 0) = | Jim > 2R fl,)
J<M
= 1 Jjs||pa )
Jim - sup > GV R fll o (-
(CJ)EUM]<M
Fix ¢ > 0 and (cj)EU]‘f;.Since
Ilgllzr = sup (g, k) /|1l
for any j < M, there is a ¢; € . with ||¢);| ;»» = 1 such that
RS i < [ RS we + 20
e < )RS f(z)(x)dx ,
SIS o PRSI ([ + DG+ 1)
£2778

= - f(.’L')R?(p@/)J)(iL‘)dJJ—F (‘C]|+1)(]2+1)

Now, if we define gog\i[j) €. by

o7 (@)=Y 2 R (pyy) (),
J<M

then

(A.2) I fllBsa(p) < A}lgloo sup (f, </7M
(Cj)qu 2
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Note that for by (2.14),

q
=% Hq . =) ok > 2 RIR (o))
k>-1 G<M,|j—k|<3 Lo (p-1)
(A.3) SO losle, ey = D sl =D el <1
i<M j<M J<M
Hence, by (A.2) and (A.3),
17185500 < © sup 0 el oy + D sy
(45 j=— 1‘7 +

The proof is complete by letting € — 0.
Now we can give the proof of Theorem 2.7.

PROOF OF THEOREM 2.7. (i) In this step we prove
(A4) ||f||]“3’;;;3(p) 5 ||f|
For simplicity, we set M := [s] + 1. Note that by (2.11),

By (p)

16nRG fllzr(py S (1 + [RlG ZH% R fllLe(p)s
=1

where for h = (hy, -+ ,hy) and z = (x1,- -+ ,2p),
On f(x) = f( @i, @i+ hiyxiga, o) — (s @im1, @i, Tiga ).
By induction, one sees that

16 RE Fl o) S mez Zuah” O REF o)

11—1 11\4—1

Let |h|, < 1. By (2.11) and Bernstein’s inequality (2.13), we have
10n,, +Oniy, R Flle(p) S 1hir IV, Oniy -+ Ona RS fll 2o ()

*M

Slhile i Ve, - Ve, R fllie(p)
S 1R 2007 - iy 129909 | R £ o)
S @ [la) 2 F | R f | o)
Moreover, by (2.11), we clearly have
10n,, =+ On,, Ri FllLeco) SR fllzep)
Hence,

187,, +++Onsy, R Fll o) S ((271Rla) 1 %0 AL)||RG fll o)

~

S (@ Ihl)™ ADIRG fllo(p).

71
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where the second inequality is due to a;, + --- + a;,, = M. Thus we obtain
M , , iy
A5 18R o) S (1AM ADIRE Fll 1y = (27]R]a)™ A 1)2 ey,
where
¢ =2 RS fll o (p)-
For ¢ = oo, we have

18 £l 1oy < ZH5M)7€“fHLp <Z (2 hl)™ A1)2%¢; S RIS /]

B3 % (p)

Next we assume g € [1,00). For h € RY with |h|, < 1, we choose j;, € N such that

(A.6) Inl;t <2 < 2lnl;t
Then by (A.5S),
M M) ma i s
165 Fllogey < S N6 REflliniy S S ((2Ra)™ A1)27 e
i=—1 i>-1
<Rl Y2 20 Vey 4+ T 27y = Li(h) + Lo(h).
71<Jn J2Jn

For I, (h), by Holder’s inequality, we have

q—1
q h) < ‘h|gM Z o(M—s)j Z Q(M*S)J'C;I
71<Jn 71<Jn
M—s(1—q) (M—s)j q
< [plmstim 0y 7 oMl

71<Jn
Thus by (A.6), Fubini’s theorem and (A.1),

dh dh
h ;sq[q h < / h M—s 2 (M—s)j q
/ha<1’ " )|h|‘é’m \h|a<1’ o Z T hjgm

J<Jjn

< Z 2(Ms)jctjz/ ‘h‘M s—amqp,
i —1 |h‘a<2 J

Y

M \

< Q(M—S)jcgg—(M—S)j =[|f]|%..

