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SDES WITH SUPERCRITICAL DISTRIBUTIONAL DRIFTS

ZIMO HAO AND XICHENG ZHANG

ABSTRACT. Let d > 2. In this paper, we investigate the following stochastic differential equation
(SDE) in R¢ driven by Brownian motion

dX; = b(t, X¢)dt + V2dWs,
where b belongs to the space ]L%Hg‘ with o € [-1,0] and p, g € [2, 0], which is a distribution-

valued and divergence-free vector field. In the subcritical case % + % < 1+ «a, we establish the
existence and uniqueness of a weak solution to the integral equation:

t
X: = Xo+ lim / bn (s, Xs)ds + V2Ws.
n—oo 0

Here, b, := bx ¢, represents the mollifying approximation, and the limit is taken in the L2-sense.
In the critical and supercritical case 1+a < g—i-% < 24, assuming the initial distribution has an

L2-density, we show the existence of weak solutions and associated Markov processes. Moreover,
under the additional assumption that b = by + b2 + diva, where b1 € L%"B;}’T bo € ]L%L27 and
a is a bounded antisymmetric matrix-valued function, we establish the convergence of mollifying
approximation solutions without the need to subtract a subsequence. To illustrate our results, we
provide examples of Gaussian random fields and singular interacting particle systems, including
the two-dimensional vortex models.
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1. INTRODUCTION

Throughout this paper we fix d > 2. Let (W:):>0 be a standard d-dimensional Brownian motion
on a stochastic basis (Q,.%, (%;)i>0,P). Consider the following stochastic differential equation
(SDE) in R¢ driven by Brownian motion W:

dX, = b(t, X,)dt +V2dW,, t >0, (1.1)

where the drift b is a time-dependent distribution. Since b is a distribution, the drift term does
not make a meaning in the classical sense as we cannot assign a value to a distribution at the
point X;. To formulate a solution, one natural approach is to employ mollifying approximation.
Let ¢n(7) = n%p(nz) be a family of modifiers, where ¢ € C2°(R?) is a smooth probability density
function with compact support. Define the smooth approximation of b by convolution as:

bn(t, z) :==b(t,") * o (x). (1.2)

We begin by introducing the concept of weak solutions for the above SDE with a distributional
drift. Let P(R4) be the space of all probability measures on R%.

Definition 1.1 (Weak solutions). Let § := (Q,.%,(Z)i>0, P) be a stochastic basis and (X, W)
be a pair of R¥-valued continuous F;-adapted processes on §. We call (§, X, W) a weak solution
of SDE (1.1) with initial distribution p € P(R?) if W is an F¢-Brownian motion, P o Xy = p,
and for all t € [0, T,

X, = Xo+ A +V2W,, a.s.,
where A? = lim,, fot by (s, Xs)ds exists in the L?-sense.

It is noted that the definition of a weak solution in Definition 1.1 depends on the choice of
mollifiers ¢,,. The goal of this paper is to find conditions on b as weak as possible so that SDE
(1.1) can be solved in the sense of Definition 1.1 and to construct the associated Markov process.

To present our results, we commence by conducting a basic scale analysis, which enables us to
distinguish between subcritical, critical, and supercritical drifts. Let Hy (resp. Hg‘) be the (resp.

homogenous) Bessel potential space, where o € R and p € [1,00] (see [5] or Subsection 2.1 below
for precise definitions). Suppose that for some a € R and ¢,p € [1, o0],
be LR, H),
and SDE (1.1) admits a solution denoted by X. For A > 0, define
XM= A" X, W= A"1Waey, ba(t, z) := Ab(A%t, Ax).

Formally, one sees that
dX) = ba(t, XAt + V2dW),
Moreover, by the change of variable we have
1+a—2-2
||b/\||Lq(R+;Hg) =Xt ||b||Lq(R+;Hg)'

As A — 0, we categorize SDE (1.1) into the following three cases:

Subcritical: % + % < 1+ «a; Critical: % + % =1+ «; Supercritical: % + % >14a.
To solve the SDE (1.1), a crucial step involves establishing a more precise regularity estimate
for the associated Kolmogorov equation:
Ou=Au+b-Vu+ f. (1.3)

Let’s perform a straightforward analysis of the differentiability index o when b € C* with o < 0.
According to the Schauder theory of the heat equation, u belongs to at most C2t®. To make the
product b - Vu meaningful, we need to stipulate that 1 + 2« > 0, which implies a > —%.
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We summarize part of well-known results regarding the SDE (1.1) in the three cases, categorized
based on the value of a. For clarity, we will utilize the following abbreviations in the subsequent

table:
SEU: Strong existence-uniqueness; WEU: Weak existence-uniqueness;
WE: Weak existence; EUE: Existence-uniqueness of energy solution.
Value of | Subcritical | Critical | Supercritical
_ J—— 05 05,10 WEeU&SEU: BEGMY, K21, ) 2
a=0 SEU: Vi), KRy Zis ag) RZZ Kl\}l% (28] WE: ZZ7)
[33, 34]° [24]
a€[-3,0) | Weu: BCY, FIR[,, ZZ{ - | -
ael-1,-3) | Eur: GPZ, | - | Eus: GDJPZ,

When a = 0 and p = g = 0o, Veretenikov [41] firstly obtained the strong well-posedness of
SDE (1.1) for any starting point Xj.

In the subcritical case with a = 0, Krylov and Rockner [29] demonstrated the strong
well-posedness of SDE (1.1) using Girsanov’s technique. Related results obtained through
Zvonkin’s transformation can be found in [43, 44].

In the critical case with o = 0, the weak and the strong well-posedness are studied in
recent work [4, 24, 33, 34]. See also Krylov’s series of works [26, 27, 28].

In the supercritical case, when o = 0 and divb = 0, a weak solution is constructed in [49]
using the maximum principle proven by De-Giorgi’s iteration technique method. For the
case of multiplicative and possibly degenerate noise, see [46].

When a € (—%,0) and b is a time-independent vector field belonging to the space C¢,
the existence and uniqueness of a solution termed as “virtual solution” was proved in [14].
When a € [-3,0) and b € HY with a € [-4,0] and p > Hia, the authors in [48] showed
that there is a unique weak solution (F, X, W) to SDE (1.1) in the class that the following
Krylov estimate holds: for some 8,7 > 0 and any m € N, f € C.(R?) and 0 < tg < t; < T,

‘A?ﬂ&ﬂs

where the constant C' = C(m,T,d, a,p, HbHHg) > 0. In particular, the above Krylov

< Oty —to) = | [l (1.4)

Lm(Q)

estimate implies that A? = lim, o0 fot b (Xs)ds exists and A is a zero energy process. In
the one-dimensional case, the zero energy solution was explored by Bass and Chen in [2].
In the subcritical case, with a € (—1, 0] and a time-independent, divergence-free b, a unique
energy solution on the torus is established in [20] for SDE (1.1) with initial data whose
probability distribution has an L2-density with respect to the Lebesgue measure.

In the critical and supercritical cases, when b = b(z) € H;l with some p > 2 and is
divergence-free, the uniqueness of the energy solution is established in [19] for any initial
data whose law has a bounded density with respect to the Lebesgue measure.

Without assuming that b is divergence-free, when b € C?* for some « € (—%, —%), repre-
senting a certain Gaussian noise, the authors in [11] and [7] utilized the rough path and
paracontrolled theory to independently establish the existence of a unique martingale so-
lution. Additional references to this scenario can be found in [25] for the Lévy process case
and [22] for the degenerate kinetic case.

1.1. Main results. In this subsection, we present our main results in two cases: the subcritical
case and the supercritical case. Our first result establishes the well-posedness of SDE (1.1) in the
subcritical case when b is divergence-free.
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Theorem 1.2 (Subcritical case). Let ay, € (—1,—3%] and py, gy € [2,00] satisfy p% + qlb <14 ap.
Suppose that b € ﬁT>OL%Hg: is divergence-free. Then for any p € P(R?), there is a weak solution
to SDE (1.1) starting from initial distribution p in the sense of Definition 1.1, which is also unique
in the class that the following Krylov estimate holds: for any (o, p,q) € [aw,0] x [2,00]* with

L<q<a, p<p, a—2-2>0, -4 2, (1.5)
for any T > 0, there is a 6 > 0 such that for anym € N, f € L%Hg‘ NLLC® and 0 < tg < t1 < T,
s, X0ds| S (b —t0) F I f gy (1.6)

to L™ (Q)

where the constant C only depends on 60, m,T,d, c,p,q, y, Py, @y and ||b||]LquHgb. Moreover, for
b

each t > 0 and Xo = x € R?, the law of X; admits a density pi(x,z') called the heat kernel of
A +b-V, which enjoys the following two sides Gaussian estimate: for fived T > 0, all z,2’ € R?
and t € (0,7,
Cot—d/2e—co\w—m'|2/t < pt(fII,fL'/) < Cvlt—d/Ze—cl|;E—;E/\2/t7
where Cy, C1,cg,c1 > 0 only depend on the parameters T, d, ay, pp, qp and ||b||]LquHgb.
b

Remark 1.3. In the subcritical case, our result improves upon [20, Theorem 2.10] since our initial
distribution is not required to have an L?-density; it can be a Dirac measure. Moreover, we are
working in the whole space, not in the torus. Our proof is based on the Schauder estimate of heat
equation in Besov spaces and Zvonkin’s transformation. Moreover, by (1.6), one easily sees that
the solution does not depend on the choice of the mollifiers.

To present our main result in the supercritical case, we introduce the following class of distri-
butions for later use:

B = {b € ' RERY) - |bllg == sup ||b-Vgp||H;1/||g0||H% < oo} , (1.7)
p€C(RY)

where .7’ (R%; R%) stands for the class of R%-valued Schwartz distributions over R%.
Examples: (i) Suppose that b = diva, where a : R = RY ® R? is an antisymmetric matrix-
valued bounded measurable function. Then b € B. In fact, for any h € H} and ¢ € C°(R?),

{b- Vi, h) = (diva- Ve, h) = =(a, Ve @ Vh) < [lalloc[[Vepll2][ VA2,
where we have used that Z” a;;0;05¢ = 0.
(i) B;O{2 C B. We shall prove it after introducing Besov spaces (see Lemma 2.7 below).
In the following we fix a time level T > 0. Let Cr := C([0, T]; R?) be the Banach space of all

continuous functions which is endowed with the natural filtration %; := o(ws, s < t). A path in
Cr is denoted by w. The canonical process is denoted by

wi(w) = w(t).
Our second main result of this paper is:
Theorem 1.4 (Supercritical case). Let oy € [—1,0] and pp, @y € [2,00] satisfy q—2b + pib <2+ ap.
Suppose that b € Lgf’Hg‘: is divergence-free. For any initial distribution p € @(Rd) having L?-

density po, there is a weak solution (X, W) to SDE (1.1) in the sense of Definition 1.1, which has
a density p, € L°L?> N1LAH] that satisfies the Fokker-Planck equation in the distributional sense

Orp = Ap — div(bp).
Moreover, consider the approzimation SDE
t
X=X, +/ bn(s, X™)ds + V2W,,
0

where b, € L¥Cy° is defined by (1.2). Let Py, be the law of X™ in Cp.
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(A) For any subsequence ny, there is a subsubsequence nj}, such that for any initial distribution
p € PRY) with L2-density, P, weakly converges to a solution of SDE (1.1) starting from p.
(B) Let P, be the law of the solution constructed in (A). The following Markov property holds:

E° (f (we)|%s) = E (f(we)lws), 0< s <t <T, feCp(RY).

(C) If in addition that b = by + by, where by € LB and by € L2L?, then without subtracting
subsequence, P, weakly converges to P, in Cp as n — oo.

Remark 1.5. In the supercritical case, we are unable to demonstrate the uniqueness of weak
solutions a prioril. However, the assertion (A) affirms that we can identify a subsequence such
that, for any initial value, the corresponding approximation solution converges weakly to a solution.
This enables us to select a Markov process. In the case where b = by + ba, with by € LFB and
be € L2.L?, it is unique in the approzimation sense since it is not necessary to choose a subsequence.

