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SDES WITH SUPERCRITICAL DISTRIBUTIONAL DRIFTS

ZIMO HAO AND XICHENG ZHANG

Abstract. Let d > 2. In this paper, we investigate the following stochastic differential equation

(SDE) in Rd driven by Brownian motion

dXt = b(t, Xt)dt +
√
2dWt,

where b belongs to the space L
q
T
Hα

p with α ∈ [−1, 0] and p, q ∈ [2,∞], which is a distribution-

valued and divergence-free vector field. In the subcritical case d
p
+ 2

q
< 1 + α, we establish the

existence and uniqueness of a weak solution to the integral equation:

Xt = X0 + lim
n→∞

∫ t

0
bn(s,Xs)ds+

√
2Wt.

Here, bn := b∗φn represents the mollifying approximation, and the limit is taken in the L2-sense.

In the critical and supercritical case 1+α 6 d
p
+ 2

q
< 2+α, assuming the initial distribution has an

L2-density, we show the existence of weak solutions and associated Markov processes. Moreover,

under the additional assumption that b = b1 + b2 + diva, where b1 ∈ L∞

T B−1
∞,2, b2 ∈ L2

TL2, and

a is a bounded antisymmetric matrix-valued function, we establish the convergence of mollifying

approximation solutions without the need to subtract a subsequence. To illustrate our results, we

provide examples of Gaussian random fields and singular interacting particle systems, including

the two-dimensional vortex models.
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1. Introduction

Throughout this paper we fix d > 2. Let (Wt)t>0 be a standard d-dimensional Brownian motion
on a stochastic basis (Ω,F , (Ft)t>0,P). Consider the following stochastic differential equation
(SDE) in Rd driven by Brownian motion W :

dXt = b(t,Xt)dt+
√
2dWt, t > 0, (1.1)

where the drift b is a time-dependent distribution. Since b is a distribution, the drift term does
not make a meaning in the classical sense as we cannot assign a value to a distribution at the
point Xt. To formulate a solution, one natural approach is to employ mollifying approximation.
Let φn(x) = ndφ(nx) be a family of modifiers, where φ ∈ C∞

c (Rd) is a smooth probability density
function with compact support. Define the smooth approximation of b by convolution as:

bn(t, x) := b(t, ·) ∗ φn(x). (1.2)

We begin by introducing the concept of weak solutions for the above SDE with a distributional
drift. Let P(Rd) be the space of all probability measures on Rd.

Definition 1.1 (Weak solutions). Let F := (Ω,F , (Ft)t>0,P) be a stochastic basis and (X,W )
be a pair of Rd-valued continuous Ft-adapted processes on F. We call (F, X,W ) a weak solution
of SDE (1.1) with initial distribution µ ∈ P(Rd) if W is an Ft-Brownian motion, P ◦X−1

0 = µ,
and for all t ∈ [0, T ],

Xt = X0 +Ab
t +

√
2Wt, a.s.,

where Ab
t := limn→∞

∫ t

0 bn(s,Xs)ds exists in the L2-sense.

It is noted that the definition of a weak solution in Definition 1.1 depends on the choice of
mollifiers φn. The goal of this paper is to find conditions on b as weak as possible so that SDE
(1.1) can be solved in the sense of Definition 1.1 and to construct the associated Markov process.

To present our results, we commence by conducting a basic scale analysis, which enables us to
distinguish between subcritical, critical, and supercritical drifts. Let Hα

p (resp. Ḣα
p ) be the (resp.

homogenous) Bessel potential space, where α ∈ R and p ∈ [1,∞] (see [5] or Subsection 2.1 below
for precise definitions). Suppose that for some α ∈ R and q, p ∈ [1,∞],

b ∈ Lq(R+; Ḣ
α
p ),

and SDE (1.1) admits a solution denoted by X . For λ > 0, define

Xλ
t := λ−1Xλ2t, Wλ

t := λ−1Wλ2t, bλ(t, x) := λb(λ2t, λx).

Formally, one sees that

dXλ
t = bλ(t,X

λ
t )dt+

√
2dWλ

t .

Moreover, by the change of variable we have

‖bλ‖Lq(R+;Ḣα
p ) = λ1+α− d

p−
2
q ‖b‖Lq(R+;Ḣα

p ).

As λ → 0, we categorize SDE (1.1) into the following three cases:

Subcritical: d
p + 2

q < 1 + α; Critical: d
p + 2

q = 1 + α; Supercritical: d
p + 2

q > 1 + α.

To solve the SDE (1.1), a crucial step involves establishing a more precise regularity estimate
for the associated Kolmogorov equation:

∂tu = ∆u+ b · ∇u+ f. (1.3)

Let’s perform a straightforward analysis of the differentiability index α when b ∈ Cα with α < 0.
According to the Schauder theory of the heat equation, u belongs to at most C2+α. To make the
product b · ∇u meaningful, we need to stipulate that 1 + 2α > 0, which implies α > − 1

2 .
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We summarize part of well-known results regarding the SDE (1.1) in the three cases, categorized
based on the value of α. For clarity, we will utilize the following abbreviations in the subsequent
table:

Seu: Strong existence-uniqueness; Weu: Weak existence-uniqueness;
We: Weak existence; Eue: Existence-uniqueness of energy solution.

Value of α Subcritical Critical Supercritical

α = 0 Seu: V79
[41], KR05

[29], Z
05,10
[43, 44]

Weu&Seu: BFGM19
[4]

, K21
[28]

,

RZ21
[33, 34]

, KM23
[24]

We: ZZ21
[49]

α ∈ [− 1
2 , 0) Weu: BC01

[2], FIR
17
[14], ZZ

17
[48] – –

α ∈ [−1,− 1
2 ) Eue: GP23

[20] – Eue: GDJP23
[19]

• When α = 0 and p = q = ∞, Veretenikov [41] firstly obtained the strong well-posedness of
SDE (1.1) for any starting point X0.

• In the subcritical case with α = 0, Krylov and Röckner [29] demonstrated the strong
well-posedness of SDE (1.1) using Girsanov’s technique. Related results obtained through
Zvonkin’s transformation can be found in [43, 44].

• In the critical case with α = 0, the weak and the strong well-posedness are studied in
recent work [4, 24, 33, 34]. See also Krylov’s series of works [26, 27, 28].

• In the supercritical case, when α = 0 and divb = 0, a weak solution is constructed in [49]
using the maximum principle proven by De-Giorgi’s iteration technique method. For the
case of multiplicative and possibly degenerate noise, see [46].

• When α ∈ (− 1
2 , 0) and b is a time-independent vector field belonging to the space Cα,

the existence and uniqueness of a solution termed as “virtual solution” was proved in [14].
When α ∈ [− 1

2 , 0) and b ∈ Hα
p with α ∈ [− 1

2 , 0] and p > d
1+α , the authors in [48] showed

that there is a unique weak solution (F, X,W ) to SDE (1.1) in the class that the following
Krylov estimate holds: for some θ, T > 0 and any m ∈ N, f ∈ Cc(R

d) and 0 6 t0 < t1 6 T ,
∥∥∥∥
∫ t1

t0

f(Xs)ds

∥∥∥∥
Lm(Ω)

6 C(t1 − t0)
1+θ
2 ‖f‖Hα

p
, (1.4)

where the constant C = C(m,T, d, α, p, ‖b‖Hα
p
) > 0. In particular, the above Krylov

estimate implies that Ab
t := limn→∞

∫ t

0
bn(Xs)ds exists and Ab

· is a zero energy process. In
the one-dimensional case, the zero energy solution was explored by Bass and Chen in [2].

• In the subcritical case, with α ∈ (−1, 0] and a time-independent, divergence-free b, a unique
energy solution on the torus is established in [20] for SDE (1.1) with initial data whose
probability distribution has an L2-density with respect to the Lebesgue measure.

• In the critical and supercritical cases, when b = b(x) ∈ H−1
p with some p > 2 and is

divergence-free, the uniqueness of the energy solution is established in [19] for any initial
data whose law has a bounded density with respect to the Lebesgue measure.

• Without assuming that b is divergence-free, when b ∈ Cα for some α ∈ (− 2
3 ,− 1

2 ), repre-
senting a certain Gaussian noise, the authors in [11] and [7] utilized the rough path and
paracontrolled theory to independently establish the existence of a unique martingale so-
lution. Additional references to this scenario can be found in [25] for the Lévy process case
and [22] for the degenerate kinetic case.

1.1. Main results. In this subsection, we present our main results in two cases: the subcritical
case and the supercritical case. Our first result establishes the well-posedness of SDE (1.1) in the
subcritical case when b is divergence-free.
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Theorem 1.2 (Subcritical case). Let αb ∈ (−1,− 1
2 ] and pb, qb ∈ [2,∞] satisfy d

pb
+ 2

qb
< 1 + αb.

Suppose that b ∈ ∩T>0L
qb
T Hαb

pb
is divergence-free. Then for any µ ∈ P(Rd), there is a weak solution

to SDE (1.1) starting from initial distribution µ in the sense of Definition 1.1, which is also unique
in the class that the following Krylov estimate holds: for any (α, p, q) ∈ [αb, 0]× [2,∞]2 with

qb
2 6 q 6 qb, p 6 pb, α− d

p − 2
q > αb − d

pb
− 2

qb
, (1.5)

for any T > 0, there is a θ > 0 such that for any m ∈ N, f ∈ L
q
TH

α
p ∩L

q
TC

∞
b and 0 6 t0 < t1 6 T ,

∥∥∥∥
∫ t1

t0

f(s,Xs)ds

∥∥∥∥
Lm(Ω)

.C (t1 − t0)
1+θ
2 ‖f‖Lq

THα
p
, (1.6)

where the constant C only depends on θ,m, T, d, α, p, q, αb, pb, qb and ‖b‖
L
qb
T H

αb
pb
. Moreover, for

each t > 0 and X0 = x ∈ Rd, the law of Xt admits a density ρt(x, x
′) called the heat kernel of

∆+ b · ∇, which enjoys the following two sides Gaussian estimate: for fixed T > 0, all x, x′ ∈ Rd

and t ∈ (0, T ],

C0t
−d/2e−c0|x−x′|2/t 6 ρt(x, x

′) 6 C1t
−d/2e−c1|x−x′|2/t,

where C0, C1, c0, c1 > 0 only depend on the parameters T, d, αb, pb, qb and ‖b‖
L
qb
T H

αb
pb
.

Remark 1.3. In the subcritical case, our result improves upon [20, Theorem 2.10] since our initial
distribution is not required to have an L2-density; it can be a Dirac measure. Moreover, we are
working in the whole space, not in the torus. Our proof is based on the Schauder estimate of heat
equation in Besov spaces and Zvonkin’s transformation. Moreover, by (1.6), one easily sees that
the solution does not depend on the choice of the mollifiers.

To present our main result in the supercritical case, we introduce the following class of distri-
butions for later use:

B :=

{
b ∈ S

′(Rd;Rd) : ‖b‖B := sup
ϕ∈C∞

c (Rd)

‖b · ∇ϕ‖
H

−1
2
/‖ϕ‖H1

2
< ∞

}
, (1.7)

where S ′(Rd;Rd) stands for the class of Rd-valued Schwartz distributions over Rd.
Examples: (i) Suppose that b = diva, where a : Rd → Rd ⊗ Rd is an antisymmetric matrix-

valued bounded measurable function. Then b ∈ B. In fact, for any h ∈ H1
2 and ϕ ∈ C∞

c (Rd),

〈b · ∇ϕ, h〉 = 〈diva · ∇ϕ, h〉 = −〈a,∇ϕ⊗∇h〉 6 ‖a‖∞‖∇ϕ‖2‖∇h‖2,
where we have used that

∑
i,j aij∂i∂jϕ = 0.

(ii) B−1
∞,2 ⊂ B. We shall prove it after introducing Besov spaces (see Lemma 2.7 below).

In the following we fix a time level T > 0. Let CT := C([0, T ];Rd) be the Banach space of all
continuous functions which is endowed with the natural filtration Bt := σ(ωs, s 6 t). A path in
CT is denoted by ω. The canonical process is denoted by

wt(ω) = ω(t).

Our second main result of this paper is:

Theorem 1.4 (Supercritical case). Let αb ∈ [−1, 0] and pb, qb ∈ [2,∞] satisfy 2
qb

+ d
pb

< 2 + αb.

Suppose that b ∈ L
qb
T Hαb

pb
is divergence-free. For any initial distribution µ ∈ P(Rd) having L2-

density ρ0, there is a weak solution (X,W ) to SDE (1.1) in the sense of Definition 1.1, which has
a density ρt ∈ L∞

T L2 ∩ L2
TH

1
2 that satisfies the Fokker-Planck equation in the distributional sense

∂tρ = ∆ρ− div(bρ).

Moreover, consider the approximation SDE

Xn
t = X0 +

∫ t

0

bn(s,X
n
s )ds+

√
2Wt,

where bn ∈ L
qb
T C∞

b is defined by (1.2). Let Pn be the law of Xn
· in CT .
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(A) For any subsequence nk, there is a subsubsequence n′
k such that for any initial distribution

µ ∈ P(Rd) with L2-density, Pn′
k
weakly converges to a solution of SDE (1.1) starting from µ.

(B) Let Pµ be the law of the solution constructed in (A). The following Markov property holds:

EPµ(f(wt)|Bs) = EPµ(f(wt)|ws), 0 6 s 6 t 6 T, f ∈ Cb(R
d).

(C) If in addition that b = b1 + b2, where b1 ∈ L∞
T B and b2 ∈ L2

TL
2, then without subtracting

subsequence, Pn weakly converges to Pµ in CT as n → ∞.

Remark 1.5. In the supercritical case, we are unable to demonstrate the uniqueness of weak
solutions a prioril. However, the assertion (A) affirms that we can identify a subsequence such
that, for any initial value, the corresponding approximation solution converges weakly to a solution.
This enables us to select a Markov process. In the case where b = b1 + b2, with b1 ∈ L∞

T B and
b2 ∈ L2

TL
2, it is unique in the approximation sense since it is not necessary to choose a subsequence.