Ba(p)

Y

j=>-—1
Similarly, one can show
dh
—sq 14 q
/|h| _ RIS 1 g

Moreover, for s > 0, we clearly have

1z ) S FlIBS2(0)
Thus we obtain (A.4).
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(i1) In this step we prove the converse part of (A.4). For j > 0, since fRN d;?(h)dh =

(2m) 2(15;‘(0) =0, by (2.20) and the change of variable, we have

[ g swan=3 0+ () [ ssmterman

M
:E:Gﬂﬂm%<f>lwéﬂMfm+kmdh

k
In particular, if we define for 7 > —1,

M (€)= M“Z @f) B (kE),

then
(—l)M—i-l ¢]( ) M)f( ) [¢;1,M]'*f(x> —. R?’Mf(x),
and for j > 0,
a 1la M
IRG Fllzae) < /R AW Pl =17 + 1} + 17,
where

Ya M
D= [ I i dn
|h]a>1

G:/’ 15 W16 |y

|h|o<277

‘a M
B [ 015 Sl
2-i<|h|.<1

For I?, by (2.20) and (2.11), there is a x > 0 such that

M K
18 Fll o) S (L4 RNl o)
which implies that

10 <11l /h| 1G]+ Bl

a

=Wl [ 18I+ 2hi)an

<N llp2 7D / IG8(R)|(1 + |R[) RIS+ dR

|h|a>27
S 277D £ o)
and

S 29U <12,

J=0
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For I ]1, by Holder’s inequality and change of variable, we have

q—1
Ya ’ M
(1) < ( [ i dh) R A
|hlo <279 |h|o <273
q—1
— g ( / ¢8<h>rq’dh> R L
|hla<1 |hla <277

Thus, by Fubini’s theorem,

ZQqu(I]l)q Szzsqﬂa-m]’/ - Hé}(lM)fH%P( )dh

>0 >0 Ihl.<2

sqj+a-mjy M
:/Ihl D 05" 115y 1

J20,|hla<277
< /
~Y
|h

For I7 2, by Holder’s inequality with respect to measure

sq—a-m (M) q
Bl |s 0 g,

la<1

Rl ahm , we also have

q
— j aji |am 1la(oaj ||5(M fHLP dh
@y =z ([ g ) S
2-i<|hl.<1 ‘ ‘a | |a

q—1 (M
, . , dh 165 19,y dh
< oM / (hjem M gany L / o <
( hl>1 0 |h|gm™ 2-iglhlo<t  |R[YT [RJg™

As above, by Fubini’s theorem,

(M) £1q
2:2W%I%q§§:2@—MM</ 16, i!qm dh
j 2ot BAT TRIET

>0 >0
</ 160115 _an
~ i<t |hla’ |hlam™
For j = —1, estimate is easy. Hence,
(M) £y1q
. 16, fllTec,y dh
2R Fl S [ D <t i
j;1 J ey~ Jp.<co IRa" |hjam °)

On the other hand, noting that
oM (€) = ¢! (270 Dg) — g2 (27
and
M M
p" 1 (E)=1for €€ By, and ¢™1" (&) =0for & ¢ B35,
we have
supp (;5 M - B \B 25-1) /M-
Thus, for any i,j > —1 with |j — | > logy M + 2 =: 7,
M
R;L Rif(x)=0.
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Moreover, noting that for any £ € RY,

M
> MO =S Y o () e

Jjz—1 k=1j2-1

M
M
1)M+1 _1)M-k _
PELS (M) =1
k=1
we have
apr a a,M _ a a,M
Rif= YRR~ S RIRSY
jz-1 l7—4l<y
Therefore, by (2.13),

sqi a sqi apa,M
S oRefle, < S o ST RIREM g,

i>-1 i>-1  |imjl<y

S0 Y ARG,

i>—1 li—j]<y
. ’M
< Z QSqJHR? qup(p) S ”f”ESZZ(P)'
jz-1

(iii) In this step we prove the second equivalence in (2.21) for s > 0. For s € (0,1) and
|h|e <1, by (2.10) and (2.11), we have

110n, PLf Lo SIFOnplle SR e o) < |Blall £l e (o)
which implies that for s € (0, 1),
(A7) IIf] B3 (p) ~ ||f||]§;;f;(p) =||pf|
For s € [1,2), we have
162, 61 £l o S0 pll o+ 13m0 £ o S BN Fll o + Blall o8 f | o

which in turn implies (A.7) for s € [1,2) by definition and the equivalence for s € (0,1). By
induction one can show (A.7) for general s > 2.