Remark 1.6. One of the motivations for exploring the supercritical case arises from the obser-
vation of the super-diffusion phenomenon, as discussed in [8, 9]. In this context, the drift term is
defined as the Leray projection of the 2-dimensional white noise, specifically represented as:

BOM) = [ 70 (12 - S5°) a6,

where f is the Fourier transform of Schwartz function f : R? — R%. Given the absence of well-
posedness results for the related stochastic differential equations as presented in [9], modifications
were introduced to the drift term by truncating its Fourier transform, i.e.
: £ .
B.(1)0:09)) = [ 1er<s f© (T2ea - S5 ) -0,
where € is taken 1 in [9]. Note that estimate (6.14) and Lemma 5.3 below allows us to establish
the tightness of solutions to the SDE with the modified drift term be, /+/In(1/ey,), where €, — 0.

The proof of Theorem 1.4 depends on the solvability of PDE. Specifically, we consider the
following parabolic equation:

0w = Au+b-Vu+ f. (1.8)

When f = 0 and b = diva, where a : R = R? @ R? is an antisymmetric matrix-valued measurable
function, the Harnack inequality was established in [32] for a € L* and in [35] for a € BMO. In
the case where up = 0 and b € L? with divb = 0, through De-Giorgi’s argument, the maximum
estimate was obtained in [49] for p > d/2 and in [46, Corollary 1.5] for p > (d — 1)/2. In this
work, for drifts that are distribution-valued and under certain conditions on the divergence of b, we
show the weak well-posedness of PDE (1.8) using the energy method. To establish the existence
of a weak solution to SDE (1.1), we rely on two types of Krylov’s estimates. One is used to prove
tightness (see Lemma 5.1), while the other is utilized to take limits (see Lemma 5.5).

To establish conclusions (A) and (C), we will make use of the notion of generalized martingale
solutions. In cases involving distributional drift, it’s important to note that the weak solution is
not generally equivalent to the generalized martingale solutions. However, in our proofs, both of
these solutions are the limits of smooth approximation solutions. It’s worth emphasizing that in
the supercritical case, even without uniqueness, we have the flexibility to select a Markov process.

As an application, we consider the following singular interaction particle system in RV

dx =) K (X = X)dE+ V2dWY, i =1, N, (1.9)
i
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where K € H}(R% R?) is divergence free, WtNZ t =1,---,N are N-independent standard d-
dimensional Brownian motions, v; € R and initial value X(J)V = (Xév’l, e ,XéV’N) has an L?-
density p’. Define b(x) for x = (21, ,zn) as

oK —ag)- Y K (e — )

i#1 J#N
It can be verified that b € H}(RV4; RV4) is divergence-free. Consequently, by Theorem 1.4 above,
the SDE (1.9) has a solution Xiv with a density p that satisfies the Liouville equation:

Oipy = Dp =D K (i — )07
i#]

In [23, Proposition 1], the entropy solution of the above Liouville equation is directly constructed.
However, the existence of a solution to the SDE (1.9) appears to be an open question. In the
context of the two-dimensional vortex model, where

(x2, —1)

KO =" ap

= ( O, arctan(i )s Oy arctan( )) € H !(R?%; R?)
1

T2
known as the Biot-Savart law, and when +; has the same sign, Takanobu [40] established, through
a purely probabilistic argument, the existence and uniqueness of a solution that avoids collisions
starting from a point x = (z1,---,zn) with x; # z; (see also [40] for some extensions). For
general ; € R, Osada [31] showed the same result based on heat kernel estimates for generators
in a generalized divergence form, obtained in [32], and on potential theoretical results. In our
construction, two particles of the solution are allowed to meet, and as a result, the singular point
can be touched.

1.2. Comparison with related works. In this subsection we make a detailed comparison with
the related well-known results.
Subcritical case: o € (—%, 0]. Our result, Theorem 4.8 below, not only encompasses but also

extends the work presented in [14, 48] for the range a € (—3,0]. In particular, when a =

3, our

_1
conditions for the coefficient b are not compared to the conditions stated in [48], where b € H, 2

with p > 2d is time-independent. Instead, our result allows b to belong to L%B;lé with g + % < %
which encompasses cases with time integrability index ¢ € (4, 00].

Energy method comparison for a € (—1 ——] In contrast to the energy method employed
n [20], our approach differs significantly. We will outline these differences within the context of
the following three aspects.

e Dimensional dependence: Our supercritical condition, which requires b € L‘ITH; L with
2 it d < 1, is dimension-dependent. This is in contrast to the assumption made in [20, 19],

where they require b € H2 +, and this assumption is independent of dimension.

e Initial conditions: In Lemma 5.3 below, our method achieves the tightness without any
assumption on the initial data. Furthermore, for the existence of a weak solution and the
uniqueness of the generalized martingale solution, we only require that the law of the initial
data has an L2-density with respect to the Lebesgue measure.

e Methodology: Our methodologies differ fundamentally from each other. In [20], the
focus is on establishing the existence of a unique energy solution on the torus T¢. The key
aspect of the energy method is to find a stationary distribution p and show the following

1t0 trick:
sup / Fx0ds| | se -2 DTV .

te[0,T]
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where %, := (£ + £*) is the symmetric part of the generator £ := A + bV, which
is exactly the Laplacian A when divb = 0. On the other hand, in order to consider the
whole space R?, the authors in [19] introduce an additional term —<X; to construct the
stationary distribution, followed by taking the limit as n — oo. This approach makes it
challenging to address the time-dependent case. In our work, we make use of a classical
Krylov-type estimate, where the condition 2 + ¢ < 1 is sharp due to scaling. Reducing
the assumption to p > 2 is difficult within our framework. Importantly, our method
does not necessitate the existence of a stationary distribution, which can be challenging in
unbounded spaces. Additionally, our approach allows us to handle time-dependent drifts
efficiently. Furthermore, our method could be used to deal with the multiplicative noise
as well as the degenerate kinetic SDEs, which seems not possible by the energy method
developed from [20].

Rough path method. Recently, numerous studies have been dedicated to investigating sin-
gular SDEs driven by fractional Brownian motions. Due to the absence of Markov and martingale
properties for fractional Brownian motions, traditional stochastic analysis arguments are no longer
applicable. In [6, 18], path-by-path well-posedness is established by using the Young integral in
rough path theory and the stochastic sewing lemma. It’s important to note that this method only
works with subcritical drifts.

1.3. Organization of the paper. In Section 2, we provide a brief overview of classical Besov
and Bessel potential spaces and establish a precise Schauder estimate for classical heat equations.

Section 3 is dedicated to the study of the solvability of the linear PDE (1.8) with a distributional
drift b. In the subcritical case, we utilize Duhamel’s formulation and fixed point theorem, while in
the supercritical case, we apply maximum estimates and the energy method.

In Section 4, we focus on proving Theorem 1.2, primarily through the Zvonkin transforma-
tion. A crucial step in this process is to establish the following uniform Krylov estimate for the
approximation solution X™: for any m € N, 0 <tg <t; < T and f € ILqTHg‘,

t1 00

1+
< C(tl — to) 2

sup
n

f(s,X)ds

e

to L™ (Q)

where 6y > 0 and (a, p, q) satisfies (1.5). This estimate ensures that AY is a zero-energy process,
which, in turn, enables us to apply the generalized It6’s formula and derive the effectiveness of
Zvonkin’s transformation. Subsequently, the uniqueness and heat kernel estimates follow by the
corresponding results of the transformed SDEs.

Section 5 is dedicated to the proof of Theorem 1.4. To establish the existence of a weak solution,
we need to establish two types of Krylov’s estimates (as presented in Lemma 5.1 and Lemma 5.5).
For the well-posedness of the associated generalized martingale problem, which is crucial for (A)-
(C), our approach primarily revolves around solving PDE (1.8)

Finally in Section 6, we apply the results to the diffusion in random environments. In particular,
vector-valued Gaussian random fields are provided to illustrate our results.

Throughout this paper, we use C' with or without subscripts to denote constants, whose values
may change from line to line. We also use := to indicate a definition and set

a Ab:=max(a,b), aVb:=min(a,bd).

By A <¢ B or simply A < B, we mean that for some constant C' > 1, A < CB.

2. PRELIMIARIES

In this section, we recall the definition and some properties of Besov and Bessel potential spaces.
Additionally, we establish a Schauder estimate for the heat equation in Besov spaces, which appears
to be new. This estimate will be used to solve the Kolmogorov equation in the subcritical case.
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Let . (R%) be the Schwartz space of all rapidly decreasing functions on R?, and .#’(R?) the
dual space of .7 (R?) called Schwartz generalized function (or tempered distribution) space. Given
f € .7 (R9), the Fourier transform f and inverse Fourier transform f are defined, respectively, by

F6) = Gy [, e, € <R

1 .
o i&-x d
f((E) T (27T)d/2 /Rde f(g)dga HAIS R .
For g € [1,00] and a normed space B, we shall simply denote
LB := L([0,T];B), L :=L1L9,

where (L?, || -||,) is the usual LP-space in R%. Moreover, we use C, = C,(R?) to denote the Banach
space of all bounded continuous functions on R?, and Cp° = C£°(R?) the space of all smooth
functions with bounded derivatives of all orders.

2.1. Besov and Bessel potential spaces. To introduce the Besov space, we first introduce the
dyadic partition of unity. Let ¢_; be a symmetric nonnegative C*°—function on R% with

¢-1(§) =1for £ € Byjy and ¢_1(&§) = 0 for £ ¢ By/s.
For j > 0, we define
$;(€) == 01 (27UFE) — 91 (277). (2.1)
By definition, one sees that for j > 0, ¢;(£) = ¢o(277¢) and
Supp ¢; C Baseajs \ Ba1,  »_ 6,(§) =6 127"V 51, n— oo
j=—1
Definition 2.1. For given j > —1, the block operator R; is defined on .#'(R%) by
R;f (@) = (6;f) () = &; * f (=),

with the convention R; =0 for j < —2. In particular, for j > 0,
R (0) =2 [ Ga(2y) (o~ v}y, (2.2
R
For j > —1, by definition it is easy to see that
R; = fkjﬁj, where (Ej =R+ R+ Rjga, (2.3)
and R; is symmetric in the sense that

<gvmjf> = <f7mjg>7 fug € y/(Rd)u

where (-, -) stands for the dual pair between .#/(R%) and .7 (R9).
Now we recall the definition of Besov spaces (see [1]).

Definition 2.2. Let p,q € [1,00] and s € R. The Besov space B;, , is defined by
1/q
By, = £ P Sy, = | 3 2 aisly| <o

Jjz—1

Remark 2.3. For s € (0,1), an equivalent characterization of B, , is given by (see [1, p74,
Theorem 2.36] or [22, Theorem 2.7])

1/q
-+ h)— f(: ? dh
I£1m;, = </| (L=l W) + 17l
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In particular, for any s € (0,1) and p € [1,00], there is a constant C' = C(s,d,p) > 0 such that

1FC+R) = FOll» < CllfliBg . (1B1° AT),
and for any sg € R,

1FC+h) = FOlsg,. < Clfllgzoze([AI° AT). (2.4)
For (a,p) € (R\ Z) x [1,00], let HY be the Bessel potential space defined by:
Hy = {f € ' (RY) || fllug := |1 = A)**f|l, < o0},
where (I — A)*/2f is defined through Fourier’s transform
= A)2f = (A +]-)°2))
For  =0,1,2,--- and p € [1, 00|, we define
HY = {f € ' (RY) || fllug = Ifllp + IVl < o0},

and for « = —1,-2,--- and p € [1, 00|,
a . —a /
Hy o= (H 0, )"

Note that we do not use the space H{ for o < 0. Moreover, for integer & € N and p € (1,00), an
equivalent norm in Hf is given by (cf. [37, p135, Theorem 3])
£l = (L = 2)*"2 £ (2.5)
Below we recall some well-known facts about Besov spaces and Bessel potential spaces, where
(2.6) and (2.11) below are easily derived by definition.
Lemma 2.4. (i) For any p € [1,00], s’ > s and q € [1, ], it holds that

B), -+ L’—B)_ , B —B, —B . (2.6)

p,00”
(i1) For any o € R and p € (1,00), we have the following embedding (see [5, Theorem 6.4.4])

{Bg‘ﬁ2 —HJ, pe [2, 00),

H? — Bg,Qa pe (152]5

2.7)

and for a € R and p € (1,00] (see [5, Theorem 6.2.4]),
By, CH, CB, ..