Remark 1.6. One of the motivations for exploring the supercritical case arises from the obser-
vation of the super-diffusion phenomenon, as discussed in [8, 9]. In this context, the drift term is
defined as the Leray projection of the 2-dimensional white noise, specifically represented as:

E
(
b(f)b(g)

)
=

∫

R2

f̂(ξ)

(
I2×2 −

ξ ⊗ ξ

|ξ|2
)
ĝ(−ξ)dξ,

where f̂ is the Fourier transform of Schwartz function f : R2 → R2. Given the absence of well-
posedness results for the related stochastic differential equations as presented in [9], modifications
were introduced to the drift term by truncating its Fourier transform, i.e.

E
(
bε(f)bε(g)

)
=

∫

R2

1{|ξ|<1/ε}f̂(ξ)

(
I2×2 −

ξ ⊗ ξ

|ξ|2
)
ĝ(−ξ)dξ,

where ε is taken 1 in [9]. Note that estimate (6.14) and Lemma 5.3 below allows us to establish

the tightness of solutions to the SDE with the modified drift term bεn/
√
ln(1/εn), where εn → 0.

The proof of Theorem 1.4 depends on the solvability of PDE. Specifically, we consider the
following parabolic equation:

∂tu = ∆u+ b · ∇u+ f. (1.8)

When f = 0 and b = diva, where a : Rd → Rd⊗Rd is an antisymmetric matrix-valued measurable
function, the Harnack inequality was established in [32] for a ∈ L∞ and in [35] for a ∈ BMO. In
the case where u0 = 0 and b ∈ Lp with divb = 0, through De-Giorgi’s argument, the maximum
estimate was obtained in [49] for p > d/2 and in [46, Corollary 1.5] for p > (d − 1)/2. In this
work, for drifts that are distribution-valued and under certain conditions on the divergence of b, we
show the weak well-posedness of PDE (1.8) using the energy method. To establish the existence
of a weak solution to SDE (1.1), we rely on two types of Krylov’s estimates. One is used to prove
tightness (see Lemma 5.1), while the other is utilized to take limits (see Lemma 5.5).

To establish conclusions (A) and (C), we will make use of the notion of generalized martingale
solutions. In cases involving distributional drift, it’s important to note that the weak solution is
not generally equivalent to the generalized martingale solutions. However, in our proofs, both of
these solutions are the limits of smooth approximation solutions. It’s worth emphasizing that in
the supercritical case, even without uniqueness, we have the flexibility to select a Markov process.

As an application, we consider the following singular interaction particle system in RNd:

dXN,i
t =

∑

j 6=i

γjK(XN,i
t −XN,j

t )dt+
√
2dWN,i

t , i = 1, · · · , N, (1.9)
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where K ∈ H−1
∞ (Rd;Rd) is divergence free, WN,i

t , i = 1, · · · , N are N -independent standard d-

dimensional Brownian motions, γj ∈ R and initial value XN
0 := (XN,1

0 , · · · , XN,N
0 ) has an L2-

density ρN0 . Define b(x) for x = (x1, · · · , xN ) as

b(x) :=


∑

j 6=1

γjK(x1 − xj), · · · ,
∑

j 6=N

γjK(xN − xj)


 .

It can be verified that b ∈ H−1
∞ (RNd;RNd) is divergence-free. Consequently, by Theorem 1.4 above,

the SDE (1.9) has a solution XN
t with a density ρNt that satisfies the Liouville equation:

∂tρ
N
t = ∆ρNt −

∑

i6=j

γjK(xi − xj)∂xiρ
N
t .

In [23, Proposition 1], the entropy solution of the above Liouville equation is directly constructed.
However, the existence of a solution to the SDE (1.9) appears to be an open question. In the
context of the two-dimensional vortex model, where

K(x) =
(x2,−x1)

|x|2 =
(
− ∂x1 arctan

(x2

x1

)
, ∂x2 arctan

(x1

x2

))
∈ H−1

∞ (R2;R2)

known as the Biot-Savart law, and when γj has the same sign, Takanobu [40] established, through
a purely probabilistic argument, the existence and uniqueness of a solution that avoids collisions
starting from a point x = (x1, · · · , xN ) with xi 6= xj (see also [40] for some extensions). For
general γj ∈ R, Osada [31] showed the same result based on heat kernel estimates for generators
in a generalized divergence form, obtained in [32], and on potential theoretical results. In our
construction, two particles of the solution are allowed to meet, and as a result, the singular point
can be touched.

1.2. Comparison with related works. In this subsection we make a detailed comparison with
the related well-known results.

Subcritical case: α ∈ (− 1
2 , 0]. Our result, Theorem 4.8 below, not only encompasses but also

extends the work presented in [14, 48] for the range α ∈ (− 1
2 , 0]. In particular, when α = 1

2 , our

conditions for the coefficient b are not compared to the conditions stated in [48], where b ∈ H
− 1

2
p

with p > 2d is time-independent. Instead, our result allows b to belong to L
q
TB

− 1
2

p,1 with d
p +

2
q < 1

2 ,

which encompasses cases with time integrability index q ∈ (4,∞].
Energy method comparison for α ∈ (−1,− 1

2 ]. In contrast to the energy method employed
in [20], our approach differs significantly. We will outline these differences within the context of
the following three aspects.

• Dimensional dependence: Our supercritical condition, which requires b ∈ L
q
TH

−1
p with

2
q +

d
p < 1, is dimension-dependent. This is in contrast to the assumption made in [20, 19],

where they require b ∈ H−1
2+, and this assumption is independent of dimension.

• Initial conditions: In Lemma 5.3 below, our method achieves the tightness without any
assumption on the initial data. Furthermore, for the existence of a weak solution and the
uniqueness of the generalized martingale solution, we only require that the law of the initial
data has an L2-density with respect to the Lebesgue measure.

• Methodology: Our methodologies differ fundamentally from each other. In [20], the
focus is on establishing the existence of a unique energy solution on the torus Td. The key
aspect of the energy method is to find a stationary distribution µ and show the following
Itô trick:

Eµ

[
sup

t∈[0,T ]

∣∣∣∣
∫ t

0

f(Xs)ds

∣∣∣∣
m
]
.C Tm/2‖(−Ls)

−1/2f‖p
Lp(Td)

,
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where Ls := 1
2 (L + L ∗) is the symmetric part of the generator L := ∆ + b · ∇, which

is exactly the Laplacian ∆ when divb = 0. On the other hand, in order to consider the
whole space Rd, the authors in [19] introduce an additional term − 1

nXt to construct the
stationary distribution, followed by taking the limit as n → ∞. This approach makes it
challenging to address the time-dependent case. In our work, we make use of a classical
Krylov-type estimate, where the condition 2

q + d
p < 1 is sharp due to scaling. Reducing

the assumption to p > 2 is difficult within our framework. Importantly, our method
does not necessitate the existence of a stationary distribution, which can be challenging in
unbounded spaces. Additionally, our approach allows us to handle time-dependent drifts
efficiently. Furthermore, our method could be used to deal with the multiplicative noise
as well as the degenerate kinetic SDEs, which seems not possible by the energy method
developed from [20].

Rough path method. Recently, numerous studies have been dedicated to investigating sin-
gular SDEs driven by fractional Brownian motions. Due to the absence of Markov and martingale
properties for fractional Brownian motions, traditional stochastic analysis arguments are no longer
applicable. In [6, 18], path-by-path well-posedness is established by using the Young integral in
rough path theory and the stochastic sewing lemma. It’s important to note that this method only
works with subcritical drifts.

1.3. Organization of the paper. In Section 2, we provide a brief overview of classical Besov
and Bessel potential spaces and establish a precise Schauder estimate for classical heat equations.

Section 3 is dedicated to the study of the solvability of the linear PDE (1.8) with a distributional
drift b. In the subcritical case, we utilize Duhamel’s formulation and fixed point theorem, while in
the supercritical case, we apply maximum estimates and the energy method.

In Section 4, we focus on proving Theorem 1.2, primarily through the Zvonkin transforma-
tion. A crucial step in this process is to establish the following uniform Krylov estimate for the
approximation solution Xn: for any m ∈ N, 0 6 t0 < t1 6 T and f ∈ L

q
TH

α
p ,

sup
n

∥∥∥∥
∫ t1

t0

f(s,Xn
s )ds

∥∥∥∥
Lm(Ω)

6 C(t1 − t0)
1+θ0

2 ‖f‖Lq
THα

p
,

where θ0 > 0 and (α, p, q) satisfies (1.5). This estimate ensures that Ab
t is a zero-energy process,

which, in turn, enables us to apply the generalized Itô’s formula and derive the effectiveness of
Zvonkin’s transformation. Subsequently, the uniqueness and heat kernel estimates follow by the
corresponding results of the transformed SDEs.

Section 5 is dedicated to the proof of Theorem 1.4. To establish the existence of a weak solution,
we need to establish two types of Krylov’s estimates (as presented in Lemma 5.1 and Lemma 5.5).
For the well-posedness of the associated generalized martingale problem, which is crucial for (A)-
(C), our approach primarily revolves around solving PDE (1.8)

Finally in Section 6, we apply the results to the diffusion in random environments. In particular,
vector-valued Gaussian random fields are provided to illustrate our results.

Throughout this paper, we use C with or without subscripts to denote constants, whose values
may change from line to line. We also use := to indicate a definition and set

a ∧ b := max(a, b), a ∨ b := min(a, b).

By A .C B or simply A . B, we mean that for some constant C > 1, A 6 CB.

2. Prelimiaries

In this section, we recall the definition and some properties of Besov and Bessel potential spaces.
Additionally, we establish a Schauder estimate for the heat equation in Besov spaces, which appears
to be new. This estimate will be used to solve the Kolmogorov equation in the subcritical case.
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Let S (Rd) be the Schwartz space of all rapidly decreasing functions on Rd, and S ′(Rd) the
dual space of S (Rd) called Schwartz generalized function (or tempered distribution) space. Given

f ∈ S (Rd), the Fourier transform f̂ and inverse Fourier transform f̌ are defined, respectively, by

f̂(ξ) :=
1

(2π)d/2

∫

Rd

e−iξ·xf(x)dx, ξ ∈ Rd,

f̌(x) :=
1

(2π)d/2

∫

Rd

eiξ·xf(ξ)dξ, x ∈ Rd.

For q ∈ [1,∞] and a normed space B, we shall simply denote

L
q
TB := Lq([0, T ];B), L

q
T := L

q
TL

q,

where (Lp, ‖ ·‖p) is the usual Lp-space in Rd. Moreover, we use Cb = Cb(R
d) to denote the Banach

space of all bounded continuous functions on Rd, and C∞
b = C∞

b (Rd) the space of all smooth
functions with bounded derivatives of all orders.

2.1. Besov and Bessel potential spaces. To introduce the Besov space, we first introduce the
dyadic partition of unity. Let φ−1 be a symmetric nonnegative C∞−function on Rd with

φ−1(ξ) = 1 for ξ ∈ B1/2 and φ−1(ξ) = 0 for ξ /∈ B2/3.

For j > 0, we define

φj(ξ) := φ−1(2
−(j+1)ξ)− φ−1(2

−jξ). (2.1)

By definition, one sees that for j > 0, φj(ξ) = φ0(2
−jξ) and

suppφj ⊂ B2j+2/3 \B2j−1 ,

n∑

j=−1

φj(ξ) = φ−1(2
−(n+1)ξ) → 1, n → ∞.

Definition 2.1. For given j > −1, the block operator Rj is defined on S ′(Rd) by

Rjf(x) := (φj f̂ )̌ (x) = φ̌j ∗ f(x),
with the convention Rj ≡ 0 for j 6 −2. In particular, for j > 0,

Rjf(x) = 2jd
∫

Rd

φ̌0(2
jy)f(x− y)dy. (2.2)

For j > −1, by definition it is easy to see that

Rj = RjR̃j, where R̃j := Rj−1 +Rj +Rj+1, (2.3)

and Rj is symmetric in the sense that

〈g,Rjf〉 = 〈f,Rjg〉, f, g ∈ S
′(Rd),

where 〈·, ·〉 stands for the dual pair between S ′(Rd) and S (Rd).
Now we recall the definition of Besov spaces (see [1]).

Definition 2.2. Let p, q ∈ [1,∞] and s ∈ R. The Besov space Bs
p,q is defined by

Bs
p,q :=




f ∈ S

′(Rd) : ‖f‖Bs
p,q

:=


∑

j>−1

2sjq‖Rjf‖qp




1/q

< ∞





.

Remark 2.3. For s ∈ (0, 1), an equivalent characterization of Bs
p,q is given by (see [1, p74,

Theorem 2.36] or [22, Theorem 2.7])

‖f‖Bs
p,q

≍
(∫

|h|61

(‖f(·+ h)− f(·)‖p
|h|s

)q
dh

|h|d

)1/q

+ ‖f‖p.
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In particular, for any s ∈ (0, 1) and p ∈ [1,∞], there is a constant C = C(s, d, p) > 0 such that

‖f(·+ h)− f(·)‖p 6 C‖f‖Bs
p,∞

(|h|s ∧ 1),

and for any s0 ∈ R,

‖f(·+ h)− f(·)‖
B

s0
p,∞

6 C‖f‖
B

s0+s
p,∞

(|h|s ∧ 1). (2.4)

For (α, p) ∈ (R \ Z) × [1,∞], let Hα
p be the Bessel potential space defined by:

Hα
p :=

{
f ∈ S

′(Rd) : ‖f‖Hα
p
:= ‖(I−∆)α/2f‖p < ∞

}
,

where (I−∆)α/2f is defined through Fourier’s transform

(I−∆)α/2f :=
(
(1 + | · |2)α/2f̂

)̌
.

For α = 0, 1, 2, · · · and p ∈ [1,∞], we define

Hα
p :=

{
f ∈ S

′(Rd) : ‖f‖Hα
p
:= ‖f‖p + ‖∇αf‖p < ∞

}
,

and for α = −1,−2, · · · and p ∈ [1,∞],

Hα
p := (H−α

p/(p−1))
′.