Bye o fllBys-

(iv) In this step we show (2.22) for s < 0. For s < 0, by Lemma A.2 and the equivalence for
s > 0 proven in step (iii), we have

(£, o)l (£ o)l

< sup

L S llefllsgg-
||<,0HB—W (1) goeyHP*lSDHB;,q‘; o

1118350 SUP

For s =0 and ¢ € [1,00), we have
q

150y = D IRG G0y < Do | D0 1RG0 RNy | <D+ I,

j=—1 j=z—1 \k>-1

where

I = Z ZHR?(pilR%(pf))”Lp(p) )

Jz—1 \k<j

L= | D IR0 " RE(p))lLeo)

j=2—1 \k>j
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Fix a € (0,1). By Holder’s inequality, we have
_ _ q
L= (Y22 MR (0 RE0) o))

jz=1 k<
q—1
< X ()N R o R
jz=1 k< k<y
Z 209 Z 2 aquRa( _1Ra(ﬂf))Hqu(p)
i>—1 k>—1
z ke 3" 90 | R (o RE (o)) 1
k>— j>—1

Noting that
2 2RS0T 9y = 0™ 0l ) S ol
jz-1

we further have

S X 2 IR < X IREPOIL = lof Ty,

k>— k>—1

Similarly, one can show

LS 30 MR, oo S 10 f g

k>—1

Thus we get for g € [1,00),
I£08y.,) S loFG

For g = o0, it is similar. Moreover, for s < 0, by duality, we also have

L L L0705 BTN

lofllB;: 5 sup S
peS HPSDHB*,S"I(/J”)
P .q

s,a
7 [1ellpse

The proof is complete.

O]

By (2.16) and characterization (2.21), the following compact embedding lemma is stan-

dard by Ascoli-Arzela’s lemma.

LEMMA A3. LetT >0, p1,p2 € Pywand 0 < a1 < ag < 2. If p1(2) = 0(2) " for some

Kk > 0, then the following embedding is compact

532, (p1p2) < S, (p2).

PROOF. Let f, be a bounded sequence of S77, (p1p2). For any R > 1, by (2.25), there is

a constant C' = C'(R,T') > 0 such that for any 21,2 € B,

[fa(ts21) = fu(t, 22)] < Cl21 — 223>/
and for any z = (z,v) € BY,

|fn(taz) - fn(S,Z)’ < ’fn(t,Z) - fn(‘g?Ft—SZ)‘ + ‘f'fb(s Ft—Sz) - fn(37z)’

S ft = 5|7 4 [(t — 5)0|*/% o [t — 5|0,
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Hence, by Ascoli-Arzeld’s theorem and a diagonalization method, there are a subsequence
ny and a continuous f such that for any R > 1,

(A.8) lim sup sup |fn,(t,2)— f(t,2)|=0.
k=00 te(0,1] 2€ By,

In particular, f € S72, (p1p2). It remains to show

(A9) Jim |, = Flsg oy =0
Note that by definition, for any R > 1

112> Ry (Frn = Dllss (po) < N frw = FllLze orpa) /(1 + R)",
which together with (A.8) implies that

(A.10) Jin (1, = flls(py =0
Since ( fn, )ren is bounded in S72, (p2) and by the interpolation inequality (2.19),
1 2 1 1 2
1155, (o) S GG I 0oty
we get (A.9) by (A.10). The proof is complete. O

APPENDIX B: PROOF OF LEMMA 7.4

In this section we collect some useful lemmas used in Section 7 and give the proof of
Lemma 7.4.

LEMMA B.1. Forany p > 2 and k € N, we have

sup E|VFX,(2)|P < cc.
z€R2d
In particular, z — X, (z) has a smooth version.