(i1i) For 1< p;3 <p<oo,qge€[l,o0)] and a=a; — pll + %, it holds that (see [5, Theorem 6.5.1])

Ifllsg, <c Iflsg2,» (2.8)
and for 1 < p; < p < oo,
ety S I sz (2.9)

(iv) Let o € [—1,0) and p € (1,00). For any p1,p2 € (1,00) satisfying

11 1 _1
P12 D, P2>pfi17 §<;0_1+;o_2<5+%’

there is a constant C' > 0 such that for all f € Hy and g € H,* (see [48, Lemma 2.1]),
1f9lleg <o 1 fllmg, 19]lg,e (2.10)

and

19l < 1Al gl - (2.11)
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Next we recall the well-known Bony decomposition and related paraproduct estimates. Let S
be the cut-off low frequency operator defined by

k—1
Sefi= > Rif > f k— oo (2.12)

j=—1

For f,g € ./ (R%), define
f=<g:= Z Sk—1fRrg, fog:= Z RifRjg.

k>-1 li—l<1
The Bony decomposition of fg is formally given by (cf. [1])
fo=f=g+fog+g=f=Ff=2g+f+y (2.13)
We recall the following paraproduct estimates (cf. [1, Theorem 2.82 and Theorem 2.85]).
Lemma 2.5. Let p,p1,p2,49,q1,q2 € [1,00] with % = Pll + p% and % = qil + q% and o, B € R.
(i) If B < 0, then there is a constant C = C(«, 8,d, p,q,p1,q1,P2,q2) > 0 such that

<
I < gllgass Sc 1 flgz, . lolls

p2.a2
Moreover, for =0, we have
1f < glBg, <c IfllpllgliBg, -

(i) If a + 8 > 0, then there is a constant C = C(«, 8,d, p,q, p1,q1, P2, q2) > 0 such that

< o
1f o allgsss <c fllgz. . llglls

p2,a2

Moreover, when o+ 3 =0 and q = 1, we have

Ifoglsy . S IFogll S Ifllae, llglms, - (2.14)
Proof. We only prove (2.14). By definition and Holder’s inequality, we have
1fogllsy_ SlIfodll< 3 IR Rigly < 3 1R:Flpe |1Rs51lpe
li—l<1 li—31<1
/a1 1/a2
< (Z quaﬂmifngi) > 22| Rif 3 =Ifllg;e, l9lBs, .-
i J
The proof is complete. O

Now we discuss a decomposition of b-Vu, that arises in the study of PDE (1.3), where b € .#/(R%)
is a distribution-valued vector field and u € .#(R?). By Bony’s decomposition, we can write

b-Vu={div(b < u) +b> Vu} —divb S u=:0© Vu — divb < u. (2.15)

In particular, if divb = 0, then
b-Vu=>b06 Vu.

We have the following regularity estimate.
Lemma 2.6. For any o € (—1,0] and p,q € [1, 0], there is a C = C(d, o, p,q) > 0 such that
[b© Vullgs <c HbHBg"q”u”B;ﬁd/P (2.16)
and

Jdivh < ulsg,, _ Se ldivblig e lulgzse- (2.17)

/(q—1)
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Proof. Since « € (—1,0], by Lemma 2.5 we have
ldiv(s =< wllmy, < I = ulgyie < Wolms, lullsy

p.qg
and
1b= VullBg < [IbllBg  [Vulleo < IbllBg , llullB_ -

Pyg "
Hence, by embedding (2.8),

b Vullsg, S Ibllsg, lullsy_, Sc I6lsg,lullg o

p,qg

For the second estimate (2.17), it follows by Lemma 2.5. |
We also have the following easy result.

Lemma 2.7. Ifb,divb € BZ',, then b € B, where B is defined in (1.7).

00,27

Proof. By definition (2.15), (2.7) and Lemma 2.5, we have
[6© Vul[g-1 < [|div(b = u)HHgl + (o> VU”H;l S = ullz+ [0 VUHB;;
<

2
16 < ullmg, + 1150 ulla + [bllg=r, [Vulls < [ollg=s, (lullsy , + luly).
and
ldivh < ullggs < v < ullg_y + [divb o ullgs < [[divbllgos [l -
Combining the above two estimates and by the definition of B and (2.7), we get b € B. ]

2.2. Schauder’s estimate for heat equation in Besov spaces. In this subsection we study
the regularity estimates for heat equation in Besov spaces. Let (P;);»¢ be the Gaussian heat
semigroup given by

2
|z

Pif =pexf where pi(x)= (471'15)7%67 i,

For A > 0 and a time-dependent distribution f;(-) : Ry — %/ (R9), we define

up(z) == I f)(x) = /t e =9 p, fo(x)ds, t>0. (2.18)
0

In particular, in the distributional sense,
ot = (A = Nu + . (2.19)

We now show the following Schauder estimate, which shall play a basic role in the subcritical case.

Lemma 2.8. Leta € R, 1 <qg<q¢ <o and1<p<p <oo. Define
o =2_2_,4d_4d
R U T
For any T > 0, there is a constant C = C(T, o, d,p,q,p’,q’) > 0 such that for all A > 0,
2Pl ggzsa-or S 17 gmg, (2:20)
2 2
and for 6 € (0,2+ 2 — 2),
_e
||f/\(f)||LqT’Bi/+’clwa/fe Sco (L+A)72 ||f||1LqTB;;m' (2.21)

Proof. Let r € [1,00] be defined by 1 + 1% =14 % and T > 0. For any j > —1, by Young’s
inequality and Bernstein’s inequality (see [1, Lemma 2.1, p52]), one sees that

t
1R, 2 ()l < / AR, (pes # £) ¢ ds

t
(23) / N Rypes Ry il s
0
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t
< / e =) | Rpy || R; fo s

t
_dy, “Mi—s =~
< gl / IR pe— s[4 | R, ol pds.

1

Let v’ € [1, 00] be defined by 1 + % =L+ %. By Young’s inequality for time variable, we have
1 1

T T T 7
q ™ q
’ _dys ' 2s » ~

(/0 IKRJ»«ZX(f)IIZ/dt) < 2= (/0 e "M R;ps 11 dS) (/0 |5ijs|ZdS> :

It is well-known that for any 6 > 0, there is a constant C' = C(6,d) > 0 such that (see [21])
IRpsls Se 1A (2Y5)7%, j=—1, s€(0,T].
If v < oo, then by the change of variable, we have

L
7

T / 1 "
/0 e Ry a1 ds

1

< (/ e A1 A (22js)_2]ds> '
0

= (2_2j/ e_rl272j)‘5[1 A 5_2]ds> ’
0

<(27H(AAE2720)7h) 7.

U=

If 7' = oo, then we directly have

sup supe || R;ps|l1 < 1.
j2—1520
Thus combining the above calculations, we obtain that for any j > —1 and A > 0,
1

@

T
1R; TNt 0 = ( / ||aejfﬁ<f>||g,dt>

Q=

T
< 2= (LA (2707 ( / ||mjfs|gds>

T q
= 2" =21 A (272 )) ") (/ ||5ijs|f§ds> ,
0

wherea’:d—g—%zg_%+%_§_
Now, for any v € [1,¢] and 8 > 0, by the definition of Besov norm and Minkowskii’s inequality,

1

5

’

LT

HJA(f)HLgF,BZ/MW,e = (Z 9v(2+a—a —9>j||£iejf_*(f)||g,
Y j>—1

2=

N

/ ’
_ LL Lp

J

T 7\
Z Qw(a—e)jg A (2*2j)\)*%) </ |(ijs|gds>
j=—1 0

T
_ Z 27703 (1 A (272 N) ") (/ 2qaj||mjfs||gds>
j>-1 0

2v(2+o¢—o/—9)jH&jj)x(f)”ﬁ’
>_1

A
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In particular, for § = 0, if we take v = ¢, then we get (2.20). For 6 > 0, if we take v = 1, then

—9j —24y\—-L
Hdzk(f)HLngt?—a'—eZS 27 A N f sy -

jz-1

Note that for 6 € (0, 2) = (0,2 + % — %),

2N ERTENTT) S 1ANTE So (1+A)7E.

j=—1
The proof is complete. g

Remark 2.9. [t is noted that (2.21) does not hold for & = 0. Indeed, by (2.7) and Fourier’s
transform,

||f/\(f)||1L2TB§12 = ||']>\(f)||L2TH§ = ||f||1L2’THg = HleLngg,

where < means that both sides are comparable up to a constant. Let 1 < q < ¢ < oo and
1<p<p <0 and b€ (0,2 — %) By (2.20), (2.21) and By , — By ., we immediately have

0
HﬂA(f)” d2te-(G-F+i- + (1 +A)2 HﬂA(f)H R = SR Sc ”f”]LqTBg,q- (2.22)
T p’q T “p/1

3. A sTuDY OF PDES WITH DISTRIBUTION DRIFTS

In this section, with A > 0, our objective is to investigate the solvability of the nonhomogeneous
partial differential equation:

Ou=Au—Au+b-Vu+ f, wug=0, (3.1)

where b and f are distributions. We will establish the well-posedness of PDE (3.1) in two cases:
the subcritical case and the supercritical case, utilizing different methods. In the subcritical case,
we employ the Duhamel formula, while in the supercritical case, we utilize the maximal principle
and the energy method. Throughout this section we fix a terminal time 7" > 0.

3.1. Subcritical case: ¢+ 2 < 1+ . In this section, we show the existence and uniqueness of
weak solutions to PDE (3.1) by using Lemma 2.6 under the following subcritical conditions:

(H*"*) Let (aw, ps, q5) € (—1,—3] x [2,00]* with pib + q—2b < 1+ ap. Suppose that

—2—ay < 0.

kY = HbHLg-ngzf’qb <oo and kb= ||divD| Ppap/(ap—1)

L*B
Remark 3.1. Since pib + q—2b <1+ ap and ap € (—1, —%], it is easy to see that for any q > %,
4

2+ap+ 4 -2 <2-2<2-

(3.2)

ESEIN)

Remark 3.2. Suppose that b € L?B;;{z with % + q% < 1. Then (H®"™®) holds for oy, = —3.
Indeed, by (2.6) we have

b b .
ki =1b 12 < ||b - ke = ||divb . < b —1/2.
1 H |‘L;beb1’éi ~ || ||]]_“;‘be;‘/125 2 H ”L(;PBP;/‘;/(%*U ~ H HH—‘g‘bebl,/12
If b is time-independent, then it was covered by the condition b € H;bl with py > 2d in [48].
For convenience of notations, we introduce the following parameter set for later use:

©:= (T7 dv O‘bapbaqmﬁll)aﬁg)' (33)

Now we show the following result.
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Theorem 3.3. Assume that (H*"P) holds. Let (o, p,q) € [~1,0] x [1,00]? satisfy

L<q<a, p<p, a—%-2>0a, -1 -2
For any f € LqTBqu, there is a Mg = M\o(©) > 0 such that for any X > o, there is a unique u’
with the regularity that for any 6 € (0,2 + ap + p% - qlb],
A TP
[z + (1 N0 epeves 20 < Clf g, (34)

where C = C(0, a, p,q) > 0, which solves the following integral equation:
up = IO Vur — divh < vt + f),
where I is defined by (2.18).

Proof. We only show the a priori estimate (3.4). The existence follows by standard Picard’s

iteration. For simplicity of notations, we drop the superscript A over u?*.

By Schauder’s estimate (2.22) and (2.16), we have for 6 € (0,2 — q%),

|20 Va)llmpzra + L+ N2 IO Vu)ll psray-2/m -0
L7’ Bopy,,ay LFEB,, 1 (3 5)
Scllbo Vaullywge <o 'ili||u||angB;:’dl/pba
where C' = C(0,60) > 0. On the other hand, by (2.21), we have for any 6’ € (0,2 — q—Qb),
Hj}\(diVb Sl gr-/m—2sa-0r So (14 )‘)_%”diVb 2 ufl a/2go ) (3.6)
Ly pr,l Ly pr/2,oo
/" 4
and for any 0" € (0,2 — _-),
1A divh 2 )| g arm—2/mar So (14N 7 [dive 2 ull goge (3.7)
L¥B, 9 Ly B, /2
b pp/2,00
Since o € (—1,—1] and pib + q_2b < 1+ ap, we have
— d _ 2 2
0<’l90.——ab—p—b—a<2—a.
So, for fixed 6 € (0,2 + oy + plb - q%] and ¥ € (0,9), it holds that
I+60<2— 1L
b
If we take 8/ = ¢ in (3.6) and 0" =¥ + 6 in (3.7), then by (2.17),
172 (divh =< )| ap e, + (14 N E (7 (divb < )| povey 2700
LB, LFB, (3.8)

w2ty
]LT pr,qb

9 . _9
So (L) 2 [divh 2l grege S (14225
T Py /2,00

where C' = (0, 0,9) > 0. Moreover, by o — 4 — % >ap — L — 2 and (2.22), for 0 € (0,2 — 2),

3 P @ q
A g A
92 Dllgmeng + 0+ DA Dl v S 1l (39)

Combining (3.5), (3.8), (3.9) and by (3.2), we obtain that for any 6 € (0,2 + ap + p% - qlb] and
S (0,190),

24

N2l ap g2+es
]LT pr,qb

[
+ (1 + )‘)§ ||u||]LaoB2+fib*2/%*9
\ L, (3.10)
< Ol’£1||u||L9FoB;:i/pb +Ca(1+A)2 “2||U||LquB§;(;§ + Csll fllLems -

where C; = C1(0,0) > 0, Cy = C2(0,6,9) > 0 and C5 = C5(0,6,a,p,q) > 0.