Note that we do not use the space Hα
1 for α < 0. Moreover, for integer α ∈ N and p ∈ (1,∞), an

equivalent norm in Hα
p is given by (cf. [37, p135, Theorem 3])

‖f‖Hα
p
≍ ‖(I −∆)α/2f‖p. (2.5)

Below we recall some well-known facts about Besov spaces and Bessel potential spaces, where
(2.6) and (2.11) below are easily derived by definition.

Lemma 2.4. (i) For any p ∈ [1,∞], s′ > s and q ∈ [1,∞], it holds that

B0
p,1 →֒ Lp →֒ B0

p,∞, Bs′

p,∞ →֒ Bs
p,1 →֒ Bs

p,q. (2.6)

(ii) For any α ∈ R and p ∈ (1,∞), we have the following embedding (see [5, Theorem 6.4.4])
{
Bα

p,2 →֒ Hα
p , p ∈ [2,∞),

Hα
p →֒ Bα

p,2, p ∈ (1, 2],
(2.7)

and for α ∈ R and p ∈ (1,∞] (see [5, Theorem 6.2.4]),

Bα
p,1 ⊂ Hα

p ⊂ Bα
p,∞.

(iii) For 1 6 p1 6 p 6 ∞, q ∈ [1,∞] and α = α1 − d
p1

+ d
p , it holds that (see [5, Theorem 6.5.1])

‖f‖Bα
p,q

.C ‖f‖
B

α1
p1,q

, (2.8)

and for 1 < p1 6 p < ∞,

‖f‖Hα
p
.C ‖f‖

H
α1
p1
. (2.9)

(iv) Let α ∈ [−1, 0) and p ∈ (1,∞). For any p1, p2 ∈ (1,∞) satisfying

p1 > p, p2 > p1

p1−1 ,
1
p 6 1

p1
+ 1

p2
< 1

p + α
d ,

there is a constant C > 0 such that for all f ∈ Hα
p1

and g ∈ H−α
p2

(see [48, Lemma 2.1]),

‖fg‖Hα
p
.C ‖f‖Hα

p1
‖g‖

H
−α
p2

, (2.10)

and

‖fg‖
H

−1
∞

6 ‖f‖
H

−1
∞
‖g‖H1

∞
. (2.11)
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Next we recall the well-known Bony decomposition and related paraproduct estimates. Let Sk

be the cut-off low frequency operator defined by

Skf :=

k−1∑

j=−1

Rjf → f, k → ∞. (2.12)

For f, g ∈ S ′(Rd), define

f ≺ g :=
∑

k>−1

Sk−1fRkg, f ◦ g :=
∑

|i−j|61

RifRjg.

The Bony decomposition of fg is formally given by (cf. [1])

fg = f ≺ g + f ◦ g + g ≺ f =: f � g + f ≻ g. (2.13)

We recall the following paraproduct estimates (cf. [1, Theorem 2.82 and Theorem 2.85]).

Lemma 2.5. Let p, p1, p2, q, q1, q2 ∈ [1,∞] with 1
p = 1

p1
+ 1

p2
and 1

q = 1
q1

+ 1
q2

and α, β ∈ R.

(i) If β < 0, then there is a constant C = C(α, β, d, p, q, p1, q1, p2, q2) > 0 such that

‖f ≺ g‖
B

α+β
p,q

.C ‖f‖
B

β
p1,q1

‖g‖Bα
p2,q2

.

Moreover, for β = 0, we have

‖f ≺ g‖Bα
p,q

.C ‖f‖p1‖g‖Bα
p2,q

.

(ii) If α+ β > 0, then there is a constant C = C(α, β, d, p, q, p1, q1, p2, q2) > 0 such that

‖f ◦ g‖
B

α+β
p,q

.C ‖f‖
B

β
p1,q1

‖g‖Bα
p2,q2

.

Moreover, when α+ β = 0 and q = 1, we have

‖f ◦ g‖B0
p,∞

.C ‖f ◦ g‖p .C ‖f‖
B

−α
p1,q1

‖g‖Bα
p1,q2

. (2.14)

Proof. We only prove (2.14). By definition and Hölder’s inequality, we have

‖f ◦ g‖B0
p,∞

. ‖f ◦ g‖p 6
∑

|i−j|61

‖RifRjg‖p 6
∑

|i−j|61

‖Rif‖p1‖Rjg‖p2

.

(∑

i

2−q1αi‖Rif‖q1p1

)1/q1

∑

j

2q2αj‖Rif‖q2p2




1/q2

= ‖f‖
B

−α
p1,q1

‖g‖Bα
p1,q2

.

The proof is complete. �

Now we discuss a decomposition of b·∇u, that arises in the study of PDE (1.3), where b ∈ S ′(Rd)
is a distribution-valued vector field and u ∈ S (Rd). By Bony’s decomposition, we can write

b · ∇u = {div(b � u) + b ≻ ∇u} − divb � u =: b⊙∇u− divb � u. (2.15)

In particular, if divb = 0, then

b · ∇u = b⊙∇u.

We have the following regularity estimate.

Lemma 2.6. For any α ∈ (−1, 0] and p, q ∈ [1,∞], there is a C = C(d, α, p, q) > 0 such that

‖b⊙∇u‖Bα
p,q

.C ‖b‖Bα
p,q

‖u‖
B

1+d/p
p,1

(2.16)

and

‖divb � u‖B0
p/2,∞

.C ‖divb‖
B

−α−2
p,q/(q−1)

‖u‖
B

2+α
p,q

. (2.17)
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Proof. Since α ∈ (−1, 0], by Lemma 2.5 we have

‖div(b � u)‖Bα
p,q

. ‖b � u‖
B

1+α
p,q

. ‖b‖Bα
p,q

‖u‖B1
∞,∞

and

‖b ≻ ∇u‖Bα
p,q

. ‖b‖Bα
p,q

‖∇u‖∞ . ‖b‖Bα
p,q

‖u‖B1
∞,1

.

Hence, by embedding (2.8),

‖b⊙∇u‖Bα
p,q

. ‖b‖Bα
p,q

‖u‖B1
∞,1

.C ‖b‖Bα
p,q

‖u‖
B

1+d/p
p,1

.

For the second estimate (2.17), it follows by Lemma 2.5. �

We also have the following easy result.

Lemma 2.7. If b, divb ∈ B−1
∞,2, then b ∈ B, where B is defined in (1.7).

Proof. By definition (2.15), (2.7) and Lemma 2.5, we have

‖b⊙∇u‖
H

−1
2

6 ‖div(b � u)‖
H

−1
2

+ ‖b ≻ ∇u‖
H

−1
2

. ‖b � u‖2 + ‖b ≻ ∇u‖
B

−1
2,2

. ‖b ≺ u‖B0
2,1

+ ‖b ◦ u‖2 + ‖b‖
B

−1
∞,2

‖∇u‖2 . ‖b‖
B

−1
∞,2

(
‖u‖B1

2,2
+ ‖u‖H1

2

)
,

and

‖divb � u‖
H

−1
2

. ‖divb ≺ u‖
B

−1
2,2

+ ‖divb ◦ u‖
B

−1
2,2

. ‖divb‖
B

−1
∞,2

‖u‖B1
2,2
.

Combining the above two estimates and by the definition of B and (2.7), we get b ∈ B. �

2.2. Schauder’s estimate for heat equation in Besov spaces. In this subsection we study
the regularity estimates for heat equation in Besov spaces. Let (Pt)t>0 be the Gaussian heat
semigroup given by

Ptf = pt ∗ f where pt(x) = (4πt)−
d
2 e−

|x|2

4t .

For λ > 0 and a time-dependent distribution ft(·) : R+ → S ′(Rd), we define

uλ
t (x) := I

λ
t (f)(x) :=

∫ t

0

e−λ(t−s)Pt−sfs(x)ds, t > 0. (2.18)

In particular, in the distributional sense,

∂tu
λ = (∆− λ)uλ + f. (2.19)

We now show the following Schauder estimate, which shall play a basic role in the subcritical case.

Lemma 2.8. Let α ∈ R, 1 6 q 6 q′ 6 ∞ and 1 6 p 6 p′ 6 ∞. Define

α′ := 2
q − 2

q′ +
d
p − d

p′ .

For any T > 0, there is a constant C = C(T, α, d, p, q, p′, q′) > 0 such that for all λ > 0,

‖I λ(f)‖
L
q′

T B
2+α−α′

p′,q

.C ‖f‖Lq
TBα

p,q
, (2.20)

and for θ ∈ (0, 2 + 2
q′ − 2

q ),

‖I λ(f)‖
L
q′

T B
2+α−α′−θ

p′,1

.C,θ (1 + λ)−
θ
2 ‖f‖Lq

TBα
p,∞

. (2.21)

Proof. Let r ∈ [1,∞] be defined by 1 + 1
p′ = 1

r + 1
p and T > 0. For any j > −1, by Young’s

inequality and Bernstein’s inequality (see [1, Lemma 2.1, p52]), one sees that

‖RjI
λ
t (f)‖p′ 6

∫ t

0

e−λ(t−s)‖Rj(pt−s ∗ fs)‖p′ds

(2.3)
=

∫ t

0

e−λ(t−s)‖Rjpt−s ∗ R̃jfs‖p′ds



12 ZIMO HAO AND XICHENG ZHANG

6

∫ t

0

e−λ(t−s)‖Rjpt−s‖r‖R̃jfs‖pds

. 2(d−
d
r )j

∫ t

0

e−λ(t−s)‖Rjpt−s‖1‖R̃jfs‖pds.

Let r′ ∈ [1,∞] be defined by 1 + 1
q′ =

1
r′ +

1
q . By Young’s inequality for time variable, we have

(∫ T

0

‖RjI
λ
t (f)‖q

′

p′dt

) 1
q′

. 2(d−
d
r )j

(∫ T

0

e−r′λs‖Rjps‖r
′

1 ds

) 1
r′
(∫ T

0

‖R̃jfs‖qpds
) 1

q

.

It is well-known that for any θ > 0, there is a constant C = C(θ, d) > 0 such that (see [21])

‖Rjps‖1 .C 1 ∧ (22js)−θ, j > −1, s ∈ (0, T ].

If r′ < ∞, then by the change of variable, we have
(∫ T

0

e−r′λs‖Rjps‖r
′

1 ds

) 1
r′

.

(∫ ∞

0

e−r′λs[1 ∧ (22js)−2]ds

) 1
r′

=

(
2−2j

∫ ∞

0

e−r′2−2jλs[1 ∧ s−2]ds

) 1
r′

6
(
2−2j(1 ∧ (r′2−2jλ)−1)

) 1
r′ .

If r′ = ∞, then we directly have

sup
j>−1

sup
s>0

e−λs‖Rjps‖1 . 1.

Thus combining the above calculations, we obtain that for any j > −1 and λ > 0,

‖RjI
λ
· (f)‖

L
q′

T Lp′ =

(∫ T

0

‖RjI
λ
t (f)‖q

′

p′dt

) 1
q′

. 2(d−
d
r−

2
r′

)j(1 ∧ (2−2jλ)−
1
r′ )

(∫ T

0

‖R̃jfs‖qpds
) 1

q

= 2(α
′−2)j(1 ∧ (2−2jλ)−

1
r′ )

(∫ T

0

‖R̃jfs‖qpds
) 1

q

,

where α′ = d− d
r − 2

r′ =
2
q − 2

q′ +
d
p − d

p′ .

Now, for any γ ∈ [1, q] and θ > 0, by the definition of Besov norm and Minkowskii’s inequality,

‖I λ(f)‖
L
q′

T B
2+α−α′−θ

p′,γ

=

∥∥∥∥∥∥∥


∑

j>−1

2γ(2+α−α′−θ)j‖RjI
λ
· (f)‖γp′




1
γ

∥∥∥∥∥∥∥
L
q′

T

6


∑

j>−1

2γ(2+α−α′−θ)j‖RjI
λ
· (f)‖γ

L
q′

T Lp′




1
γ

.


∑

j>−1

2γ(α−θ)j(1 ∧ (2−2jλ)−
γ

r′ )

(∫ T

0

‖R̃jfs‖qpds
) γ

q




1
γ

=


∑

j>−1

2−γθj(1 ∧ (2−2jλ)−
γ

r′ )

(∫ T

0

2qαj‖R̃jfs‖qpds
) γ

q




1
γ

.
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In particular, for θ = 0, if we take γ = q, then we get (2.20). For θ > 0, if we take γ = 1, then

‖I λ(f)‖
L
q′

T B
2+α−α′−θ

p′,1

.
∑

j>−1

2−θj(1 ∧ (2−2jλ)−
1
r′ )‖f‖Lq

TBα
p,∞

.

Note that for θ ∈ (0, 2
r′ ) = (0, 2 + 2

q′ − 2
q ),

∑

j>−1

2−θj(1 ∧ (2−2jλ)−
1
r′ ) .C 1 ∧ λ− θ

2 .C (1 + λ)−
θ
2 .

The proof is complete. �

Remark 2.9. It is noted that (2.21) does not hold for θ = 0. Indeed, by (2.7) and Fourier’s
transform,

‖I λ(f)‖L2
TB

2
2,2

≍ ‖I λ(f)‖L2
TH

2
2
≍ ‖f‖L2

TH
0
2
≍ ‖f‖L2

TB
0
2,2

,

where ≍ means that both sides are comparable up to a constant. Let 1 6 q 6 q′ 6 ∞ and
1 6 p 6 p′ 6 ∞ and θ ∈ (0, 2− 2

q ). By (2.20), (2.21) and Bα
p,q →֒ Bα

p,∞, we immediately have

‖I λ(f)‖
L
q′

T B

2+α−( 2
q
− 2

q′
+ d

p
− d

p′
)

p′,q

+ (1 + λ)
θ
2 ‖I λ(f)‖

L∞
T B

2+α−( 2
q
+ d

p
− d

p′
)−θ

p′,1

.C ‖f‖Lq
TBα

p,q
. (2.22)

3. A study of PDEs with distribution drifts

In this section, with λ > 0, our objective is to investigate the solvability of the nonhomogeneous
partial differential equation:

∂tu = ∆u − λu+ b · ∇u+ f, u0 ≡ 0, (3.1)

where b and f are distributions. We will establish the well-posedness of PDE (3.1) in two cases:
the subcritical case and the supercritical case, utilizing different methods. In the subcritical case,
we employ the Duhamel formula, while in the supercritical case, we utilize the maximal principle
and the energy method. Throughout this section we fix a terminal time T > 0.