PROOF. Since W is a bounded linear operator from H to L?(£2), we have
VFX,(2) = X(VFp(z - ), a.s.
By the hypercontractivity of Gaussian random variables and (7.2), we have
k k 21\p/2 k() [2 v/

B EVXEPSEVEP = ([ FRor0)
which is finite by ¢ € .7 (IR??) and (7.1). The proof is complete. O

PROOF OF LEMMA 7.4. Note that by (7.2),
B2 E(X,()Xp ()= / () (OAC) = T (2, ),

R2d

By (7.4) and Fubini’s theorem, we have

(B.3) E((X¢, ®X¢/)(H)) :/11{2'1 - H(z,2' )1,y (2,2")dzd?’

= | H(¢—O)@(0)@ (¢)u(dl).

R2d
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Next we look at (7.6). Noting that for Gaussian random variables (£1,&2,&3,84),

E(£1628384) = E(&162)E(&384) + E(&163)E(&284) + E(&164) E(&283),

by Fubini’s theorem again and (B.2), we have
E((Xq, ® X¢/)(H))2 —E < /R s z’)XgO(z)ch/(z’)dzdz') i
_ /R o G H(E 2 B(X ()X ()X (2) X () dd 2 dzd
— / | HEHED) (L 2o (2.2
R2d  JRe2a

Lo (22 o (,2) + T (2, 2V I (5, 2) ) A2/ dza2'
Hence, by (B.3),

Var((X, @ X, () = B((X, © X0 (1))~ (B((X, ® X))
_ / [ HG ) HE (2 ) (2, 2)ded dzd
RQd RQd
i /R L H A 2 (2 ) (5,2 dzd
/R /R H(CCVE(—¢—C) (O PIE ()P (Al ()
[ G OBE 080 OF (o)
RQd RQd
L]

H(¢,CVH(CC)e(Q)

%@ (¢ P (A (dl’)

+ [ [ G ORC RO O naonac),

where the last step is due to the symmetry of ¢, ¢’ and p. From this we get the desired
equality (7.6). O

Recall (7.12) and we have the following elementary lemmas.

LEMMA B.2. (i) Forany v €R, there is a constant C' > 0 such that

(B.4) 65O Se 1A (27 (1+[Cla)77), 5= -1, CER™,

and

(B.5) (N Se 1A (1 +1¢a) (1 +1¢a)T), ¢,¢ R
(ii) Forany ~y € (0,1, there is a constant C' > 0 such that

(B.6) [(6,¢) = (¢ O SelE= RO+ [Cl) 77, (¢ e R,

PROOF. (i) Note that

Kj:=suppe} C {¢: 2771 < ¢l <271}, j>0.
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For any v € R, since for j > 0,

(1+1[Cla)" 1k, S277, (14 1¢la) el <y S 1,
we have
< (1+1¢la) 20
71 <—

and

) , 21k, (¢) (1+1¢]a)”
< 3 HQIBS ;
(¢, ¢ |i§j<1|¢ (Ol5 ()] |¢%:<1 (L4 [Cla)r 297

A+ (1)
< <
2 G S T

iz—1
(ii) Let v € [0, 1]. For j > 0, we have
163() = 9(¢) 1 = 165(277¢) — 852~V S 1= T2 166 e
and

621(¢) = P2 (NS IC =ML [z
Thus, by (B.4),

' 17
19(6,¢) = (¢ OISIC—=CR Y 277793(¢) S ‘1C+ r§r| 2 1nle
i>—1 j=—1

The proof is complete. O
We also need the following simple lemma.

LEMMA B.3. For any T.\ >0, 6 € [0,1] and v > 0, there is a constant C =
C(T,~,0,\) such that for any 0 < s <t < T and ¢ = (£,n) € R%?,

t
(B.7) / YL AP ISP+ ) qp <clt— S‘(w/\l)(l—e)(l + |<|a)—297.

S

PROOF. Note that
t t
[ st s gl s [ te s g,
0 0
and
t
/ e = (t7 = 87) /vy < (t—s)

S

Let g(r, ) := e A°EP+r11*) For any 6 € [0, 1], we have

/: 1 lg(r,¢)dr = </t g (r, g)m«)l_e (/t 1 g(r, g)m«)e
<([rw) " ([ramon)

2 0
St =) O (1AL~ A7),

which in turn gives the result by 1V [£]'/3 V5] < 1+ [C|a. O
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