Since q—zb + p% < 1+ ay, one can choose 0y = 0y(d, ap, pp, q») being close to zero so that

||u||]L%oB11):d1/Pb SC ||u||]L709B2;(;b*2/Qb*90 .
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Thus by (3.10) with 8 = 9 = 6, one can take A\g = A\g(©) > 0 large enough so that for any A > Ao,
%
||U||LquB§:f3§ +(1+A)7 ||u||L%oBz:§r2/qr€o o llfluess -
The estimate (3.4) is then obtained by substituting this into (3.10). O

Remark 3.4. By (2.19), it is easy to see that the unique solution in the above theorem also satisfies
that for any ¢ € C(RY),

Du(u, @) = (u*, Ap) = MuP, @) + (b © Vu? —divb < u?, 0) + (£, ).
In other words, u* is a weak solution of PDE (3.1).

3.2. Supercritical case: g + % < 24 . We introduce the following supercritical index set

jd = {(a,p,q)E[—l,O]Xp,OO]Q, %+%<2—|—0&}, (311)
and also the following energy space:
Vo = {u Hlullve o= sup flu(®)llz + [[Vullez < OO}-
tc[0,7]

We have the following simple lemma.

Lemma 3.5. For any (a,p,q) € Iy and T > 0, there is a constant C = C(«,p,q,d,T) > 0 such
that for any f € L7HS and u,g € V7,

I{fu, 9)llzy. Se l1fllug g [wllvz gl

Proof. Let (o, p,q) € Fy. Consider the case p € [2,00). Let r € (1,2] be defined by %-1— 1=1
Let us choose rg € (1,7] so that —a — £ <1 — . By Sobolev’s embedding (2.9), we have

[(fu, | S ([ f g lugllg o S (1 g lugle -
. By (2.5) and Hoélder’s inequality, we have
luglle, < llullrllgllz + llull [[Vglle + gl [Vell2.

1,01 1 _
Hence, for5+q—1—|—§—1,

1)y S 1 Tugnrg (g o glzssy + el e g o )

Since p, q € [2, 00) satisfies %—i—% < 2+, one has 11,1 € [2,00) and % + q% > g. By [49, Lemma
2.1], we conclude the desired estimate.
Next for p = oo, by definition we have

|(Fu, )| < 1fllag lugllig-e S 1 Ing llugllay,
and by Holder’s inequality,
luglley < llull2llgllz + lull2[lVallz + gl Vull2.
Hence,
||<fuag>||L1T S HfH]L%,HgO (HUHL;OL?HQHLQTH; + ||U||L2TH;||9||L39L2>-
The proof is complete. |

Next we make the following assumption on b.
(H="P) Let (o, b, q) € Fq. Suppose that

Ky = ||b||LquH§}g <oo and K} := [[divd||Lz o < o0.

Recall the parameter set (3.3). Now we can show the following existence and uniqueness result.
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Theorem 3.6. Under (H*'?), for any (a,p,q) € Sy and f € LLHS, there is a weak solution u
to PDE (3.1) in the sense that for any smooth function ¢ € C°(R?),

Or{u, @) = (u, Ap — b - Vo + divb ) + (f, @), (3.12)
and for some C = C(©,«,p,q) >0,
lulluge + lullve Se I lugmg - (3.13)
If in addition that b € LB + L2.L?, then the uniqueness holds in the class (3.13).
Proof. (Existence) Let b, :=bx ¢, and f,, := f * ¢, be the mollifying approximation. Clearly,
Kin <K, g < RS,

Since by, fn € LFCY°, it is well-known that there is a classical solution u, € LFCy° to the
following PDE

Optiy, = Aup + by - Vg, + frn = Auy + div(bpuy) — (divby)u, + frn, 1, (0) = 0.
By [49, Theorem 2.2], there is a constant C' = C(0, «, p,q) > 0 such that for all n € N,
lunllLse + lunllve S lfalliams So llfligms- (3.14)
By (2.9) and (2.10), it is easy to see that
[9utn s < 1 Atun + div(bun) — (divba)in + full s 10,0
S ||Un||L2TH;1 + ||bnun||L2TH;2 + ”(diVbn)un”Lz’TH;?’ + ”f"HI[PTH;S < C,
where C' is independent of n. This implies that

[|wn (t) — un(s)HH;e < ||6tun||L2TH;3| VIt —s| <CVIt—s|.

By Aubin-Lions’ lemma, there is a function v € L3 N ¥7 and subsequence {ny} such that for each
t and p € C°(RY),
klirn (Un,, (1), ) = (u(t), ), Un, M2 weakly in L2.HJ, (3.15)
—00

and for each R > 0,
T

klggo ; l|tn, () — U(S)II%2<BR)ds =0.
Thus, for each t € [0, 7],
lu()|lo = sup  (u(t),p) = sup im (un, (£), ¢) < sup [[un(t)lloo < C|lfllLzms-
el [lplli<1 PECE [lpll1 <1 R0 n

Furthermore, for any ¢ € L'(R%), we also have
i (u, (1), @) = (u(t), @)- (3.16)
—00

By taking weak limits, it is easy to see that u is a weak solution of PDE (3.1). Indeed, since
pib + qlb < 2+ «, without loss of generality we may assume g, pp < 0o. Otherwise, we may choose

qp, P}, < 0o so that % + q_zé < 2+ a. Noting that for any ¢ € C°(R9),
<b"ku"kvvw> - <bu7 V@> = <(bnk - b)unk5 V<P> + <u’nk —u, b- V<P>,
by Lemma 3.5 and py, ¢, € [2,00), we have
k—o00
ne MK L SC ng LIbEb ny || Yr Vo __)) 05
[{(bny, = O)uny, Vo)1, S [[(bni = 0)XILaopags [[ens |42 [Vl
where xy € C¢° and x =1 on the support of ¢, and due to b- Vy € ILQTH2_1, by (3.15),

k—o00

[{tn,, —u,b-Vo)llpy "= 0.
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Similarly, we have
k~>oo

[(divby, tn, — divbu, )L 0.
(Uniqueness) Let u be any weak solution of PDE (3.1) with f = 0 and satisfy
lullLgs + [lullv < oo

Define u,, := (u * ¢n)xn, where x, = n~%x(x/n) and y € CX(R?) is a cuttoff function with
x(x) =1 on B;. By the chain rule and the definition we have

Or{u, up) /2 = (Opu, un) = (u, Auy) — (u, b - Vuy) + (divbu, u,).
In particular,

<U(t),2un(t)> _ _/Ot<Vu7wn>dS _ /Ot {<u,b. V) — (divbu, uy) | ds.

Suppose that b = by + b2, where by € LB and by € L2TL2. Noting that
[(, b1 Vun)| < [lulleg [1b1 - Van g1 < llulleg b1 ]lg]lunllmg < Cllolsllullf, (3.17)

and
[(u, b2 - Vun)| < lulloolb2l2]|Vun|l2 < flullool|bz]l2] Veull2,

by the dominated convergence theorem, we get
||u ”2 / [IVull ds+/ lim }(u,b~Vun> — (divbu, up)|ds.

By the definition of B, it is easy to see that

lim by - Vu, exists in H2 , lim by - Vu, =by-Vu in L.
n— o0 n— o0

Hence, by divb € L> and commutating the order of limits (guaranteeing by the above two limits),

lim (u,b-Vu,) = lim  lim (U, b Vu,) = lim  lim (divbum, u,) — lim  lim (b Vuy, uy,)
n—r oo n—oo m—roo n—o0 m—roo n—ro0 M—r0o0

= (divbu,u) — lgn (b Vum,u),

which implies that
lim (u,b- Vu,) = (divbu, u)/2.

n—oo
Thus,
”“7 / IVul2ds + - / \(divbu, w)|ds < / | div|loo||u|2ds.
Now by Gronwall’s inequality, we obtain «(¢) = 0. The uniqueness is proven. g

4. SUBCRITICAL CASE: PROOF OF THEOREM 1.2

In this section, we establish the weak well-posedness of SDE (1.1) under the subcritical assump-
tion (H®"P). To achieve this, we employ the classical Zvonkin transformation, ensuring both the
existence and uniqueness of a weak solution.

Throughout this section we fix T > 0. To introduce a general notion of Krylov’s estimate,
we start by fixing a Banach space B that consists of distributions f; : [0,7] — .#/(R?) so that
L+.C, NB is dense in B. Moreover, we make the following assumption:

e For any bounded measurable function g : [0, 7] x R? — R with that the function z — g(t,z)
is uniformly Lipschitz with respect to t € [0, T, the product gf is well-defined for all f € B,
and there is a constant Cy > 0 such that for all f € B,

lgflle < CqllflB- (4.1)
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It’s worth noting that the space B := L7B5 , with a € [-1,0] and p,q € [1,00) satisfies the
above assumption. Indeed, (4.1) follows by Lemma 2.5. Moreover, let ¢,(z) = n¢(nz), where
# € C*(R?) is a smooth probability density function. For f € LIB¢ ., if we define

fn(tvx) = f(tv ) * (bn(x)v

then by definition, f,, € LL.Cp®°, and by the dominated convergence theorem,

T
B 1~ gy, < [ 3 2 i o 510~ R, 0 0.
jz—1
It must be noticed that for ¢ = oo or p = 0o, the above property does not hold since C(R%) is not
dense in L>°. However, for f € LB by (2.4), it holds that for any o/ < a,

00,00

’
ax—«

|l frn — f”]L:’;OBg‘c:’m < OHfHVFB%,mn

This is also the only reason that we require p,q < oo below.
Now we introduce the following notion used below.

Definition 4.1 (Krylov’s estimate). Let (X;):e(0,7] be a R*-valued stochastic process on a probabil-
ity space (0, .Z,P). For 6 € (0,1), one says that (X,B) satisfies Krylov’s estimate with parameter
0 if for any f € LLC, NB, m € N, and any stopping times 1o < 71 < T with 11 — 19 < 6,

\ / F(s, X,)ds

where the constant C = C(m,B,d,T) > 0.

146

<G || fle,

L™ (Q)

Remark 4.2. Here we require 0 > 0, that is crucial for Young’s integral in (4.5) below.
The following proposition is a direct conclusion of Krylov’s estimate.

Proposition 4.3. Suppose that (X,B) satisfies Krylov’s estimate with parameter 6 € (0,1). For
any f € B, let f, € LLC, NB be such that

lim || f, — fllg = 0.
n—00

Then the limit lim, oo [, fn(s, Xs)ds exists in LP(2, C([0,T])) for any p > 1 and the Limit is

denoted by A{ = lim, o0 fot fn(s, Xs)ds, which does not depend on the choice of approzimation

sequence (fn)nen. Furthermore, for any m € N,

4] = Al o)
|t — s|0+0)/2

sup ||Af||m) +  sup Sc llflle- (4.2)

te[0,T s#t€[0,T]

We now show a substitution formula for Young’s integrals that will be used to show the unique-
ness by Zvonkin’s transformation.