3.1. Subcritical case: d
p + 2

q < 1 + α. In this section, we show the existence and uniqueness of

weak solutions to PDE (3.1) by using Lemma 2.6 under the following subcritical conditions:

(Hsub) Let (αb, pb, qb) ∈ (−1,− 1
2 ]× [2,∞]2 with d

pb
+ 2

qb
< 1 + αb. Suppose that

κb
1 := ‖b‖

L
qb
T B

αb
pb,qb

< ∞ and κb
2 := ‖divb‖

L
qb
T B

−2−αb
pb,qb/(qb−1)

< ∞.

Remark 3.1. Since d
pb

+ 2
qb

< 1 + αb and αb ∈ (−1,− 1
2 ], it is easy to see that for any q > qb

2 ,

2 + αb +
d
pb

− 2
qb

< 2− 4
qb

6 2− 2
q . (3.2)

Remark 3.2. Suppose that b ∈ L
qb
T B

−1/2
pb,1

with d
pb

+ 2
qb

< 1
2 . Then (Hsub) holds for αb = − 1

2 .

Indeed, by (2.6) we have

κb
1 = ‖b‖

L
qb
T B

−1/2
pb,qb

. ‖b‖
L
qb
T B

−1/2
pb,1

, κb
2 = ‖divb‖

L
qb
T B

−3/2

pb,qb/(qb−1)

. ‖b‖
L
qb
T B

−1/2
pb,1

.

If b is time-independent, then it was covered by the condition b ∈ H−1
pb

with pb > 2d in [48].

For convenience of notations, we introduce the following parameter set for later use:

Θ := (T, d, αb, pb, qb, κ
b
1, κ

b
2). (3.3)

Now we show the following result.
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Theorem 3.3. Assume that (Hsub) holds. Let (α, p, q) ∈ [−1, 0]× [1,∞]2 satisfy
qb
2 6 q 6 qb, p 6 pb, α− d

p − 2
q > αb − d

pb
− 2

qb
.

For any f ∈ L
q
TB

α
p,q, there is a λ0 = λ0(Θ) > 0 such that for any λ > λ0, there is a unique uλ

with the regularity that for any θ ∈ (0, 2 + αb +
d
pb

− 2
qb
],

‖uλ‖
L
qb
T B

2+αb
pb,qb

+ (1 + λ)
θ
2 ‖uλ‖

L∞
T B

2+αb−2/qb−θ

pb,1

6 C‖f‖Lq
TBα

p,q
, (3.4)

where C = C(Θ, α, p, q) > 0, which solves the following integral equation:

uλ
t = I

λ
t (b ⊙∇uλ − divb � uλ + f),

where I λ is defined by (2.18).

Proof. We only show the a priori estimate (3.4). The existence follows by standard Picard’s
iteration. For simplicity of notations, we drop the superscript λ over uλ.

By Schauder’s estimate (2.22) and (2.16), we have for θ ∈ (0, 2− 2
qb
),

‖I λ(b⊙∇u)‖
L
qb
T B

2+αb
pb,qb

+ (1 + λ)
θ
2 ‖I λ(b⊙∇u)‖

L∞
T B

2+αb−2/qb−θ

pb,1

.C ‖b⊙∇u‖
L
qb
T B

αb
pb,qb

.C κb
1‖u‖L∞

T B
1+d/pb
pb,1

,
(3.5)

where C = C(Θ, θ) > 0. On the other hand, by (2.21), we have for any θ′ ∈ (0, 2− 2
qb
),

‖I λ(divb � u)‖
L
qb
T B

2−d/pb−2/qb−θ′

pb,1

.C (1 + λ)−
θ′

2 ‖divb � u‖
L
qb/2

T B
0
pb/2,∞

, (3.6)

and for any θ′′ ∈ (0, 2− 4
qb
),

‖I λ(divb � u)‖
L∞
T B

2−d/pb−2/qb−θ′′

pb,1

.C (1 + λ)−
θ′′

2 ‖divb � u‖
L
qb/2

T B
0
pb/2,∞

. (3.7)

Since αb ∈ (−1,− 1
2 ] and

d
pb

+ 2
qb

< 1 + αb, we have

0 < ϑ0 := −αb − d
pb

− 2
qb

< 2− 2
qb
.

So, for fixed θ ∈ (0, 2 + αb +
d
pb

− 2
qb
] and ϑ ∈ (0, ϑ0), it holds that

ϑ+ θ < 2− 4
qb
.

If we take θ′ = ϑ in (3.6) and θ′′ = ϑ+ θ in (3.7), then by (2.17),

‖I λ(divb � u)‖
L
qb
T B

2+αb
pb,1

+ (1 + λ)
θ
2 ‖I λ(divb � u)‖

L∞
T B

2+αb−2/qb−θ

pb,1

.C (1 + λ)−
ϑ
2 ‖divb � u‖

L
qb/2

T B
0
pb/2,∞

.C (1 + λ)−
ϑ
2 κb

2‖u‖Lqb
T B

2+αb
pb,qb

,
(3.8)

where C = C(Θ, θ, ϑ) > 0. Moreover, by α− d
p − 2

q > αb − d
pb

− 2
qb

and (2.22), for θ ∈ (0, 2− 2
q ),

‖I λ(f)‖
L
qb
T B

2+αb
pb,qb

+ (1 + λ)
θ
2 ‖I λ(f)‖

L∞
T B

2+αb−2/qb−θ

pb,1

.C ‖f‖Lq
TBα

p,q
. (3.9)

Combining (3.5), (3.8), (3.9) and by (3.2), we obtain that for any θ ∈ (0, 2 + αb +
d
pb

− 2
qb
] and

ϑ ∈ (0, ϑ0),

‖u‖
L
qb
T B

2+αb
pb,qb

+ (1 + λ)
θ
2 ‖u‖

L∞
T B

2+αb−2/qb−θ

pb,1

6 C1κ
b
1‖u‖L∞

T B
1+d/pb
pb,1

+ C2(1 + λ)−
ϑ
2 κb

2‖u‖Lqb
T B

2+αb
pb,qb

+ C3‖f‖Lq
TBα

p,q
,

(3.10)

where C1 = C1(Θ, θ) > 0, C2 = C2(Θ, θ, ϑ) > 0 and C3 = C3(Θ, θ, α, p, q) > 0.
Since 2

qb
+ d

pb
< 1 + αb, one can choose θ0 = θ0(d, αb, pb, qb) being close to zero so that

‖u‖
L∞
T B

1+d/pb
pb,1

.C ‖u‖
L∞
T B

2+αb−2/qb−θ0
pb,1

.
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Thus by (3.10) with θ = ϑ = θ0, one can take λ0 = λ0(Θ) > 0 large enough so that for any λ > λ0,

‖u‖
L
qb
T B

2+αb
pb,qb

+ (1 + λ)
θ0
2 ‖u‖

L∞
T B

2+αb−2/qb−θ0
pb,1

.C ‖f‖Lq
TBα

p,q
.

The estimate (3.4) is then obtained by substituting this into (3.10). �

Remark 3.4. By (2.19), it is easy to see that the unique solution in the above theorem also satisfies
that for any ϕ ∈ C∞

c (Rd),

∂t〈uλ, ϕ〉 = 〈uλ,∆ϕ〉 − λ〈uλ, ϕ〉+ 〈b⊙∇uλ − divb � uλ, ϕ〉+ 〈f, ϕ〉.
In other words, uλ is a weak solution of PDE (3.1).

3.2. Supercritical case: d
p + 2

q < 2 + α. We introduce the following supercritical index set

Id :=
{
(α, p, q) ∈ [−1, 0]× [2,∞]2, d

p + 2
q < 2 + α

}
, (3.11)

and also the following energy space:

VT :=

{
u : ‖u‖VT := sup

t∈[0,T ]

‖u(t)‖2 + ‖∇u‖L2
T
< ∞

}
.

We have the following simple lemma.

Lemma 3.5. For any (α, p, q) ∈ Id and T > 0, there is a constant C = C(α, p, q, d, T ) > 0 such
that for any f ∈ L

q
TH

α
p and u, g ∈ VT ,

‖〈fu, g〉‖L1
T
.C ‖f‖Lq

THα
p
‖u‖VT ‖g‖VT .

Proof. Let (α, p, q) ∈ Id. Consider the case p ∈ [2,∞). Let r ∈ (1, 2] be defined by 1
p + 1

r = 1.

Let us choose r0 ∈ (1, r] so that −α− d
r 6 1− d

r0
. By Sobolev’s embedding (2.9), we have

|〈fu, g〉| . ‖f‖Hα
p
‖ug‖

H
−α
r

. ‖f‖Hα
p
‖ug‖H1

r0
.

Let 1
r0

= 1
r1

+ 1
2 . By (2.5) and Hölder’s inequality, we have

‖ug‖H1
r0

. ‖u‖r1‖g‖2 + ‖u‖r1‖∇g‖2 + ‖g‖r1‖∇u‖2.

Hence, for 1
q + 1

q1
+ 1

2 = 1,

‖〈fu, g〉‖L1
T
. ‖f‖Lq

THα
p

(
‖u‖

L
q1
T Lr1 ‖g‖L2

TH
1
2
+ ‖u‖L2

TH
1
2
‖g‖

L
q1
T Lr1

)
.

Since p, q ∈ [2,∞) satisfies d
p +

2
q < 2+α, one has r1, q1 ∈ [2,∞) and d

r1
+ 2

q1
> d

2 . By [49, Lemma

2.1], we conclude the desired estimate.
Next for p = ∞, by definition we have

|〈fu, g〉| 6 ‖f‖Hα
∞
‖ug‖

H
−α
1

. ‖f‖Hα
∞
‖ug‖H1

1
,

and by Hölder’s inequality,

‖ug‖H1
1
. ‖u‖2‖g‖2 + ‖u‖2‖∇g‖2 + ‖g‖2‖∇u‖2.

Hence,

‖〈fu, g〉‖L1
T
. ‖f‖L2

THα
∞

(
‖u‖L∞

T L2‖g‖L2
TH

1
2
+ ‖u‖L2

TH
1
2
‖g‖L∞

T L2

)
.

The proof is complete. �

Next we make the following assumption on b.

(Hsup) Let (αb, pb, qb) ∈ Id. Suppose that

κb
1 := ‖b‖

L
qb
T H

αb
pb

< ∞ and κb
2 := ‖divb‖L2

TL∞ < ∞.

Recall the parameter set (3.3). Now we can show the following existence and uniqueness result.
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Theorem 3.6. Under (Hsup), for any (α, p, q) ∈ Id and f ∈ L
q
TH

α
p , there is a weak solution u

to PDE (3.1) in the sense that for any smooth function ϕ ∈ C∞
c (Rd),

∂t〈u, ϕ〉 = 〈u,∆ϕ− b · ∇ϕ+ divb ϕ〉+ 〈f, ϕ〉, (3.12)

and for some C = C(Θ, α, p, q) > 0,

‖u‖L∞
T
+ ‖u‖VT .C ‖f‖Lq

THα
p
. (3.13)

If in addition that b ∈ L∞
T B + L2

TL
2, then the uniqueness holds in the class (3.13).

Proof. (Existence) Let bn := b ∗ φn and fn := f ∗ φn be the mollifying approximation. Clearly,

κbn
1 6 κb

1, κbn
2 6 κb

2.

Since bn, fn ∈ L∞
T C∞

b , it is well-known that there is a classical solution un ∈ L∞
T C∞

b to the
following PDE

∂tun = ∆un + bn · ∇un + fn = ∆un + div(bnun)− (divbn)un + fn, un(0) = 0.

By [49, Theorem 2.2], there is a constant C = C(Θ, α, p, q) > 0 such that for all n ∈ N,

‖un‖L∞
T
+ ‖un‖VT .C ‖fn‖Lq

THα
p
.C ‖f‖Lq

THα
p
. (3.14)

By (2.9) and (2.10), it is easy to see that

‖∂tun‖L2
TH

−3
2

6 ‖∆un + div(bnun)− (divbn)un + fn‖L2
TH

−3
2

. ‖un‖L2
TH

−1
2

+ ‖bnun‖L2
TH

−2
2

+ ‖(divbn)un‖L2
TH

−3
2

+ ‖fn‖L2
TH

−3
2

6 C,

where C is independent of n. This implies that

‖un(t)− un(s)‖H−3
2

6 ‖∂tun‖L2
TH

−3
2
|
√
|t− s| 6 C

√
|t− s|.

By Aubin-Lions’ lemma, there is a function u ∈ L∞
T ∩VT and subsequence {nk} such that for each

t and ϕ ∈ C∞
c (Rd),

lim
k→∞

〈unk
(t), ϕ〉 = 〈u(t), ϕ〉, unk

k→∞→ u weakly in L2
TH

1
2, (3.15)

and for each R > 0,

lim
k→∞

∫ T

0

‖unk
(s)− u(s)‖2L2(BR)ds = 0.

Thus, for each t ∈ [0, T ],

‖u(t)‖∞ = sup
ϕ∈C∞

c ,‖ϕ‖161

〈u(t), ϕ〉 = sup
ϕ∈C∞

c ,‖ϕ‖161

lim
k→∞

〈unk
(t), ϕ〉 6 sup

n
‖un(t)‖∞ 6 C‖f‖Lq

THα
p
.

Furthermore, for any ϕ ∈ L1(Rd), we also have

lim
k→∞

〈unk
(t), ϕ〉 = 〈u(t), ϕ〉. (3.16)

By taking weak limits, it is easy to see that u is a weak solution of PDE (3.1). Indeed, since
d
pb

+ 2
qb

< 2 + α, without loss of generality we may assume qb, pb < ∞. Otherwise, we may choose

q′b, p
′
b < ∞ so that d

p′
b
+ 2

q′b
< 2 + α. Noting that for any ϕ ∈ C∞

c (Rd),

〈bnk
unk

,∇ϕ〉 − 〈bu,∇ϕ〉 = 〈(bnk
− b)unk

,∇ϕ〉+ 〈unk
− u, b · ∇ϕ〉,

by Lemma 3.5 and pb, qb ∈ [2,∞), we have

‖〈(bnk
− b)unk

,∇ϕ〉‖L1
T
.C ‖(bnk

− b)χ‖
L
qb
T H

αb
pb
‖unk

‖VT ‖∇ϕ‖VT

k→∞→ 0,

where χ ∈ C∞
c and χ = 1 on the support of ϕ, and due to b · ∇ϕ ∈ L2

TH
−1
2 , by (3.15),

‖〈unk
− u, b · ∇ϕ〉‖L1

T

k→∞→ 0.
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Similarly, we have

‖〈divbnk
unk

− divbu, ϕ〉‖L1
T

k→∞→ 0.

(Uniqueness) Let u be any weak solution of PDE (3.1) with f = 0 and satisfy

‖u‖L∞
T
+ ‖u‖VT < ∞.

Define un := (u ∗ φn)χn, where χn = n−dχ(x/n) and χ ∈ C∞
c (Rd) is a cuttoff function with

χ(x) = 1 on B1. By the chain rule and the definition we have

∂t〈u, un〉/2 = 〈∂tu, un〉 = 〈u,∆un〉 − 〈u, b · ∇un〉+ 〈divbu, un〉.
In particular,

〈u(t), un(t)〉
2

= −
∫ t

0

〈∇u,∇un〉ds−
∫ t

0

[
〈u, b · ∇un〉 − 〈divbu, un〉

]
ds.

Suppose that b = b1 + b2, where b1 ∈ L∞
T B and b2 ∈ L2

TL
2. Noting that

|〈u, b1 · ∇un〉| 6 ‖u‖H1
2
‖b1 · ∇un‖H−1

2
6 ‖u‖H1

2
‖b1‖B‖un‖H1

2
6 C‖b1‖B‖u‖2H1

2
, (3.17)

and

|〈u, b2 · ∇un〉| 6 ‖u‖∞‖b2‖2‖∇un‖2 6 ‖u‖∞‖b2‖2‖∇u‖2,
by the dominated convergence theorem, we get

‖u(t)‖22
2

6 −
∫ t

0

‖∇u‖22ds+
∫ t

0

lim
n→∞

∣∣∣〈u, b · ∇un〉 − 〈divbu, un〉
∣∣∣ds.

By the definition of B, it is easy to see that

lim
n→∞

b1 · ∇un exists in H−1
2 , lim

n→∞
b2 · ∇un = b2 · ∇u in L1.

Hence, by divb ∈ L∞ and commutating the order of limits (guaranteeing by the above two limits),

lim
n→∞

〈u, b · ∇un〉 = lim
n→∞

lim
m→∞

〈um, b · ∇un〉 = lim
n→∞

lim
m→∞

〈divb um, un〉 − lim
n→∞

lim
m→∞

〈b · ∇um, un〉
= 〈divb u, u〉 − lim

m→∞
〈b · ∇um, u〉,

which implies that

lim
n→∞

〈u, b · ∇un〉 = 〈divb u, u〉/2.

Thus,

‖u(t)‖22
2

6 −
∫ t

0

‖∇u‖22ds+
1

2

∫ t

0

|〈divb u, u〉|ds 6 1

2

∫ t

0

‖divb‖∞‖u‖22ds.

Now by Gronwall’s inequality, we obtain u(t) = 0. The uniqueness is proven. �

4. Subcritical case: Proof of Theorem 1.2

In this section, we establish the weak well-posedness of SDE (1.1) under the subcritical assump-
tion (Hsub). To achieve this, we employ the classical Zvonkin transformation, ensuring both the
existence and uniqueness of a weak solution.

Throughout this section we fix T > 0. To introduce a general notion of Krylov’s estimate,
we start by fixing a Banach space B that consists of distributions ft : [0, T ] → S ′(Rd) so that
L1
TCb ∩ B is dense in B. Moreover, we make the following assumption:

• For any bounded measurable function g : [0, T ]×Rd → R with that the function x → g(t, x)
is uniformly Lipschitz with respect to t ∈ [0, T ], the product gf is well-defined for all f ∈ B,
and there is a constant Cg > 0 such that for all f ∈ B,

‖gf‖B 6 Cg‖f‖B. (4.1)
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It’s worth noting that the space B := L
q
TB

α
p,q with α ∈ [−1, 0] and p, q ∈ [1,∞) satisfies the

above assumption. Indeed, (4.1) follows by Lemma 2.5. Moreover, let φn(x) = ndφ(nx), where
φ ∈ C∞

c (Rd) is a smooth probability density function. For f ∈ L
q
TB

α
p,q, if we define

fn(t, x) = f(t, ·) ∗ φn(x),

then by definition, fn ∈ L
q
TC

∞
b , and by the dominated convergence theorem,

lim
n→∞

‖fn − f‖q
L
q
TBα

p,q
6

∫ T

0

∑

j>−1

2αjq lim
n→∞

‖φn ∗Rjf(t)−Rjf(t)‖qpdt = 0.

It must be noticed that for q = ∞ or p = ∞, the above property does not hold since Cb(R
d) is not

dense in L∞. However, for f ∈ L∞
T Bα

∞,∞, by (2.4), it holds that for any α′ < α,

‖fn − f‖
L∞
T Bα′

∞,∞
6 C‖f‖

L∞
T Bα′

∞,∞
nα−α′

.

This is also the only reason that we require p, q < ∞ below.
Now we introduce the following notion used below.

Definition 4.1 (Krylov’s estimate). Let (Xt)t∈[0,T ] be a Rd-valued stochastic process on a probabil-
ity space (Ω,F ,P). For θ ∈ (0, 1), one says that (X,B) satisfies Krylov’s estimate with parameter
θ if for any f ∈ L1

TCb ∩ B, m ∈ N, and any stopping times τ0 6 τ1 6 T with τ1 − τ0 6 δ,
∥∥∥∥
∫ τ1

τ0

f(s,Xs)ds

∥∥∥∥
Lm(Ω)

6 Cδ
1+θ
2 ‖f‖B,

where the constant C = C(m,B, d, T ) > 0.

Remark 4.2. Here we require θ > 0, that is crucial for Young’s integral in (4.5) below.

The following proposition is a direct conclusion of Krylov’s estimate.

Proposition 4.3. Suppose that (X,B) satisfies Krylov’s estimate with parameter θ ∈ (0, 1). For
any f ∈ B, let fn ∈ L1

TCb ∩ B be such that

lim
n→∞

‖fn − f‖B = 0.

Then the limit limn→∞

∫ ·

0 fn(s,Xs)ds exists in Lp(Ω, C([0, T ])) for any p > 1 and the limit is

denoted by Af
t := limn→∞

∫ t

0 fn(s,Xs)ds, which does not depend on the choice of approximation
sequence (fn)n∈N. Furthermore, for any m ∈ N,

sup
t∈[0,T ]

‖Af
t ‖Lm(Ω) + sup

s6=t∈[0,T ]

‖Af
t −Af

s ‖Lm(Ω)

|t− s|(1+θ)/2
.C ‖f‖B. (4.2)

We now show a substitution formula for Young’s integrals that will be used to show the unique-
ness by Zvonkin’s transformation.

Proposition 4.4. Suppose that (X,B) satisfies Krylov’s estimate with parameter θ ∈ (0, 1) and
for any m ∈ N,

‖X0‖Lm(Ω) + ‖Xt −Xs‖Lm(Ω) .C |t− s|1/2, ∀s, t ∈ [0, T ]. (4.3)

Let g : R+ × Rd → R be a bounded function satisfying

|g(t, x)− g(s, y)| .C

√
|t− s|+ |x− y|. (4.4)

Then for any space-time function f ∈ B, the integral
∫ t

0 g(s,Xs)dA
f
s is well-defined as Young’s

integral and
∫ t

0

g(s,Xs)dA
f
s = Af ·g

t a.s., (4.5)

where Af is defined in Proposition 4.3.
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Proof. For a function h : [0, T ] → R and α ∈ (0, 1), we write

[h]α := sup
s6=t∈[0,T ]

|h(t)− h(s)|
|t− s|α .

By (4.2), (4.3) and Kolmogorov’s continuity criterion, for any α ∈ (12 ,
1+θ
2 ), β ∈ (0, 12 ) and m ∈ N,

there is a constant C > 0 such that for all f ∈ B,
∥∥[Af

· ]α
∥∥
Lm(Ω)

.C ‖f‖B,
∥∥[X·]β

∥∥
Lm(Ω)

< ∞. (4.6)

Below we fix α > 1
2 , β < 1

2 with α+ β > 1 and a sample point ω such that

[Af
· (ω)]α < ∞, [X·(ω)]β < ∞. (4.7)

For any 0 6 s < t 6 T , we define

Γs,t(ω) := g(s,Xs(ω))(A
f
t (ω)−Af

s (ω)).

For simplicity, we drop the dependence of ω. We note that for any 0 6 s < u < t 6 T ,

δΓs,u,t := Γs,t − Γs,u − Γu,t = (g(s,Xs)− g(u,Xu))(A
f
t −Af

u).

By (4.4) and (4.7), we have

|δΓs,u,t| . |u − s|β|t− u|α[X·]β [A
f
· ]α.

Since α+ β > 1, by the sewing lemma (cf. [17, Lemma 4.2]), we have

Γt :=

∫ t

0

g(r,Xr)dA
f
r := lim

|π|→0

∑

r,s∈π

Γr,s exists,

where π is any partition of [0, t], and
∣∣∣∣
∫ t

s

(g(r,Xr)− g(s,Xs))dA
f
r

∣∣∣∣ = |Γt − Γs − Γs,t| . |t− s|α+β [X·]β[A
f
· ]α.

In particular, taking s = 0, we get
∣∣∣∣
∫ t

0

g(r,Xr)dA
f
r

∣∣∣∣ 6 ‖g‖∞|Af
t |+ C[X·]β [A

f
· ]α. (4.8)

Now, let {fn}∞n=1 ⊂ L1
TCb ∩ B be such that limn→∞ ‖fn − f‖B = 0. By definition, it is easy to see

that
∫ t

0

g(r,Xr)dA
fn
r =

∫ t

0

(gfn)(r,Xr)dr = Agfn
t a.s. (4.9)

By (4.8), (4.6) and (4.1), we have

E

(∣∣∣∣
∫ t

0

g(r,Xr)d(A
fn
r −Af

r )

∣∣∣∣
)
+E|Agfn

t −Agf
t |

= E

(∣∣∣∣
∫ t

0

g(r,Xr)dA
fn−f
r

∣∣∣∣
)
+E|Ag(fn−f)

t |

. ‖f − fn‖B + ‖g(f − fn)‖B → 0 as n → ∞.

Thus, there is a subsequence {nk}∞k=1 such that

lim
k→∞

∣∣∣∣
∫ t

0

g(r,Xr)d(A
fnk
r −Af

r )

∣∣∣∣ + |Agfnk
t −Agf

t | = 0 a.s.

By taking n = nk and letting k → ∞ in (4.9), we get (4.5). �
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Below we always suppose that (Hsub) holds with qb, pb < ∞. Let

θ0 := 1 + αb − d
pb

− 2
qb
, bn(t, x) := b(t, ·) ∗ φn(x).

By the property of convolution, we have

κbn
1 = ‖bn‖Lqb

T B
αb
pb,qb

6 ‖b‖
L
qb
T B

αb
pb,qb

= κb
1,

κbn
2 = ‖divbn‖

L
qb
T B

−2−αb
pb,qb/(qb−1)

6 ‖divb‖
L
qb
T B

−2−αb
pb,qb/(qb−1)

= κb
2.

(4.10)

We consider the following approximation SDE:

dXn
t = bn(t,X

n
t )dt+

√
2dWt, Xn

0 ∼ µ ∈ P(Rd). (4.11)

For simplicity of notations, we write

I
αb
pb,qb :=

{
(α, p, q) ∈ [−1, 0]× [1,∞)2 : qb

2 6 q 6 qb, p 6 pb, α− d
p − 2

q > αb − d
pb

− 2
qb

}
.

Now we can show the following crucial Krylov estimate.

Lemma 4.5. For any (α, p, q) ∈ I αb
pb,qb

, (Xn,Lq
TB

α
p,q) satisfies Krylov’s estimate with parameter

θ0 uniformly in n.

Proof. Given f ∈ C∞
c ([0, T ]×Rd), let un ∈ L∞

T C∞
b be the unique smooth solution to the following

backward PDE

∂tun +∆un − λun + bn · ∇un + f = 0, un(T ) = 0.

For any (α, p, q) ∈ I αb
pb,qb

, by (3.4) and (4.10), there is a λ0 > 1 so that for all θ ∈ (0, 2+αb+
d
pb
− 2

qb
]

and λ > λ0,

sup
n

‖un‖
L∞
T B

2+αb−2/qb−θ

pb,1

. (1 + λ)−
θ
2 ‖f‖Lq

TBα
p,q

. (4.12)

By Itô’s formula, we have

un(t,X
n
t ) = un(0, x) +

∫ t

0

(λun − f)(s,Xn
s )ds+

√
2

∫ t

0

∇un(s,X
n
s )dWs.

In particular, for any stopping time τ0 6 τ1 6 T with τ1 − τ0 6 δ,
∣∣∣∣
∫ τ1

τ0

f(s,Xn
s )ds

∣∣∣∣ 6 2‖un‖∞ + λδ‖un‖∞ +
√
2

∣∣∣∣
∫ τ1

τ0

∇un(s,X
n
s )dWs

∣∣∣∣ .

By BDG’s inequality, we have for any m > 2,
∥∥∥∥
∫ τ1

τ0

f(s,Xn
s )ds

∥∥∥∥
Lm(Ω)

. (1 + λδ)‖un‖∞ +m

∥∥∥∥∥

(∫ τ1

τ0

|∇un(s,X
n
s )|2ds

)1/2
∥∥∥∥∥
Lm(Ω)

. (1 + λδ)‖un‖∞ +mδ1/2‖∇un‖∞.