Proposition 4.4. Suppose that (X,B) satisfies Krylov’s estimate with parameter § € (0,1) and
for any m € N,

1 Xoll (o) + 1 Xe = XallLmeay Sc [t —s|'?, Vs,t €[0,T]. (4.3)
Let g: Ry x RY = R be a bounded function satisfying
lg(t,z) — g(s,y)| Sc VIt —s| + |z —yl. (4.4)

Then for any space-time function f € B, the integral fot g(s, X, )dAf is well-defined as Young’s
integral and

t
/0 g(s, X )dA! = A9 as., (4.5)

where Af is defined in Proposition 4.3.
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Proof. For a function h: [0,7] — R and « € (0, 1), we write

h(t) —h
[ha:= sup 7| () £5)|
sttefor] |t — 8]

By (4.2), (4.3) and Kolmogorov’s continuity criterion, for any a € (3, 252), 8 € (0,4) and m € N,
there is a constant C' > 0 such that for all f € B,

A ol o ey S NS lles (X Tl o < 00 (4.6)

Below we fix a > %, B < % with o + 8 > 1 and a sample point w such that
[Af (W)]a < 00, [X.(W)]g < 0. (4.7)
For any 0 < s <t < T, we define
Dot(w) = g(s, Xo(w))(Af (@) — Af ().
For simplicity, we drop the dependence of w. We note that for any 0 < s <u <t T,
0Tt = Toy — o — Tuy = (9(s, X4) — g(u, X)) (A] — AI).
By (4.4) and (4.7), we have
O el S = s/t —ul*[X J5[Af o

Since a + 8 > 1, by the sewing lemma (cf. [17, Lemma 4.2]), we have

t
T, ::/ g(r, X, )dAl := lim Z I exists,
0

|7|—0
r,SET

where 7 is any partition of [0, ], and

t
/ (g(r, X;) — g(s,XS))dAZ} =y —Ts— FS,t| Slt— 5|a+5[X-]B[A-f]a-

In particular, taking s = 0, we get

t
/ g(r, XT)dAj
0

Now, let {f,}22, C LLC, NB be such that lim, o || fn — f|lz = 0. By definition, it is easy to see
that

< lglloolAf | + CX ]5[A o (4.8)

/ tg(r, X, )dAl" = / t(gfn><r, X, )dr = AP as. (4.9)
0 0

By (4.8), (4.6) and (4.1), we have

t
B (| [ atrxoacaf - af)
0
t . .
:EQ/gmxmmﬁ#D+EmW"“
0

SN = falle +1lg(f = fa)lle = 0 asn — oc.

Thus, there is a subsequence {n;}7° such that

> + E[A{ — AY|

lim + |Aff"k — A =0 as.
k—o0

t .
/ g(r, X,)d(Al — AT)
0

By taking n = nj and letting k — oo in (4.9), we get (4.5). O
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Below we always suppose that (H*'®) holds with g, p, < co. Let
O =14 ap — lb — 2 by(t, ) :=b(t,-) * pn ().

qp’
By the property of convolution, we have

b
Ky = [lbn HL"bB"‘b ||b||1L"bB;"§ o B (4.10)
4.10
b b
Ko = ||divby, —2-a < ||divb —2-a = Kog.
” Hquprqu/b(qb 1) = ” HquBP:qb/b(qb 1) 2
We consider the following approximation SDE:
dX7 = b, (t, X)dt +V2dW;, XZ ~ p € P(RY). (4.11)
For simplicity of notations, we write
Ty, = {(a,p,Q) €[-1,0x[1,00)*: 2 <qg<qy, p<pp, @ =S —2>05 -4 - q%}

Now we can show the following crucial Krylov estimate.

Lemma 4.5. For any (a,p,q) € I

o (X",L%Bg‘)q) satisfies Krylov’s estimate with parameter
B0 uniformly in n.

Proof. Given f € C2°(]0,T] x R?), let u,, € L¥C$° be the unique smooth solution to the following
backward PDE

O, + Aty — Ay, + by - Vup, + f =0, u,(T) =0.
For any (a, p,q) € Z5°,,, by (3.4) and (4.10), there is a g > 1 so that for all 6 € (0, 2+ab+ﬁ _E]
and A > )\,

)
up [t govn2/on-0 S (14N Fllgmg (4.12)
n T “pp,1 ’
By Ito’s formula, we have
t t
Un (£, X71) = un (0, ) +/ (Aup, — (s, X7)ds + \/5/ Vo, (s, X1 dWs.
0 0

In particular, for any stopping time 79 < 71 < T with 71 — 79 < 9,

T1
/ Vg (s, X2

]

T 1/2
</ |Vun(s,XS”)|2ds>
To

S (T+ A)[Jun e + m61/2||vun”oo'

(s, Xn 2||un||oo+/\5||un||oo+\/—

By BDG’s inequahty, we have for any m > 2,

S 1+ X)) |unlloo +m
Lm(Q)

f(s, X)ds

Lm(Q)

Here and below, the implicit constant is independent of m,n,d, A. Since
_ 2
6‘0—1+ab__b_g 2+ab+p—b—a
by (4.12) and embedding (2.8), we have

unlloc < ||un||qungg,T’lb = H“n||L?Bi:jr2/%*<1+9o) SA+A)”

and

/ F(s, X1)ds

—%
LOOB1+d/Pb = ||“n||L%oBi+(Ir2/qr@o S (1 + )‘) 2 ||f||IL‘1TBqu-
b

Thus

b mvo(1+ A 1fllLeBa -

S [+ +0F
L™ (Q)
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In particular, if we take A = A\g V 61, then
T1

’ / f(s,X)ds
To

By a standard approximation, the above estimate still holds for any f € LL.C, N LqTBg‘ﬁq. The
proof is complete.

14+6g
S mé 2 ||f||1LqTB;;1q' (4.13)
Lwn(Q)

Remark 4.6. By Stirling’s formula, estimate (4.13) also implies that for some co > 0,

T
supEexp{co/ f(s, X2)ds
n 0

/|f||]Lg.Bg’q} < oo.

By Theorem 3.3, there is a unique solution u* : [0,7] x R — R? to the following R%-valued
backward PDE system
o + Au — M +b© Vet +divb <u+b=0, u(T)=0,

with the regularity that there is a Ag > 0 such that for all A > A\g and 0 € (0,2 + a3 + p% — q%]’

_8
1] o geon-2/m—0 S (L4 A) 72 [l gz (4.14)

]L%O pr Pp-9p ’
where the implicit constant does not depend on A. In particular, by embedding (2.8), one can

choose A large enough so that

sup ||[Vur (t)]|oo < 1/2. (4.15)
t€[0,T]

Let
O(t,z) ==z + u(t, x).
Then for each t € [0, 7],
x — ®(t,x) forms a Cl-diffeomorphism.

In particular,
IV, [V oo < 4, (4.16)

where @1 stands for the inverse of z — ®(¢,7). Now we show the following crucial Zvonkin
transformation.

Lemma 4.7 (Zvonkin’s transformation). Let (F, X, W) be a weak solution of SDE (1.1) in the
sense of Definition 1.1. Suppose that for any (a,p,q) € Z2, , (X, L%Bgiq) satisfies Krylov’s

Pb,qp”?
estimate with parameter 6y as above. Then Y;: := ®(t, X;) solves the following SDE:
dY; = b(t,Y;)dt + (¢, Y;)dBy, (4.17)
where

b(t,y) = Mul(t, @ (t,y)), &(ty) = V2V (t, 7 (1))
Moreover, b and G are bounded measurable and for some v € (0,1) and all t € [0,T], y,y € R?,
b(t,y) = b(t,y)| < Cly —y/|, [5(t.y) =6t y) < Cly—y'I", (4.18)
and for some cy > 0,
5t y)El* > coléf?, € €R™ (4.19)
Proof. Let
Un (t,2) == u(t, ) * on(x),

where ¢, (r) = ndp(nz) with ¢ € C°(R?) is a smooth probability density function. Then by
Remark 3.4 with ¢ = ¢,,(x — ), we get

Ostp, + Aty — Ay, = =@y * (b © Vu — divh < u + b) =: gn, (4.20)
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and
sup [|Vug(t)]leo < sup [[Vu(t)[loo < 1/2.
te[0,T] te[0,T]
Let
D, (t,x) := x + up(t, ).
Then

IV@nlloo, VO oo < 4,

and by (4.20),

gn € LLL>® = 0,®,, € LLL™.
Observe that by definition,

X =Xo +A? + \/§Wt;
where A? = lim,, o fot b (s, Xs)ds by Proposition 4.3, satisfies
A — AP

S A+ s L e s,

Now by generalized It6’s formula (see [15]), (4.20) and (4.5), we have

t
VP i B (1, X)) = B (0, 2) +/ (st + Aun)(s, Xs)ds
0
t t
+/ dAg-wn(s,Xs)Jr\/i/ Vo, (s, Xs)dW,
0 0

t t
=d,(0,2) + /\/ un(s, Xs)ds + Ag'v(b"ﬂ’" + \/5/ Vo, (s, Xs)dWs.
0 0

By (2.15), we make the following decomposition:
b-V®, +g,=b+0b-Vu, — ¢, * (b® Vu —divb 2 u+b) = hl' + h},

where

T:i=b—bxd,+bO Vu, — ¢px (bO Vu), hy:=divb < u, — ¢y, * (divd < ).

In particular,
V&, + h h
Ag nTIn — At b4 At2 .

By Krylov’s estimate, we clearly have
A n
E[A [ S |[hY ||]LZPB;‘£”% So—bx ¢n||LquB§g,qb 16O V(up - U)H]LQT*’B;*;%
+ 6 * (b © V) = b© Vull gz
Note that by (2.16), (2.6), (2.4) and (4.14), there is an € > 0 so that for all n € N,

<n”°c.

66 V(s = wlgmgy , S Al =l pream S

Thus, by the property of convolution, we have

lim E[A"| =o.
n—o0
d

Moreover, since o T qlb < 1+ ap, one can choose € with

0<—1-2a<e<—(w+ £ +2)

so that (—&,py/2,q/2) € ", - By Krylov’s estimate again, we have

hy " . .
E|At2 | S ||h’2 ||]Lg‘b/2B:;b€,qb S ||¢n * (leb j ’U,) - leb j U||Lg’b/2B;b€/2,qb
+ [|divd 2 (un — u)|| apr2g-- = In + Jn.
T Phqp

(4.21)
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Note that by (2.17),
nh_)rrgo In < nll)rrgo |divd < (up — u)””‘qu/Qng,oo

b 1 _
S rig i flun =l g pzea, = 0.

Since [|divb = ul| a,/25-- S ldive < ull g 250 < 00, by the property of convolution, we
T py/2,ap T P /2,00
also have
lim I,, — 0.
n—oo

Combining the above limits, we obtain

lim E[AYY®rton) =,

n—roo
By taking limits for both sides of (4.21), we conclude the proof of (4.17). As for (4.18) and (4.19),
it follows by (4.15) and (4.16). O

Now we can show the following main result of this section.

Theorem 4.8. Under (H") with gy, p, < 0o, for any p € P(RY), there is a weak solution
(F, X, W) to SDE (1.1) with initial distribution u, and the uniqueness holds in the class that for
any (o, p,q) € Fpb,, (X, L%Bg‘)q) satisfies Krylov’s estimate with parameter 6y. Moreover, for any
t € (0,T] and Xo = x, X has a density p:(z,2"), which enjoys the following two sides Gaussian

estimate: for all x,x’ € R?,
Cot—d/2e—co\w—m'|2/t < pt(-f,-fl) < Cvlt—d/Ze—cl|;E—;E/\2/t7 (422)

where Cy, C1, co,c1 > 0 only depend on the parameters T, d, oy, py, q» and ||b||L;szb .
b:9b

Proof. (Existence). Consider the approximation SDE (4.11). By Lemma 4.5, the law of X™ in
Cr is tight, and therefore, by Prohorov’s theorem, it is relatively compact in #(Cr). Then, by the
weak convergence method, it is standard to derive the existence of a weak solution (see [47] and
also the proof of Theorem 5.7 below).

(Uniqueness and heat kernel estimate). By Lemma 4.7, since the transformed SDE (4.17)
has a bounded Lipschitz drift and bounded uniformly non-degenerate Holder diffusion coefficients,
it is well known that SDE (4.17) has a unique weak solution Y; (see [38]), and for each t € (0,7]
and starting point Yy = y, Y; has a density p:(y,y’), which enjoys two sides Gaussian estimate (for
example, see [10]):

Cot =262Vt < 5y (y,y') < Oyt~ 2emerlv=v/ I/,
The desired estimate (4.22) follows by the change of variables (see [42]). O

Now we can give

Proof of Theorem 1.2. Since b is divergence free and by Lemma 2.4,

ap ap—E€
H:Db C mE>Ova€{1voo]pra¢Ib )

one sees that (H"'P) holds. If gy, py < 0o, then the desired results follow by the above theorem.