Here and below, the implicit constant is independent of m,n, δ, λ. Since

θ0 = 1 + αb − d
pb

− 2
qb

6 2 + αb +
d
pb

− 2
qb
,

by (4.12) and embedding (2.8), we have

‖un‖∞ . ‖un‖
L∞
T B

d/pb
pb,1

= ‖un‖
L∞
T B

2+αb−2/qb−(1+θ0)

pb,1

. (1 + λ)−
1+θ0

2 ‖f‖Lq
TBα

p,q
,

and

‖∇un‖∞ . ‖un‖
L∞
T B

1+d/pb
pb,1

= ‖un‖
L∞
T B

2+αb−2/qb−θ0
pb,1

. (1 + λ)−
θ0
2 ‖f‖Lq

TBα
p,q

.

Thus ∥∥∥∥
∫ τ1

τ0

f(s,Xn
s )ds

∥∥∥∥
Lm(Ω)

.
[
(1 + λδ)(1 + λ)−

1+θ0
2 +m

√
δ(1 + λ)−

θ0
2

]
‖f‖Lq

TBα
p,q

.
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In particular, if we take λ = λ0 ∨ δ−1, then∥∥∥∥
∫ τ1

τ0

f(s,Xn
s )ds

∥∥∥∥
Lm(Ω)

. mδ
1+θ0

2 ‖f‖Lq
TBα

p,q
. (4.13)

By a standard approximation, the above estimate still holds for any f ∈ L1
TCb ∩ L

q
TB

α
p,q. The

proof is complete. �

Remark 4.6. By Stirling’s formula, estimate (4.13) also implies that for some c0 > 0,

sup
n

E exp

{
c0

∣∣∣∣∣

∫ T

0

f(s,Xn
s )ds

∣∣∣∣∣ /‖f‖L
q
TBα

p,q

}
< ∞.

By Theorem 3.3, there is a unique solution uλ : [0, T ] × Rd → Rd to the following Rd-valued
backward PDE system

∂tu
λ +∆u − λuλ + b⊙∇uλ + divb � uλ + b = 0, u(T ) = 0,

with the regularity that there is a λ0 > 0 such that for all λ > λ0 and θ ∈ (0, 2 + αb +
d
pb

− 2
qb
],

‖uλ‖
L∞
T B

2+αb−2/qb−θ

pb,1

. (1 + λ)−
θ
2 ‖b‖

L
qb
T B

αb
pb,qb

, (4.14)

where the implicit constant does not depend on λ. In particular, by embedding (2.8), one can
choose λ large enough so that

sup
t∈[0,T ]

‖∇uλ(t)‖∞ 6 1/2. (4.15)

Let

Φ(t, x) := x+ uλ(t, x).

Then for each t ∈ [0, T ],

x 7→ Φ(t, x) forms a C1-diffeomorphism.

In particular,

‖∇Φ‖∞, ‖∇Φ−1‖∞ 6 4, (4.16)

where Φ−1 stands for the inverse of x 7→ Φ(t, x). Now we show the following crucial Zvonkin
transformation.

Lemma 4.7 (Zvonkin’s transformation). Let (F, X,W ) be a weak solution of SDE (1.1) in the
sense of Definition 1.1. Suppose that for any (α, p, q) ∈ I αb

pb,qb
, (X,Lq

TB
α
p,q) satisfies Krylov’s

estimate with parameter θ0 as above. Then Yt := Φ(t,Xt) solves the following SDE:

dYt = b̃(t, Yt)dt+ σ̃(t, Yt)dBt, (4.17)

where

b̃(t, y) := λu(t,Φ−1(t, y)), σ̃(t, y) :=
√
2∇Φ−1(t,Φ−1(t, y)).

Moreover, b̃ and σ̃ are bounded measurable and for some γ ∈ (0, 1) and all t ∈ [0, T ], y, y′ ∈ Rd,

|b̃(t, y)− b̃(t, y′)| 6 C|y − y′|, |σ̃(t, y)− σ̃(t, y′)| 6 C|y − y′|γ , (4.18)

and for some c0 > 0,

|σ̃(t, y)ξ|2 > c0|ξ|2, ξ ∈ Rd. (4.19)

Proof. Let

un(t, x) := u(t, ·) ∗ φn(x),

where φn(x) = ndφ(nx) with φ ∈ C∞
c (Rd) is a smooth probability density function. Then by

Remark 3.4 with ϕ = φn(x − ·), we get

∂sun +∆un − λun = −φn ∗ (b⊙∇u− divb � u+ b) =: gn, (4.20)
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and

sup
t∈[0,T ]

‖∇un(t)‖∞ 6 sup
t∈[0,T ]

‖∇u(t)‖∞ 6 1/2.

Let

Φn(t, x) := x+ un(t, x).

Then

‖∇Φn‖∞, ‖∇Φ−1
n ‖∞ 6 4,

and by (4.20),

gn ∈ L1
TL

∞ ⇒ ∂tΦn ∈ L1
TL

∞.

Observe that by definition,

Xt = X0 +Ab
t +

√
2Wt,

where Ab
t := limn→∞

∫ t

0
bn(s,Xs)ds by Proposition 4.3, satisfies

sup
t∈[0,T ]

‖Ab
t‖Lm(Ω) + sup

s6=t∈[0,T ]

‖Ab
t −Ab

s‖Lm(Ω)

|t− s|(1+θ0)/2
.C ‖b‖

L
qb
T B

αb
pb,qb

.

Now by generalized Itô’s formula (see [15]), (4.20) and (4.5), we have

Y n
t := Φn(t,Xt) = Φn(0, x) +

∫ t

0

(∂sun +∆un)(s,Xs)ds

+

∫ t

0

dAb
s · ∇Φn(s,Xs) +

√
2

∫ t

0

∇Φn(s,Xs)dWs

= Φn(0, x) + λ

∫ t

0

un(s,Xs)ds+Ab·∇Φn+gn
t +

√
2

∫ t

0

∇Φn(s,Xs)dWs. (4.21)

By (2.15), we make the following decomposition:

b · ∇Φn + gn = b+ b · ∇un − φn ∗ (b⊙∇u− divb � u+ b) = hn
1 + hn

2 ,

where

hn
1 := b− b ∗ φn + b⊙∇un − φn ∗ (b ⊙∇u), hn

2 := divb � un − φn ∗ (divb � u).

In particular,

Ab·∇Φn+gn
t = A

hn
1

t +A
hn
2

t .

By Krylov’s estimate, we clearly have

E|Ahn
1

t | . ‖hn
1‖Lqb

T B
αb
pb,qb

. ‖b− b ∗ φn‖Lqb
T B

αb
pb,qb

+ ‖b⊙∇(un − u)‖
L
qb
T B

αb
pb,qb

+ ‖φn ∗ (b ⊙∇u)− b⊙∇u‖
L
qb
T B

αb
pb,qb

.

Note that by (2.16), (2.6), (2.4) and (4.14), there is an ε > 0 so that for all n ∈ N,

‖b⊙∇(un − u)‖
L
qb
T B

αb
pb,qb

. κb
1‖un − u‖

L∞
T B

1+d/pb
pb,1

. n−ε.

Thus, by the property of convolution, we have

lim
n→∞

E|Ahn
1

t | = 0.

Moreover, since d
pb

+ 2
qb

< 1 + αb, one can choose ε with

0 6 −1− 2αb < ε 6 −
(
αb +

d
pb

+ 2
qb

)

so that (−ε, pb/2, qb/2) ∈ I αb
pb,qb . By Krylov’s estimate again, we have

E|Ahn
2

t | . ‖hn
2‖Lqb/2

T B
−ε
pb,qb

. ‖φn ∗ (divb � u)− divb � u‖
L
qb/2

T B
−ε
pb/2,qb

+ ‖divb � (un − u)‖
L
qb/2

T B
−ε
pb,qb

=: In + Jn.
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Note that by (2.17),

lim
n→∞

Jn . lim
n→∞

‖divb � (un − u)‖
L
qb/2

T B0
pb,∞

. κb
2 lim
n→∞

‖un − u‖
L
qb
T B

2+αb
pb,qb

= 0.

Since ‖divb � u‖
L
qb/2

T B
−ε
pb/2,qb

. ‖divb � u‖
L
qb/2

T B
0
pb/2,∞

< ∞, by the property of convolution, we

also have

lim
n→∞

In → 0.

Combining the above limits, we obtain

lim
n→∞

E|Ab·∇Φn+gn
t | = 0.

By taking limits for both sides of (4.21), we conclude the proof of (4.17). As for (4.18) and (4.19),
it follows by (4.15) and (4.16). �

Now we can show the following main result of this section.

Theorem 4.8. Under (Hsub) with qb, pb < ∞, for any µ ∈ P(Rd), there is a weak solution
(F, X,W ) to SDE (1.1) with initial distribution µ, and the uniqueness holds in the class that for
any (α, p, q) ∈ I αb

pb,qb , (X,Lq
TB

α
p,q) satisfies Krylov’s estimate with parameter θ0. Moreover, for any

t ∈ (0, T ] and X0 = x, Xt has a density ρt(x, x
′), which enjoys the following two sides Gaussian

estimate: for all x, x′ ∈ Rd,

C0t
−d/2e−c0|x−x′|2/t 6 ρt(x, x

′) 6 C1t
−d/2e−c1|x−x′|2/t, (4.22)

where C0, C1, c0, c1 > 0 only depend on the parameters T, d, αb, pb, qb and ‖b‖
L
qb
T B

αb
pb,qb

.

Proof. (Existence). Consider the approximation SDE (4.11). By Lemma 4.5, the law of Xn in
CT is tight, and therefore, by Prohorov’s theorem, it is relatively compact in P(CT ). Then, by the
weak convergence method, it is standard to derive the existence of a weak solution (see [47] and
also the proof of Theorem 5.7 below).

(Uniqueness and heat kernel estimate). By Lemma 4.7, since the transformed SDE (4.17)
has a bounded Lipschitz drift and bounded uniformly non-degenerate Hölder diffusion coefficients,
it is well known that SDE (4.17) has a unique weak solution Yt (see [38]), and for each t ∈ (0, T ]
and starting point Y0 = y, Yt has a density ρ̃t(y, y

′), which enjoys two sides Gaussian estimate (for
example, see [10]):

C̃0t
−d/2e−c̃0|y−y′|2/t 6 ρ̃t(y, y

′) 6 C̃1t
−d/2e−c̃1|y−y′|2/t.

The desired estimate (4.22) follows by the change of variables (see [42]). �

Now we can give

Proof of Theorem 1.2. Since b is divergence free and by Lemma 2.4,

Hαb
pb

⊂ ∩ε>0,qb∈[1,∞]B
αb−ε
pb,qb

,

one sees that (Hsub) holds. If qb, pb < ∞, then the desired results follow by the above theorem.
For case pb = ∞, since 2

qb
< 1+αb, one can choose α′

b ∈ (−1, αb) so that 2
qb

< 1+α′
b. In particular,

(Hsub) still holds with κb
1 = ‖b‖

L
qb
T B

α′
b

∞,qb

6 ‖b‖
L
qb
T B

αb
∞,qb

< ∞ and κb
2 = 0. We emphasize that if b

is not divergence-free, then κb
2 = ‖divb‖

L
qb
T B

−2−α′
b

∞,qb/(qb−1)

is possibly infinite. Thus by using (2.4), one

can check that Lemma 4.7 still holds. The rest is the same as the proof of Theorem 4.8. �
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5. Supercritical case: Proof of Theorem 1.4

Throughout this section we still fix T > 0 and always assume that supercritical assumption
(Hsup) holds. In Subsection 5.1, we focus on establishing the existence of weak solutions. The
crucial step in this regard is demonstrating the tightness of approximation solutions. Notably, in
the supercritical case, due to the drift being a distribution, it’s not possible to establish a Krylov
estimate similar to that in Lemma 4.5 for any moments. Instead, we can only establish a Krylov
estimate for the second-order moment, as demonstrated in Lemma 5.5, which is particularly useful
for taking limits. However, this alone is not sufficient to establish tightness. To overcome this
difficulty, we employ the stopping time technique and the strong Markov property of approxima-
tion SDEs. In Subsection 5.2, we discuss the uniqueness of generalized martingale problem and
ultimately complete the proof of Theorem 1.4.

5.1. Existence of weak solutions. We still consider the approximation SDE

Xn
t = X0 +

∫ t

0

bn(s,X
n
s )ds+

√
2Wt, (5.1)

where bn = b ∗ φn. Recall the definition of Id in (3.11) and the parameter set Θ in (3.3). We first
show the following uniform Krylov estimate.

Lemma 5.1. Under (Hsup), for any (α, p, q) ∈ Id, there is a constant C = C(Θ, α, p, q) > 0 such
that for all t ∈ (0, T ], stopping times 0 6 τ0 6 τ1 6 t and f ∈ Cc([0, t]× Rd),

sup
n∈N

E

(∫ τ1

τ0

f(s,Xn
s )ds

∣∣∣Fτ0

)
.C ‖f‖Lq

tH
α
p
.

Proof. Without loss of generality, we assume f ∈ C∞
c ([0, T ] × Rd). Fix t ∈ [0, T ]. Let un ∈

L∞
T C∞

b (Rd) be the smooth solution of the following backward PDE:

∂sun +∆un + bn · ∇un = f, un(t) = 0.

By (3.13), we have

sup
n

(
‖un‖L∞

t
+ ‖un‖Vt

)
.C ‖f‖Lq

tH
α
p
. (5.2)

Using Itô’s formula for (s, x) → un(s, x), one sees that for any stopping times 0 6 τ0 6 τ1 6 t,

un(τ1, X
n
τ1)− un(τ0, X

n
τ0) =

∫ τ1

τ0

f(s,Xn
s )ds+

√
2

∫ τ1

τ0

∇un(s,X
n
s )dWs.

Hence, by the optional stopping time theorem,

E

(∫ τ1

τ0

f(s,Xn
s )ds

∣∣∣Fτ0

)
= E(un(τ1, X

n
τ1)|Fτ0)− un(τ0, X

n
τ0). (5.3)

By (5.2), we immediately obtain the result. �

Remark 5.2. Note that if α = 0, then we automatically have

E

∣∣∣∣
∫ τ1

τ0

f(s,Xn
s )ds

∣∣∣∣ 6 E

(∫ τ1

τ0

|f(s,Xn
s )|ds

)
6 C‖f‖Lq

tL
p .

However, for f ∈ L
q
tH

α
p with α < 0 and in the supercritical case, we can not show any absolute

moment estimate since we do not have the maximum estimate of ‖∇u‖∞ as done in the subcritical
case. Thus we have to carefully treat the distribution-valued f .

We have the following tightness of the law Pn of approximation solution Xn
· in CT .

Lemma 5.3. Under (Hsup), the family of probability measures (Pn)n∈N is tight.
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Proof. Let TT be the set of all stopping times bounded by T . By Aldous’ criterion of tightness, it
suffices to prove that for some increasing function ℓ : (0, 1) → (0,∞) with limδ→0 ℓ(δ) = 0,

sup
τ,η∈TT ,η6τ6η+δ

sup
n

E|Xn
τ −Xn

η | 6 ℓ(δ), δ ∈ (0, 1),

where ℓ(δ) will be determined below. By the strong Markov property, we only need to show

sup
t∈[0,T ]

sup
x0∈Rd

sup
τ6δ

sup
n

E|Xt,n
τ (x0)− x0| 6 ℓ(δ),

where Xt,n
· (x0) stands for the solution of SDE (5.1) with starting point x0 and drift

btn(s, ·) = bn(t+ s, ·).
Define

hδ(x) :=
√
ℓ(δ)2/9 + |x− x0|2.

By Itô’s formula, we have

E|Xt,n
τ (x0)− x0| 6 Ehδ(X

t,n
τ (x0)) = ℓ(δ)/3 +E

(∫ τ

0

(∆ + bn(s) · ∇)hδ(X
t,n
s (x0))ds

)
.

Note that for some C independent of δ and t, x0,

|∇hδ(x)| =
|x− x0|√

ℓ(δ)2/9 + |x− x0|2
6 1, |∇2hδ| 6 2ℓ(δ)−1. (5.4)

Thus for τ 6 δ,

E

(∫ τ

0

∆hδ(X
t,n
s (x0))ds

)
6 δ‖∆hδ‖∞ 6 2dδ/ℓ(δ).

On the other hand, since d
pb

+ 2
qb

< 2+α, without loss of generality we assume qb < ∞. Otherwise,

we may choose q′b < ∞ so that d
pb

+ 2
q′b

< 2 + α. By Lemma 5.1 and (iv) of Lemma 2.4, we have

E

(∫ δ∧τ

0

(btn(s) · ∇hδ)(X
t,n
s (x0))ds

)
6 C1‖btn · ∇hδ‖Lqb

δ H
αb
pb

6 C2‖btn‖Lqb
δ H

αb
pb
‖∇hδ‖C1

b
,

where the constant C2 > 0 only depends on Θ. By (5.4), we further have

E

(∫ δ∧τ

0

(btn(s) · ∇hδ)(X
t,n
s (x0))ds

)
6 C3‖bt‖Lqb

δ H
αb
pb
/ℓ(δ) 6 (C3‖bt‖Lqb

δ H
αb
pb

∨ (6δ))/ℓ(δ).

Finally if we take

ℓ(δ) := sup
t∈[0,T ]

√
3[C3‖bt‖Lqb

δ H
αb
pb

∨ (6dδ)],

then combining the above calculations, we obtain

E|Xn
τ (x0)− x0| 6 ℓ(δ)/3 + 2dδ/ℓ(δ) + ℓ(δ)/3 6 ℓ(δ).

The proof is complete since limδ→0 supt∈[0,T ]

∫ (t+δ)∧T

t
|g(s)|ds = 0 for g ∈ L1([0, T ]). �

By the above lemma and Prokhorov’s theorem, (Pn)n∈N is relatively compact in P(CT ). Next,
we want to show that any accumulation point of the sequence (Pn)n∈N is indeed a weak solution
of SDE (1.1). However, to take the limit, we need a different type of Krylov’s estimate, which, in
turn, requires that the initial distribution has an L2-distribution.

For approximation SDE (5.1), it is well-known that for any t ∈ (0, T ], Xn
t admits a smooth

density ρn(t, x) that satisfies the Fokker-Planck equation

∂tρn = ∆ρn − div(bnρn). (5.5)

We need the following simple lemma.
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Lemma 5.4. Suppose ρ0 ∈ L2 and let χ ∈ C∞
c (Rd) with χ = 1 on B1 and χ = 0 on Bc

2. We have

‖ρn‖VT 6 (κb
2 + 1)eκ

b
2‖ρ0‖2, (5.6)

and

lim
R→∞

sup
n

‖ρn(1 − χ(·/R))‖VT = 0. (5.7)

Proof. First of all, since bn ∈ L2
TC

∞
b , by the maximum principle, we have

ρn ∈ L∞
T L∞.

Let ϕ ∈ C∞
c (Rd). By multiplying both sides of (5.5) by ϕ, we get

∂tρnϕ = ∆(ρnϕ)− div(bnρnϕ) + gϕn , (5.8)

where

gϕn := bnρn · ∇ϕ− 2∇ρn · ∇ϕ− ρn∆ϕ.

Multiplying both sides of (5.8) by ρnϕ and integrating on Rd, we have

1

2
∂t‖ρnϕ‖22 + ‖∇(ρnϕ)‖22 = 〈bnρnϕn,∇(ρnϕ)〉+ 〈gϕn , ρnϕ〉.

Noting that

〈bnρnϕn,∇(ρnϕ)〉 = −1

2
〈divbn, (ρnϕ)2〉 6

1

2
‖divbn‖∞‖ρnϕ‖22 6

1

2
‖divb‖∞‖ρnϕ‖22

and

〈gϕn , ρnϕ〉 = 〈bn, ϕρ2n∇ϕ〉+ 〈ρ2n, |∇ϕ|2〉,
we have

‖ρn(t)ϕ‖22 + 2

∫ t

0

‖∇(ρnϕ)‖22ds 6 ‖ρ0ϕ‖22 +
∫ t

0

‖divb‖∞‖ρnϕ‖22ds

+

∫ t

0

(
〈bn, ϕρ2n∇ϕ〉+ 〈ρ2n, |∇ϕ|2〉

)
ds.

By Gronwall’s inequality, we derive

‖ρnϕ‖VT 6 (κb
2 + 1)eκ

b
2

(
‖ρ0ϕ‖2 + ‖〈bn, ϕρ2n∇ϕ〉‖L1

T
+ ‖〈ρ2n, |∇ϕ|2〉‖L1

T

)
. (5.9)

Let χR(x) := χ(x/R). Replacing ϕ in (5.9) by χR and letting R → ∞, by the dominated conver-
gence theorem, it is easy to derive

‖ρn‖VT 6 (κb
2 + 1)eκ

b
2‖ρ0‖2.

On the other hand, replacing ϕ in (5.9) by χ̄R := 1− χR, we get

‖ρnχ̄R‖VT 6 (κb
2 + 1)eκ

b
2

(
‖ρ0χ̄R‖2 + ‖〈bn, χ̄Rρ

2
n∇χ̄R〉‖L1

T
+ ‖〈ρ2n, |∇χ̄R|2〉‖L1

T

)
.

By Lemma 3.5 and the definition of VT , we have

‖〈bn, χ̄Rρ
2
n∇χ̄R〉‖L1

T
. ‖bn‖Lqb

T H
αb
qb
‖ρn‖VT ‖χ̄R∇χ̄Rρn‖VT

. ‖b‖
L
qb
T H

αb
qb
‖ρn‖2VT

/R . ‖ρ0‖22/R
and

‖〈ρ2n, |∇χ̄R|2〉‖L1
T
. ‖ρn‖2L2

T
/R . ‖ρ0‖22/R.

Hence,

sup
n

‖ρnχ̄R‖VT . ‖ρ0χ̄R‖2 + ‖ρ0‖22/R,

which converges to zero as R → ∞. The proof is complete. �

We have the following Krylov estimate.
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Lemma 5.5. Suppose ρ0 ∈ L2. Under (Hsup), for any (α, p, q) ∈ Id, there is a constant C =
C(Θ, α, p, q) > 0 such that for all t ∈ (0, T ] and f ∈ Cc([0, t]× Rd),

E

∣∣∣∣
∫ t

0

f(s,Xn
s )ds

∣∣∣∣
2

.C ‖f‖2
L
q
tH

α
p
‖ρ0‖2. (5.10)

Proof. Without loss of generality, we assume f ∈ C∞
c ([0, T ]× Rd). Fix t ∈ [0, T ]. Let u solve the

following backward PDE

∂sun +∆un + bn · ∇un + f = 0, un(t) = 0.

By (5.3) with τ0 = s < t and τ1 = t, we have

E

(∫ t

s

f(r,Xn
r )dr

∣∣∣Fs

)
= un(s,X

n
s ).

Therefore,

E

∣∣∣∣
∫ t

0

f(r,Xn
r )dr

∣∣∣∣
2

= 2E

[∫ t

0

f(s,Xn
s )

(∫ t

s

f(r,Xn
r )dr

)
ds

]

= 2E

[∫ t

0

f(s,Xn
s )E

(∫ t

s

f(r,Xn
r )dr

∣∣∣Fs

)
ds

]

= 2E

[∫ t

0

f(s,Xn
s )un(s,X

n
s )ds

]

= 2

∫ t

0

〈f(s)un(s), ρn(s)〉ds 6 2‖〈fun, ρn〉‖L1
t
. (5.11)

By Lemma 3.5, we get

E

∣∣∣∣
∫ t

0

f(s,Xn
s )ds

∣∣∣∣
2

. ‖f‖Lq
tH

α
p
‖ρn‖Vt‖un‖Vt .

The desired estimate follows by (5.6) and (5.2). �

Remark 5.6. One can not show the following stronger estimate

E

(
sup

t∈[0,T ]

∣∣∣∣
∫ t

0

f(s,Xn
s )ds

∣∣∣∣
2
)

.C ‖f‖2
L
q
THα

p
‖ρ0‖2

since we are using the estimate (5.6) of the density and f is a distribution.

Now we can show the following existence result of weak solutions.

Theorem 5.7. Suppose that ρ0 ∈ L2. Under (Hsup), there is a weak solution to SDE (1.1) such
that for all t ∈ (0, T ] and f ∈ Cc([0, t]× Rd),

E

∣∣∣∣
∫ t

0

f(s,Xs)ds

∣∣∣∣
2

.C ‖f‖2
L
q
tH

α
p
‖ρ0‖2, (5.12)

where C = C(Θ, α, p, q) > 0. Moreover, for each t ∈ (0, T ], Xt admits a density ρt ∈ L2 with

‖ρ‖VT 6 (κb
2 + 1)eκ

b
2‖ρ0‖2 and in the distributional sense

∂tρ = ∆ρ− div(bρ). (5.13)

Proof. By Lemma 5.3 and Prokhorov’s criterion, there is a subsequence nk and a probability
measure P ∈ P(CT ) so that Pnk

weakly converges to P as k → ∞. Without loss of generality,
we assume that Pn weakly converges to P as n → ∞. By Skorokhod’s representation theorem,
if necessary, changing the probability space, we may assume that there is a continuous process
(Xt)t∈[0,T ] such that

Xn
· → X· a.s. in CT .
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Estimate (5.12) follows by taking limits for (5.10). To show that X is a weak solution of SDE
(1.1), it suffices to show that

lim
n→∞

E

∣∣∣∣
∫ t

0

bn(r,X
n
r )dr −

∫ t

0

bn(r,Xr)dr

∣∣∣∣
2

= 0.

Noticing that for fixed m ∈ N, by the dominated convergence theorem,

lim
n→∞

E

∣∣∣∣
∫ t

0

bm(r,Xn
r )dr −

∫ t

0

bm(r,Xr)dr

∣∣∣∣
2

= 0,

once we have shown

lim
m,m′→∞

sup
n

E

∣∣∣∣
∫ t

0

(bm − bm′)(r,Xn
r )dr

∣∣∣∣
2

= 0, (5.14)

then it follows that

lim
n→∞

∫ t

0

bn(r,Xr)dr =: Ab
t in L2.

Let χ ∈ C∞
c (Rd) with χ = 1 on B1 and χ = 0 on Bc

2. For R > 0, define cutoff function

χR(x) := χ(x/R).

Since d
pb

+ 2
qb

< 2 + α, one can choose finite q̄b, p̄b ∈ [2,∞) with q̄b 6 qb, p̄b 6 pb and such that
d
p̄b

+ 2
q̄b

< 2 + α. Then for fixed R > 0, by Lemma 5.5, we have

lim
m,m′→∞

sup
n

E

∣∣∣∣
∫ t

0

((bm − bm′)χR)(r,X
n
r )dr

∣∣∣∣
2

. lim
m,m′→∞

‖(bm − bm′)χR‖2
L
q̄b
t H

αb
p̄b

= 0.

Thus for proving (5.14), it remains to show that for χ̄R(x) := 1− χR(x),

lim
R→∞

sup
m,m′

sup
n

E

∣∣∣∣
∫ t

0

((bm − bm′)χ̄R)(r,X
n
r )dr

∣∣∣∣
2

= 0. (5.15)

Let um,m′

n,R = u solve the following backward PDE:

∂su+∆u+ bn · ∇un + (bm − bm′)χ̄R = 0, u(t) = 0.