For case p, = o0, since q% < 1+, one can choose o, € (—1, ap) so that q—zb < 1+a. In particular,
b . . b b . .
(H="") still holds with s} = HbHL"TbBi{’,qb < ||b||Lqungqb < oo and kg = 0. We emphasize that if b
is not divergence-free, then x4 = ||divb|| w20 is possibly infinite. Thus by using (2.4), one
o0,a/ (ay —1)

T
can check that Lemma 4.7 still holds. The rest is the same as the proof of Theorem 4.8. O
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5. SUPERCRITICAL CASE: PROOF OF THEOREM 1.4

Throughout this section we still fix T > 0 and always assume that supercritical assumption
(H®"?) holds. In Subsection 5.1, we focus on establishing the existence of weak solutions. The
crucial step in this regard is demonstrating the tightness of approximation solutions. Notably, in
the supercritical case, due to the drift being a distribution, it’s not possible to establish a Krylov
estimate similar to that in Lemma 4.5 for any moments. Instead, we can only establish a Krylov
estimate for the second-order moment, as demonstrated in Lemma 5.5, which is particularly useful
for taking limits. However, this alone is not sufficient to establish tightness. To overcome this
difficulty, we employ the stopping time technique and the strong Markov property of approxima-
tion SDEs. In Subsection 5.2, we discuss the uniqueness of generalized martingale problem and
ultimately complete the proof of Theorem 1.4.

5.1. Existence of weak solutions. We still consider the approximation SDE
t
X' =X, +/ bn(s, X™)ds + V2W,, (5.1)
0

where b, = b* ¢,,. Recall the definition of #; in (3.11) and the parameter set © in (3.3). We first
show the following uniform Krylov estimate.

Lemma 5.1. Under (H*'?), for any (o, p,q) € Iy, there is a constant C = C(O, «, p,q) > 0 such
that for all t € (0,T), stopping times 0 < 79 < 71 <t and f € C.([0,1] x RY),

T1
sup E </ f(s,X;l)dS’jr()) Sc HfH]L;’Hg-
To

neN

Proof. Without loss of generality, we assume f € C°([0,T] x R?). Fix t € [0,T]. Let u, €
L¥C°(RY) be the smooth solution of the following backward PDE:

Osti, + Aty + by - Vup, = f, un(t) =0.
By (3.13), we have
sup (funllze + luall) S 1l (5.2)
Using It6’s formula for (s,2) — un(s, z), one sees that for any stopping times 0 < 7o < 71 < ¢,
(71 X7 — (0, X7 ) = / F(s, X7)ds + \/i/ﬁ Vi (s, X7)dIV,.
o0 7o

Hence, by the optional stopping time theorem,

E (/ f(s,Xg)ds]%O) = E(un (11, X2)[ Fry) — ttn (10, X1.). (5.3)

70

By (5.2), we immediately obtain the result. O

Remark 5.2. Note that if o = 0, then we automatically have

" rsxnas < ([ e xlas) < il

0

E

Howewver, for f € IL?H;‘ with o < 0 and in the supercritical case, we can not show any absolute
moment estimate since we do not have the mazimum estimate of ||Vul| oo as done in the subcritical
case. Thus we have to carefully treat the distribution-valued f.

We have the following tightness of the law P,, of approximation solution X" in Cr.

Lemma 5.3. Under (H'P), the family of probability measures (Py,)nen is tight.
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Proof. Let 1 be the set of all stopping times bounded by T'. By Aldous’ criterion of tightness, it
suffices to prove that for some increasing function £ : (0,1) — (0, 00) with lims_, £(§) = 0,

sup sup E|X — X'| < £(0), 6€(0,1),
TNEITr LT+ N

where £(6) will be determined below. By the strong Markov property, we only need to show

sup sup supsup E|X2™(xg) — zo| < £(9),
te[0,T] zp€RI TS n

where X""(x) stands for the solution of SDE (5.1) with starting point 2 and drift
Define

hs(z) := \/€(0)2/9 + |z — x0|2.

By It6’s formula, we have
E|X"" (o) — 20| < Bhs(X5™(20)) = £(3)/3 + B ( / (A +ba(s) V)ha(Xﬁ’"(x@)ds) |
0

Note that for some C' independent of § and ¢, zg,
|x — zo]

VEI)?2/9+ [z — xof?

|Vhs(z)| = <1, |VZhs| < 20(5)7L (5.4)

Thus for 7 < 6,
B < / Aha(Xg’"(Io))dS) < 11 Ahsle < 248/6(5).
0

On the other hand, since plb + q% < 24 a, without loss of generality we assume ¢, < co. Otherwise,

we may choose ¢;, < 0o so that p% + ql, < 24 . By Lemma 5.1 and (iv) of Lemma 2.4, we have
b

ONT
E ( |- sz’"(wo»ds) < Gl - Vhslmmgy < Callbhllmmgy VAl
0

where the constant Cy > 0 only depends on ©. By (5.4), we further have

SAT
E ( / (bﬂs)-w&)(X;v"(xo))ds) < Colblysvaazp /68) < (Colllyavaazy v (69))/£00).

Finally if we take

08) = sup \ [3[Cs b [ mgres v (6d0)],
t€[0,T b

then combining the above calculations, we obtain

E|X"(x0) — 20| < £(6)/3 + 2d5/€(8) + £(5)/3 < £(5).

t+6)AT

The proof is complete since lims—,0 Sup;¢o 7 ft( lg(s)|ds = 0 for g € L1([0,T]). O

By the above lemma and Prokhorov’s theorem, (P, )nen is relatively compact in P(Cr). Next,
we want to show that any accumulation point of the sequence (P, ),en is indeed a weak solution
of SDE (1.1). However, to take the limit, we need a different type of Krylov’s estimate, which, in
turn, requires that the initial distribution has an L2-distribution.

For approximation SDE (5.1), it is well-known that for any ¢ € (0,7], X;* admits a smooth
density p,(t,x) that satisfies the Fokker-Planck equation

Otpn = App, — div(bnpn). (5.5)

We need the following simple lemma.
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Lemma 5.4. Suppose po € L? and let x € C°(R?) with x =1 on By and x =0 on B§. We have

b
[l < (85 + 1)e 2| pol|2, (5.6)
and
Aim sup [|pn(1 = x(-/R))lly; = 0. (5.7)
—00 n
Proof. First of all, since b, € L4Cg°, by the maximum principle, we have
pn € LFL™.
Let ¢ € C2°(R%). By multiplying both sides of (5.5) by ¢, we get
Opnp = Alpnsp) — div(bnpne) + g7, (5.8)

where
g5 = bppn - Voo = 2Vp, - Vo — pr Ap.
Multiplying both sides of (5.8) by p,¢ and integrating on R, we have
1
5Ollonllz + [V (on@)lIZ = (bnpan, V(ono)) + (95, pnio)-
Noting that

1 . 1, .. 1, ..
(bnpnn, V(pnp)) = =5 (divbn, (pnp)?) < 5|Idlvbnlloo||pn90||§ < §|Idlvb||oo||pn90||§

and
(92, pnp) = (bn, P2V Q) + (07, [ Veo|?),
we have

t t
IIPn(t)<P||§+2/ IV (pn)ll3ds < ||po<ﬂ||§+/ divblloclpnell3ds
0 0

t
+ [ (Vo) + (62 T ).

By Gronwall’s inequality, we derive

b
2

lonellve < (55 + Demt (lpogllz + 1 Bn 002V My + 1002, 1VelPny ). (5.9)

Let xr(z) := x(x/R). Replacing ¢ in (5.9) by xr and letting R — oo, by the dominated conver-
gence theorem, it is easy to derive

b
lpallve < (w5 + 1)e"2|po]l2-
On the other hand, replacing ¢ in (5.9) by Xr := 1 — x&, we get
— b — — — —
lonxallve < (s + e (lpoxalls + 1bn, Xro2 VxR Ly, + 102, VR 1y -
By Lemma 3.5 and the definition of #7, we have
1O, XA VIR Lt S Ibnlliav ez [1onll v IXRVX R 42

< Ibllzaegses lonll5, /R < llpollz/ R
T qp

and
Kpn, IV X&)y < llpnllf2 /R S llpoll3/R.
Hence,
sup [[pn Xrllve S llpoxall2 + poll3/ R,
which converges to zero as R — oo. The proof is complete. g

We have the following Krylov estimate.
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Lemma 5.5. Suppose pg € L. Under (H"P), for any (a,p,q) € Sy, there is a constant C =
C(0,a,p,q) > 0 such that for all t € (0,T)] and f € C.([0,t] x R?),

. 2
/ f(s, X2)ds
0

Sc 111 s looll2- (5.10)
Proof. Without loss of generality, we assume f € C2°([0,T] x RY). Fix ¢ € [0,T]. Let u solve the
following backward PDE

Ostpy, + Aty + by - Vuy, + f =0, uy(t) =0.
By (5.3) with 79 = s < t and 7y = ¢, we have

E (/t fr, Xf)dr‘ﬁs> — (s, X7,

_9E /O ' fs X < / o Xf)dr) ds}
—2E /Ot £(5, XME (/t £(r, Xﬁ)dr’ﬁs) ds}

=2E _/t f(s,Xg)un(s,X;l)ds]
/o

E

Therefore,
2

E /0 t Fr, X™)dr

=2 [ (7(6)uns).pa () < 2] (Fu ) .11
0

By Lemma 3.5, we get
2

S 1 legrg lonll lunll s -

¢
E'/ f(s, X)ds

0
The desired estimate follows by (5.6) and (5.2). O

Remark 5.6. One can not show the following stronger estimate

t
E| sup / f(s, X2)ds
t€l0,T] |J0

since we are using the estimate (5.6) of the density and f is a distribution.

2
) <c |‘f”]]2_,g,Hng0H2

Now we can show the following existence result of weak solutions.

Theorem 5.7. Suppose that po € L. Under (H®"P), there is a weak solution to SDE (1.1) such
that for all t € (0,T) and f € C.([0,t] x RY),
2

t
| 1. x0d5] S 171 g ool (5.12)
0

where C = C(©,a,p,q) > 0. Moreover, for each t € (0,T], X; admits a density p; € L* with
ol < (K5 + l)e"“g||p0||2 and in the distributional sense

Ocp = Ap — div(bp). (5.13)

E

Proof. By Lemma 5.3 and Prokhorov’s criterion, there is a subsequence ny and a probability
measure P € P(Cr) so that P,, weakly converges to P as k — oo. Without loss of generality,
we assume that P, weakly converges to P as n — oo. By Skorokhod’s representation theorem,
if necessary, changing the probability space, we may assume that there is a continuous process
(Xt)tefo,r) such that

X" - X, as.inCyp.
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Estimate (5.12) follows by taking limits for (5.10). To show that X is a weak solution of SDE
(1.1), it suffices to show that
2

lim E =0.

n—oo

t t
/bn(r,Xf)dr—/ by (r, X, )dr
0 0

Noticing that for fixed m € N, by the dominated convergence theorem,
2

t t
lim E / bm(r,Xf)dr—/ b, (r, Xy )dr| =0,
once we have shown
‘ 2
lim supE/(bm—bm/)(r,Xf)dr =0, (5.14)
m,m’—oco p 0

then it follows that .

lim bn(r, X, )dr =: A% in L2

n—oo 0

Let x € C°(R?) with x =1 on By and x = 0 on BS. For R > 0, define cutoff function

xr(z) = x(z/R).
Since pib + q—2b < 2+ a, one can choose finite g, Py € [2,00) with ¢, < b, Pp» < pp and such that

ﬁ% + q_2b < 24 «. Then for fixed R > 0, by Lemma 5.5, we have
2

lim supE < lim o |[(by — bm')XRHiangb =0.
t iy

m,m’—oco p m,m’—o0

t
[ (@ = b xp)ar
0

Thus for proving (5.14), it remains to show that for xr(z) := 1 — xr(x),

t 2
j€<<an-bm»xR>aax:wdr 0. (5.15)

m sup sup E

li
R— o0 m,m’ n

Let uﬁ’éﬂl = u solve the following backward PDE:
Osu + Au+ by - Vg + (b, — by )Xr =0,  u(t) =0.

By (5.11) and Lemma 3.5, we have
2

E

t
A«m—%wmmmwr<w@mwmhﬁ$mmm

< 10— bl gopazy 1Kol e < 1012 %m0l

which implies (5.15) by (5.7). Finally, for (5.13), as in the proof of existence in Theorem 3.6, it
follows by (5.5) and (5.6). O
5.2. Generalized martingale problems. Let (a,p,q) € #; (see (3.11) for a definition). For
any f € LqTHg‘, by Theorem 3.6, there exists a weak solution to the following backward PDE

ou+Au+b-Vu=Ff, uT)=0 (5.16)
with

lullLsnye < CllfllLgms-

Note that the weak solution may be not unique if we do not assume b € L% + L2L. However, if
we consider the following regularized PDE

Optn, + Aty + by - Vg, = f,  un(T) = 0. (5.17)
Then for each n, there is a unique solution u,, denoted by S;} so that

18 [Lgerve < Cllfllugmg,
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where C'is independent of n. In other words, f — &7 is a bounded linear operator from LqTHg‘ to
L% N#7. By Banach-Steinhaus theorem, there is a subsequence n; and a bounded linear operator
§ : LIHY — L® N ¥ so that for each f € LTHY and ¢ € [0,T], ¢ € L'(R?) (see the proof of
Theorem 3.6),

Jim ($7*(t), 0) = (S¢ (1), ), (5.18)
and for each R > 0,
T
Jim 1855 (5) = S5(s)|72(ryds = 0. (5.19)
— 00 0

In the following we fix such an operator & and construct a unique generalized martingale solution
associated with &. Of course, its definition depends on the choice of subsequence ny, as well as the
mollifiers ¢,,,. We emphasize that when b € L¥® + LZL, &y is nothing, but the unique solution
of (5.16), which is independent of the choice of nj and the mollifiers.

Definition 5.8. Let u € P(RY). We call a probability measure P € P(Cr) a generalized martingale
solution of SDE (1.1) starting from p and associated with the operator S, if Po (wo)™! = pu and
for any f € C=([0,T) x R?),

t
M = 8y (t,wi) — S5(0,wp) — / f(rywp)dr, w. € Cp,

0
is an almost surely martingale under P with respect to the natural filtration ABs in the sense that
there is a Lebesgue null set A C (0,T) such that for all 0 < s <t < T with s,t ¢ N,

E(M]|5,) = M{.

Remark 5.9. Since, for each t € [0,T], S¢(t,-) € L, in order to make sense of Mtf, we have
assumed that the marginal distribution P o w, Y has a density. However, it’s essential to note that

although t — Mtf is defined pointwise, we lack information about the path properties of t — Mtf
For instance, we have no knowledge of its cddldg property since we only have 8¢ € LF.

Now we show the following main result.

Theorem 5.10. Assume (H®P) holds. If the initial distribution p has an L?-density w.r.t. the
Lebesgue measure, then there is a unique generalized martingale solution to SDE (1.1) associated
with the operator § in the sense of Definition 5.8.

Proof. (Existence) Let P be any accumulation point of (P,)nen. We want to show that P is a
martingale solution in the sense of Definition 5.8. Up to taking a subsequence, without loss of
generality we assume that

P, - P asn — oo in P(Cr) weakly.
For f € C([0,T] x RY), let u,, = 87 solve the following backward PDE:
Optn, + Aty + by - Vuy, = f, un(T) =0.

By It6’s formula, we have
un(t, X7') = un (0, X3') + /t f(s, X))ds + \/i/t Vo, (s, X3 dW;. (5.20)
Define i ’
M = upn(t,we) — un(0,wp) — /Ot f(r,wy)dr.

Since P,, = P o (X™)~!, by (5.20) one sees that M} is a martingale under P, with respect to %;.
More precisely, for any s < t and bounded continuous Z,-measurable functional G,

E™ ((M{" = M{")Gy) =0,
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equivalently,
EF~ (((un(t,wt) - un(s,ws))Gs) = EP» <GS/ f(r wr)dr> )

Clearly, we have

nh_)rr;o EP» (GS /t f(r wT)dr> = EP (GS /t f(r wT)dr> . (5.21)

By (5.19), there is a Lebesgue null set .4 C [0,7] depending on f such that for all ¢ ¢ .4 and
R >0,

tim 74(6) — Sy (8) 123y = 0. (522)
k—o0
We want to show that for s,t ¢ A with s < ¢,
lim EP» ((un(t, wy) — un(s,ws))Gs> = EP((S.f(t,wt) — Sf(s,ws))Gs). (5.23)
n—o0

For fixed m € N, since & — u,,(t, ) is bounded continuous, we have

lim EP» ((um(t,wt)Gs) =FEF (um(t,wt)Gs).

n—r oo

On the other hand, noting that for R > 0,
E™ | (wm (t, we) — Sp(t,w0e)) 1 g (we)] :/ |[um(t, @) = Sy (t,2)|pn(t, z)da
Br

< lum(t, ) = Spt )Lz lon ()l L2 (BR)
by (5.22) and (5.9) we have
lim supEP"|(um(t,wt) — 8t we))lp, (wt)‘ =0

m—r oo n

and
lim EP‘(um(t,wt) = Sp(t,w)) g, (wt)‘ =0.

m—r oo

Moreover, we also have

EP"’(um(t,wt) — c?f(t, ’th))]].BIC? (’wt)’ = /

. |t (8, ) = Sy(t, )| pu(t, 2)dar < [Jum (8) ]| o (BR),

R

where p* = P" o w; *. By the tightness of (1} )nen, we have

m supEP”‘(um(t, wy) — Sy(t,we))Lpe, (wt)| < CRli_r)noo sup iy (B%) = 0.

li
R—o0o m,n
Thus we get (5.23). Hence, for all s,t ¢ .4 with s < t and any bounded continuous %s-measurable
Gs,

¢
]E]P((Cgf(t7wt) - Sf(s,ws))Gs) =FEF (GS/ f(r wT)dr> ,
which gives
E(M{|2,) = M{.
In particular, by noticing that u,(T) = S;(T) = 0, (5.23) holds for t = T and s ¢ 4. Now,

we show (5.23) holds for s = 0 and ¢t ¢ .4/ as well. We only need to show that for any bounded
continuous function g : R4 — R,

lim E¥"u,, (0, wo)g(wo) = EXS+(0,wo)g(wo).

n—roo

We note that P,, o (wp) ™! =Po (wp) ™! = pp and by (5.18),
lim (u,(0), pog) = (87(0), pog)-

n—oo

Therefore, we have E(Mtf |-%0) = 0. The existence of a generalized martingale solution is proven.
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(Uniqueness) Let Py,P; be two generalized martingale solutions with initial distribution
po(dz) = po(x)dz in the sense of Definition 5.8. By the definition, for any f € C.([0,T] x R%),
there is a Lebesgue full measure set <7y C [0,7] containing 0 and 7' such that for any s,t € <7}
and bounded H;-measurable Gy,

EF (M) - M{)G,) =0, i=1,2. (5.24)

Since C..([0,T] x R?) is separable, we can choose &7 = &/; independent of f.
Firstly, taking (s,t) = (0,7), G =1 in (5.24), we have

T
(/ Ft,we) dt) = (84(0), po) = E*2 </0 f(t,wﬁdt) .

which implies that P; and Py have the same one dimensional time marginal distribution. In fact,
taking f(t,z) = h(t)g(z) in the above equality, where h € C([0,T]) and g € C.(R%), by Fubini’s
theorem, one finds that for Lebesgue almost all ¢ € (0,7) and any g € C.(R9),
E™ g(w) = E™g(w).
Since t + wy is continuous, we further have for any ¢ € [0, 7] and g € C.(R%),
Efr g(w;) = E2g(w;) = Pyow, ' = Pyow, !

Below we show that P; and Py have the same finite dimensional time marginal distribution by
induction. We assume that for some n € N, P; and P, have the same n-dimensional time marginal
distribution, that is, for any 0 <t <to < --- <t, < T,

Py o (wtla"' 7wtn)71 =Py0 (wtlv"' 7wtn)71

Let tg =0and 0 <ty <ty < --- < t, 1 <T be fixed. Let g € C.(R™) and t,, € (t,_1,T) N <.
By (5.24) with (s,t) = (t,,T) and G = g(wy, - -+ ,w, ), we have

T
E": ( f(sva)ng(wh T 7wtn)> =E" ((S)f(t"“wtn)g(wtl T 7wtn)>7 i1=1,2,
tn

which implies by the induction hypothesis that

T T
1 </t fls,ws)ds g(wy, - - - ,wtn)> = EP2 (/t f(s,ws)ds glwy, - -+ ,wtn)> .

Therefore, for any ¢, € (t,—1,T) N & and Lebesgue almost all ¢,,41 € (¢,,T],
E™ (g1 (we, 0 )g(we, -+ we,)) =B (g1(we,,,)g(we, -+ w,))
By the continuity of ¢ — wy, we get for all ¢,,t,11 € (tn—1,T] with ¢, < t,41,
Py o (weyy ... wtn,wtn+1)_1 =Ps o (wy,, ...,wtn,wtnﬂ)_l.
Namely, P; = Py. The proof is complete. O

Now we can give

Proof of Theorem 1.4. Let ng be any subsequence and nj, be the subsubsequence of nj used in
the definition of §y. By Theorems 5.10 and 5.7, any accumulation point of P, is a generalized
martingale solution, and meanwhile, a weak solution. By the uniqueness of generalized martingale
solutions, for any initial value u, without further selecting a subsequence, P, weakly converges
to the weak solution of SDE (1.1). Finally, the Markov property follows by the uniqueness of
generalized martingale solutions (see [12]). If b = by + by, where by € L¥®B and by € L4L2,
then PDE (5.16) has a unique weak solution. Thus, no necessary to select a subsequence, 8y is

well-defined, and as above, the whole sequence P,, weakly converges to the weak solution of SDE
(1.1). ]
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6. APPLICATIONS TO DIFFUSION IN RANDOM ENVIRONMENT

In this section, we introduce certain Gaussian noise b so that our results can be applied to them.
In particular, we construct the diffusion process in random environment using this noise.

6.1. Vector-valued Gaussian fields. In this section we introduce the notion of vector-valued
Gaussian field. Fix m € N and let p(d€) = {pi;(d§)}i"_; be a matrix-valued signed Radon
measure on R%, We assume that

A) For each Borel measurable set A C R?, (u;;(A))7_, is a symmetric semi-positive definite
J i,j=1
Hermit matrix, that is, for any complex numbers (a;)™,,

Hij (A /J']l Z aza]MU = 0. (61)

3,7=1
Moreover, pu(d€) = pu(—d€) and for some ¢ € R,
s [ e s han(d€) < o (6.2
1,j=1,--- ,;m JR4
where | - |var stands for the total variation measure of a signed measure.
For two R™-valued Schwartz functions f,g € .7 (R%R™) and k = 0,1,2,---, we define

=Y [ 0P OT @)

1,j=1

Since & — p;;(d€) is symmetric, one sees that (f,g),.x = (g, f).x € R is an inner product on
y(]Rd,]Rm)’ and by (61)7 for any f c y(Rd,Rm)7

1/2
e = | O [ 0+ EOF @50 >0
4,j=1
Hence, || - || i a seminorm on linear .%(R% R™). Clearly,
Ml =1 llwo < Mk <N+ skt

It must be noticed that || f||, = 0 does not imply f = 0. Let Ey be the null space of || -|[,, i.e.,
Eo:={f € S®R4R™) | f]l. = 0}.

We define Hj, being the completion of the quotient space .7 (R% R™)/E, with respect to the
seminorm || - ||;5. Thus we obtain a Hilbert space and

Hk+1 C Hk C HO.

Remark 6.1. Assume £ > 0 in (6.2), then the Dirac measure 5§™ belongs to ]H[Q. Indeed, for
fa(z) = nlf(nx), where f € S (RER™) satisfies [pa fi(z)dz =1 for each i =1,--- ,m, we have

TR / (Fh€/n) — Fe/n) (T (€/n) — F(€/n))puis (d€).

i,5=1
Since £ >0 in (6.2) and ﬁ(()) =1, by the dominated convergence theorem, we get
nll)néo 1fn = forll = 0.

In general, the element in Hy may be not a Schwartz distribution.
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For any » € R% k € N and f € Z(R?% R™), define
o f() = f(-—2) € SRER™), VFf() =05 f(-) € SRER™ @ (RT)®F).
Noting that

o f() = TTEf(=E), VRF(E) =i f(©),
we clearly have
17e fllto < I flios (195 fllmg <11 £ 1l

In particular, we can extend 7, : Hy — Hy and vk H, — Hy being bounded linear operators.
We have the following simple lemma.

Lemma 6.2. For any f € Hy, the function x — 1, f € Hy is continuous, and for any f € Hy,
x— 1 f € Hy is k-order Fréchet differentiable and

Vi f=7VEf in Hy. (6.3)
Proof. By the boundedness || 7, f||m, < ||f||&,, Wwe may assume f € . (R%; R™). Thus, by definition,

et — 7y fI2 = Z/ e €T — e V2T (6) F (€ (d),

i,j=1

which implies by the dominated convergence theorem,
. 2
limn [ f = 7, 2 =

For (6.3), it suffices to show it for k = 1. For h,z € R? with h # 0, by definition we have

Tx hf - wa e ih o
i [ O e FOF @t
1,j=1
Noting that
*15 h —1 . 2 —~ -
3 [ s [ ] 1RO T ©ms / €2 Fi(€) Fy (€ (d€) < o,
7,7=1 R4 7,7=1
by the dominant convergence theorem, we have
i || 20 =Tl Gl o,
h—0 h u
The proof is complete. O

Now we introduce the following notion of vector-valued Gaussian random field (see [39]).

Definition 6.3. Let U be the real valued Gaussian random field on Hy, that is, U is a continuous
linear operator from Hy to L*(Q, P), and for each f € Ho, U(f) is a real-valued Gaussian random
variable with mean zero and variance || f||g, . In particular,

E(U(N)U(9)) = ([, 9)m- (6.4)
We shall call U an R™-valued Gaussian noise over R% with matriz-valued spectral measure j.

We call U an R™-valued Gaussian noise. The reason is that for given real valued Schwartz
function h € (R%R) and i = 1,--- ,m, if we define

fi=1(0,---,0,h,0,---,0) € L(RER™), Ui(h) := U(f:), (6.5)
then it is easy to see that
U= (U, - ,Upnp).
Moreover, for any f,g € .7 (R%;R), we have
EU(N)Uj(9) = [ F(€)g(E)nis(de),

Rd
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which gives the covariance between different components. In particular, for f = (f1, -, fm) €
S (R% R™), we shall write

U(f) = <U7 f> = Ul(fl) +e Um(fm)

On the other hand, in the above definition, the Gaussian field U is defined as a bounded linear
operator from Hy to L2(Q2,P). A natural question arises: can we view U as an m-dimensional
random distribution of the spatial variable 2 € R%? We shall provide an affirmative answer and
show its Besov regularity in the variable z below.

To achieve this, we first introduce the convolution of U with ¢ € Hy. For a given ¢ € Hy, we
define

(p*U)(x) = Uy(x) == U(mp) € L*(Q,P).

Theorem 6.4. For any ¢ € Hy, the function x +— U,(x) is continuous in L*(Q,P), and for any
k€N and ¢ € Hy, x — Uy,(x) is k-order Fréchet differentiable, and for each x € R?,

VU, (2) = (U, 7.V*p), P —a.s. (6.6)
Moreover, for any p = 2, there is a constant C = C(d,p) > 0 such that for all ¢ € Hy,

sup || V*Uy (@)l o) < Clloll k- (6.7)

z€ER?

Proof. Note that

E|Uy(2) = Up(y)* = E|U(rop — 1y0)|* = |2 — 701,
The continuity of z — U,(x) now follows by Lemma 6.2. Similarly, by (6.3), we have (6.6).
Moreover, by the the hypercontractivity of Gaussian random variables, we have for any p > 2,

1/2
IV*U (@)l Lo () S U (@) 2(0) = Z/ Ty (¢)VF %(ﬁ)uw(dé)
7,j=1
1/2
(> | @@ | < el
7,j=1
This completes the proof. O

Now for f € . (R%R), we define

Us(f) := /]Rd Uy (z) f(x)de.

Lemma 6.5. For any ¢ € Hy, U, is an R-valued Gaussian noise with spectral measure
= D i) (=Epi; (dE).
i,j=1
Proof. For any f,g € .7 (R%;R), by definition and Fubini’s theorem, we have

B(U,(f / | B, 0) F)g(o)dody

- Z L] [ / T O (€9)| S(@)g oy

>
pOYRG

/Rd URd A AG (df)] f(x)g(y)dzdy

H M3 il M3

@i(§)@5 (=&)naz(d€) = (£, 9,
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The result now follows. O

Below, for a Banach space B, let By (B) := B; ,,(B) be the B-valued Besov space, and for any
pr(x) = (1 +|z[)~", where k € R, let B;(p,; B) be the weighted Besov space, which is defined by
(see [22])

HfHBZ(pN;]B) = ||fpk|
We have the following regularity result.

B; (B)

Theorem 6.6. Under (A), for any p € [1,00), kK > d/p and 8 < £/2, it holds that
/2 .M £/2 . .Rm . .TR™M

U e BEA(LP(QR™) € By ?(pw; LP(QR™)) © LP(Q: By (pe; R™)). (6.8)

Proof. First of all, recalling the definition of (¢;);>—1 in (2.1), one sees that for any v € R,
|6, Sc LA (7 +1ENT), 5> -1, §€R? (6.9)
Indeed, for j = —1, since supp¢_1 C By, it is obvious. For j > 0, noting that
Kj = suppg; C {€: 2771 < ¢ <27},
we have for any v € R,
|65 (6)] < 1k,(€) S 277/ (1 +[€]).

For each ¢ = 1,--- ,m, under (6.2), by definition (6.5) and the hypercontractivity of Gaussian
random variables, we have for any p € [1,00) and j =0,1,--- ,,

1/2
IR0 eror S IR U oy = Il = (/ 65O Pus(a)

_ 1/2 .
st ([ el tag)) S 20 (6.10)
Rd
and for k > d/p,

RV oy = [ (o) IRV @y S 277972 [ (14 Jal) P d
R4 R4

Hence, by [22, Theorem 2.7],
U € B (LP(Q;R™)) C By *(p; LP(R™)).
Finally, for 8 < £/2, by Fubini’s theorem, we have

|sup 2o RiUlL | <D 2o iUl oy < D220 Ullg, poaznsy:
>0 Le(9) ~ = v (PP (s

The proof is completed . O

6.2. Examples: Divergence-free Gaussian field. In this section we present concrete examples
to illustrate our results. The following example is standard.

Example 6.7. Let m = 1. For v € [0,d), let
pu(dg) = [§]77dE.

Obviously, (6.2) holds. In this case, for v > 0, it is well known that for some ¢4~ > 0 (see [37,
pl17, Lemma 2]),

fuw) = caqlz 7"

In particular, for any f, g € .7(R%),

BUUW) = [ F©i-0utae) =car [ [ T gz



36 ZIMO HAO AND XICHENG ZHANG

For v = 0, we have

and

E(U(f)U(9)) = / f(z)g(x)da.

Rd

Namely, X is a space white noise on R%. As in (6.10) and by the change of variables, we have

12 1/2
R0 ere 5 ([ ler@Puae) =22 ([ anor)

Hence, for any p € [1,00), K > d/p and 8 < (v —d)/2,
—d)/2 —d)/2(,, . B
U € BU™/2(L(Q)) € BY=D/2(p, LP(Q) C (B (p)): (6.11)
In particular, bigger v means that Gaussian field U has better regularity.

Example 6.8 (Divergence free vector-valued Gaussian field). For given v € [0,d), define

£&¢
€12

It is easy to see that (6.2) holds for £ < v — d, and for a := (a;)%, C C and ¢ € R?,

2
al (]Idxd ﬂjf) = |a* - Z(aifidjfj)/|§|2 = |a|® - ‘ Z(aifz‘) /IEF =0

9

p(€) 1= 1€ (Taxa — 257 ) €. (6.12)

Thus (A) holds. Let b() be the Re-valued Gaussian random field with matrix-valued spectral
measure 4 (dz). Then by (6.8), for any p € [1,00), k > d/p and < 254

b € LP(2; B (ps; R™)).
In particular, there is a P-null set N C Q so that for all w € N,
b (w,) € By (pws R™),
and
divd™ (w, ) = 0.
In fact, for any f € .7 (R%),

. = &
E|(divo™, f)* = B[, Vf)[* = / V7€) (Laxa - ﬂﬂf)[ FE) el de
_ Fre 2 £®¢ _
= [ 1f©Pe(lxa - 55 el a0, (6.13)

where * stands for the transpose of a row vector. In particular, one can apply Theorem 1.2 to solve
the following SDE with v € (d — 2,d):

dX, = b (w, X;)dt + V2dW;,
where X; can be thought of the diffusion in random environment (see [13]).

Remark 6.9. Consider d = 3. Let U := (Uy,Us, Us) be the 3-dimensional Gaussian field with
spectral measure matriz (1(d€) = || I3x3d€, where v € (1,3). Let b0 be the R3-valued Gaussian
field in the above example. It is easy to see that (see [13])

1 o 33 Dy
b =V x (=A)"2U), o ~0
0
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Remark 6.10. Consider d = 2. Let U be the two-dimensional spatial white noise with spectral
measure p(d¢) = d€ (see Ezample 6.7). Let #4(R?) be the class of Schwartz function f € . (R?)
with 0 ¢ supp(f). Let b9 be the R%-valued Gaussian field in Example 6.8. Then it is easy to see
that for any f,g € S (R?),

E((VH(=A)2U)(f)(VH(=A)"2)U(9)) = EGO (1) (9)),
where V1 1= (0,,,—0x,). In other words,
b =V (=A)"2U on F(R?).

However, .#5(R?) is not a determzmstzc class since for f € S (R?) fR2 dz = 0. So we can
not claim b©) = V+(=A)~2U as distributions.

Example 6.11. Let b. be the Gaussian field with matrix-valued spectral measure (see Remark
1.6)
£¢ )
=—=)d&.
£
By Remark 6.1 and Theorem 6.6, for p € [1,00) and k > d/p, we have

Na(df) = 1\5\<1/s (]Idxd -

be(x) := be(1460) € Na>0LP (2 BE (p; R™)).
Let 0 < € < ¢’ < 1/2. Noting that
_B
(be — ber)(x) = (be — ber)(2(I — A) 72 ),
for 3> 1 and p > 2, we have for all € R?,

(be = ber) ()l Lr () S 1T —A)™

8
2

(- )

N\m

B
2

I(I—A)" (be = ber) ()]l L2 ()

28\ o ) Bt
= 211/s’|<§|<1/s(1+|§| ) ng N|€_E| 2.
R

Therefore, as in Theorem 6.6, for any p € [1,00), k > d/p and 8 > 1, there exists a vector field
be LP(Q,H,?(p,)) with divb = 0 and such that

: p —
lim B, (b~ B)|_ = 0.

On the other hand, fix p € [2,00) and k > d/p. It is easy to see that

sup [|(I— A)"#b:(2) | o) < CV/In(1/e),

R
lpwbeller:1 \"
sup E T Hy =0
€€(0,1/2) In(1/¢)

By a tightness argument and Skorokhod’s representation theorem, there is a subsequence &, — 0,
a probability space (2,.%#,P) and a family of Gaussian process {b,}52 ; thereon such that

-1
= be,, N
PobnlzPO (m) m le(p,{),

and, there is a P-null set N such that for all & ¢ N,

and so,

Slelrl\)l |[br (@0, ')HH;l(pN) < 0. (6.14)
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6.3. Stochastic heat equations. Let v € (—o0,d) and 7 be an R?-valued time-white Gauss-
ian noise with matrix-valued spectral measure p(?)(d¢)dt, where u(*) is given by (6.12). More
precisely, n(") is a Gaussian field over Ry x R? with covariance given by that for any f,g €
L*([0, 00); & (RT; RY)),

d

BOOW0) = Y [ [ F.98,6-0u @)

i,j=1
Now, we consider the following R%-valued stochastic heat equation (abbreviated as SHE) on R¢:
O = Au® 4y, u((J’Y) =0. (6.15)

Let
pe(x) = (4mt) " exp{—|z[*/(41)}.

By Duhamael’s formula, the solution is determined by the following formula:

t
uOta)i= [ [ g =y g ds) = i),
0o Jr
Noting that for any j > 0and i =1,--- ,m,
Ryu (¢ x) =0 (Lo, 7o Rypr-),
as in Theorem 6.6, by (2.1) and the change of variables, we have
10 ) S 10 0 = [ ettomeest P @00
= [ 1ss@pe1s e~ e igacas
t )
<2 / / [G0(&) P> 14 ] dgds
0/rd
2007 [ (@) Ple
Rd
and also,
R )y % [ | 6-1(©PledE < .
Hence, for v < d — 2,
u € L¥(Ry; BE T (1P (9;RY))).
Moreover, as (6.13), we also have
divu) = 0.
In particular, we can use Theorem 1.2 to time-dependent vector field b (t, x) = u(V(t, ) with

€(d—4,d—2).
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