By (5.11) and Lemma 3.5, we have

E

∣∣∣∣
∫ t

0

((bm − bm′)χ̄R)(r,X
n
r )dr

∣∣∣∣
2

6 2‖〈(bm − bm′)χ̄Ru
m,m′

n,R , ρn〉‖L1
t

. ‖bm − bm′‖
L
qb
t H

αb
pb
‖χ̄Rρn‖Vt‖um,m′

n,R ‖Vt . ‖b‖2
L
qb
t H

αb
pb

‖χ̄Rρn‖Vt ,

which implies (5.15) by (5.7). Finally, for (5.13), as in the proof of existence in Theorem 3.6, it
follows by (5.5) and (5.6). �

5.2. Generalized martingale problems. Let (α, p, q) ∈ Id (see (3.11) for a definition). For
any f ∈ L

q
TH

α
p , by Theorem 3.6, there exists a weak solution to the following backward PDE

∂tu+∆u+ b · ∇u = f, u(T ) ≡ 0 (5.16)

with

‖u‖L∞
T ∩VT 6 C‖f‖Lq

THα
p
.

Note that the weak solution may be not unique if we do not assume b ∈ L∞
T B +L2

TL. However, if
we consider the following regularized PDE

∂tun +∆un + bn · ∇un = f, un(T ) ≡ 0. (5.17)

Then for each n, there is a unique solution un denoted by S
n
f so that

‖Sn
f ‖L∞

T ∩VT 6 C‖f‖Lq
THα

p
,
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where C is independent of n. In other words, f 7→ S
n
f is a bounded linear operator from L

q
TH

α
p to

L∞
T ∩VT . By Banach-Steinhaus theorem, there is a subsequence nk and a bounded linear operator

S : Lq
TH

α
p → L∞

T ∩ VT so that for each f ∈ L
q
TH

α
p and t ∈ [0, T ], ϕ ∈ L1(Rd) (see the proof of

Theorem 3.6),

lim
k→∞

〈Snk

f (t), ϕ〉 = 〈Sf (t), ϕ〉, (5.18)

and for each R > 0,

lim
k→∞

∫ T

0

‖Snk

f (s)− Sf(s)‖2L2(BR)ds = 0. (5.19)

In the following we fix such an operator S and construct a unique generalized martingale solution
associated with S. Of course, its definition depends on the choice of subsequence nk as well as the
mollifiers φnk

. We emphasize that when b ∈ L∞
T B + L2

TL, Sf is nothing, but the unique solution
of (5.16), which is independent of the choice of nk and the mollifiers.

Definition 5.8. Let µ ∈ P(Rd). We call a probability measure P ∈ P(CT ) a generalized martingale
solution of SDE (1.1) starting from µ and associated with the operator S, if P ◦ (w0)

−1 = µ and
for any f ∈ C∞

c ([0, T ]× Rd),

Mf
t := Sf (t, wt)− Sf(0, w0)−

∫ t

0

f(r, wr)dr, w· ∈ CT ,

is an almost surely martingale under P with respect to the natural filtration Bs in the sense that
there is a Lebesgue null set N ⊂ (0, T ) such that for all 0 6 s < t 6 T with s, t /∈ N ,

E(Mf
t |Bs) = Mf

s .

Remark 5.9. Since, for each t ∈ [0, T ], Sf(t, ·) ∈ L∞, in order to make sense of Mf
t , we have

assumed that the marginal distribution P ◦ w−1
t has a density. However, it’s essential to note that

although t 7→ Mf
t is defined pointwise, we lack information about the path properties of t 7→ Mf

t .
For instance, we have no knowledge of its cádlág property since we only have Sf ∈ L∞

T .

Now we show the following main result.

Theorem 5.10. Assume (Hsup) holds. If the initial distribution µ has an L2-density w.r.t. the
Lebesgue measure, then there is a unique generalized martingale solution to SDE (1.1) associated
with the operator S in the sense of Definition 5.8.

Proof. (Existence) Let P be any accumulation point of (Pn)n∈N. We want to show that P is a
martingale solution in the sense of Definition 5.8. Up to taking a subsequence, without loss of
generality we assume that

Pn → P as n → ∞ in P(CT ) weakly.

For f ∈ C∞
c ([0, T ]× Rd), let un = S

n
f solve the following backward PDE:

∂tun +∆un + bn · ∇un = f, un(T ) = 0.

By Itô’s formula, we have

un(t,X
n
t ) = un(0, X

n
0 ) +

∫ t

0

f(s,Xn
s )ds+

√
2

∫ t

0

∇un(s,X
n
s )dWs. (5.20)

Define

Mn
t := un(t, wt)− un(0, w0)−

∫ t

0

f(r, wr)dr.

Since Pn = P ◦ (Xn
· )

−1, by (5.20) one sees that Mn
t is a martingale under Pn with respect to Bs.

More precisely, for any s < t and bounded continuous Bs-measurable functional Gs,

EPn((Mn
t −Mn

s )Gs) = 0,
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equivalently,

EPn

(
((un(t, wt)− un(s, ws))Gs

)
= EPn

(
Gs

∫ t

s

f(r, wr)dr

)
.

Clearly, we have

lim
n→∞

EPn

(
Gs

∫ t

s

f(r, wr)dr

)
= EP

(
Gs

∫ t

s

f(r, wr)dr

)
. (5.21)

By (5.19), there is a Lebesgue null set N ⊂ [0, T ] depending on f such that for all t /∈ N and
R > 0,

lim
k→∞

‖Snk

f (t)− Sf(t)‖L2(BR) = 0. (5.22)

We want to show that for s, t /∈ N with s < t,

lim
n→∞

EPn

(
(un(t, wt)− un(s, ws))Gs

)
= EP

(
(Sf(t, wt)− Sf(s, ws))Gs

)
. (5.23)

For fixed m ∈ N, since x 7→ um(t, x) is bounded continuous, we have

lim
n→∞

EPn

(
(um(t, wt)Gs

)
= EP

(
um(t, wt)Gs

)
.

On the other hand, noting that for R > 0,

EPn
∣∣(um(t, wt)− Sf(t, wt))1BR(wt)

∣∣ =
∫

BR

∣∣um(t, x) − Sf(t, x)
∣∣ρn(t, x)dx

6 ‖um(t, ·)− Sf(t, ·)‖L2(BR)‖ρn(t)‖L2(BR),

by (5.22) and (5.9) we have

lim
m→∞

sup
n

EPn
∣∣(um(t, wt)− Sf(t, wt))1BR(wt)

∣∣ = 0

and

lim
m→∞

EP
∣∣(um(t, wt)− Sf (t, wt))1BR(wt)

∣∣ = 0.

Moreover, we also have

EPn
∣∣(um(t, wt)− Sf (t, wt))1Bc

R
(wt)

∣∣ =
∫

Bc
R

∣∣um(t, x)− Sf(t, x)
∣∣ρn(t, x)dx 6 ‖um(t)‖∞µn

t (B
c
R),

where µn
t = Pn ◦ w−1

t . By the tightness of (µn
t )n∈N, we have

lim
R→∞

sup
m,n

EPn
∣∣(um(t, wt)− Sf(t, wt))1Bc

R
(wt)

∣∣ 6 C lim
R→∞

sup
n

µn
t (B

c
R) = 0.

Thus we get (5.23). Hence, for all s, t /∈ N with s < t and any bounded continuous Bs-measurable
Gs,

EP

(
(Sf (t, wt)− Sf(s, ws))Gs

)
= EP

(
Gs

∫ t

s

f(r, wr)dr

)
,

which gives

E(Mf
t |Bs) = Mf

s .

In particular, by noticing that un(T ) = Sf(T ) = 0, (5.23) holds for t = T and s /∈ N . Now,
we show (5.23) holds for s = 0 and t /∈ N as well. We only need to show that for any bounded
continuous function g : Rd → R,

lim
n→∞

EPnun(0, w0)g(w0) = EP
Sf (0, w0)g(w0).

We note that Pn ◦ (w0)
−1 = P ◦ (w0)

−1 = µ0 and by (5.18),

lim
n→∞

〈un(0), ρ0g〉 = 〈Sf (0), ρ0g〉.

Therefore, we have E(Mf
t |F0) = 0. The existence of a generalized martingale solution is proven.
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(Uniqueness) Let P1,P2 be two generalized martingale solutions with initial distribution
µ0(dx) = ρ0(x)dx in the sense of Definition 5.8. By the definition, for any f ∈ Cc([0, T ] × Rd),
there is a Lebesgue full measure set Af ⊂ [0, T ] containing 0 and T such that for any s, t ∈ Af

and bounded Bs-measurable Gs,

EPi((Mf
t −Mf

s )Gs) = 0, i = 1, 2. (5.24)

Since Cc([0, T ]× Rd) is separable, we can choose A = Af independent of f .
Firstly, taking (s, t) = (0, T ), G ≡ 1 in (5.24), we have

EP1

(∫ T

0

f(t, wt)dt

)
= 〈Sf(0), ρ0〉 = EP2

(∫ T

0

f(t, wt)dt

)
.

which implies that P1 and P2 have the same one dimensional time marginal distribution. In fact,
taking f(t, x) = h(t)g(x) in the above equality, where h ∈ C([0, T ]) and g ∈ Cc(R

d), by Fubini’s
theorem, one finds that for Lebesgue almost all t ∈ (0, T ) and any g ∈ Cc(R

d),

EP1g(wt) = EP2g(wt).

Since t 7→ wt is continuous, we further have for any t ∈ [0, T ] and g ∈ Cc(R
d),

EP1g(wt) = EP2g(wt) ⇒ P1 ◦ w−1
t = P2 ◦ w−1

t .

Below we show that P1 and P2 have the same finite dimensional time marginal distribution by
induction. We assume that for some n ∈ N, P1 and P2 have the same n-dimensional time marginal
distribution, that is, for any 0 6 t1 < t2 < · · · < tn 6 T ,

P1 ◦ (wt1 , · · · , wtn)
−1 = P2 ◦ (wt1 , · · · , wtn)

−1.

Let t0 = 0 and 0 6 t1 < t2 < · · · < tn−1 6 T be fixed. Let g ∈ Cc(R
nd) and tn ∈ (tn−1, T ) ∩ A .

By (5.24) with (s, t) = (tn, T ) and Gs = g(wt1 · · · , wtn), we have

EPi

(∫ T

tn

f(s, ws)ds g(wt1 · · · , wtn)

)
= EPi

(
Sf(tn, wtn)g(wt1 · · · , wtn)

)
, i = 1, 2,

which implies by the induction hypothesis that

EP1

(∫ T

tn

f(s, ws)ds g(wt1 · · · , wtn)

)
= EP2

(∫ T

tn

f(s, ws)ds g(wt1 · · · , wtn)

)
.

Therefore, for any tn ∈ (tn−1, T ) ∩ A and Lebesgue almost all tn+1 ∈ (tn, T ],

EP1
(
g1(wtn+1)g(wt1 · · · , wtn)

)
= EP2

(
g1(wtn+1)g(wt1 · · · , wtn)

)
.

By the continuity of t 7→ wt, we get for all tn, tn+1 ∈ (tn−1, T ] with tn < tn+1,

P1 ◦ (wt1 , ..., wtn , wtn+1)
−1 = P2 ◦ (wt1 , ..., wtn , wtn+1)

−1.

Namely, P1 = P2. The proof is complete. �

Now we can give

Proof of Theorem 1.4. Let nk be any subsequence and n′
k be the subsubsequence of nk used in

the definition of Sf . By Theorems 5.10 and 5.7, any accumulation point of Pn′
k
is a generalized

martingale solution, and meanwhile, a weak solution. By the uniqueness of generalized martingale
solutions, for any initial value µ, without further selecting a subsequence, Pn′

k
weakly converges

to the weak solution of SDE (1.1). Finally, the Markov property follows by the uniqueness of
generalized martingale solutions (see [12]). If b = b1 + b2, where b1 ∈ L∞

T B and b2 ∈ L2
TL

2,
then PDE (5.16) has a unique weak solution. Thus, no necessary to select a subsequence, Sf is
well-defined, and as above, the whole sequence Pn weakly converges to the weak solution of SDE
(1.1). �
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6. Applications to diffusion in random environment

In this section, we introduce certain Gaussian noise b so that our results can be applied to them.
In particular, we construct the diffusion process in random environment using this noise.

6.1. Vector-valued Gaussian fields. In this section we introduce the notion of vector-valued
Gaussian field. Fix m ∈ N and let µ(dξ) := {µij(dξ)}mi,j=1 be a matrix-valued signed Radon

measure on Rd. We assume that

(A) For each Borel measurable set A ⊂ Rd, (µij(A))
m
i,j=1 is a symmetric semi-positive definite

Hermit matrix, that is, for any complex numbers (ai)
m
i=1,

µij(A) = µji(A),

m∑

i,j=1

aiājµij(A) > 0. (6.1)

Moreover, µ(dξ) = µ(−dξ) and for some ℓ ∈ R,

sup
i,j=1,··· ,m

∫

Rd

(1 + |ξ|)ℓ|µij |var(dξ) < ∞, (6.2)

where | · |var stands for the total variation measure of a signed measure.

For two Rm-valued Schwartz functions f, g ∈ S (Rd;Rm) and k = 0, 1, 2, · · · , we define

〈f, g〉µ;k :=

m∑

i,j=1

∫

Rd

(1 + |ξ|2k)f̂i(ξ)ĝj(ξ)µij(dξ).

Since ξ → µij(dξ) is symmetric, one sees that 〈f, g〉µ;k = 〈g, f〉µ;k ∈ R is an inner product on
S (Rd;Rm), and by (6.1), for any f ∈ S (Rd;Rm),

‖f‖µ;k :=




m∑

i,j=1

∫

Rd

(1 + |ξ|2k)f̂i(ξ)f̂j(ξ)µij(dξ)




1/2

> 0.

Hence, ‖ · ‖µ;k is a seminorm on linear S (Rd;Rm). Clearly,

‖ · ‖µ := ‖ · ‖µ;0 6 ‖ · ‖µ;k 6 ‖ · ‖µ;k+1.

It must be noticed that ‖f‖µ = 0 does not imply f = 0. Let E0 be the null space of ‖ · ‖µ, i.e.,

E0 := {f ∈ S (Rd;Rm) : ‖f‖µ = 0}.

We define Hk being the completion of the quotient space S (Rd;Rm)/E0 with respect to the
seminorm ‖ · ‖µ;k. Thus we obtain a Hilbert space and

Hk+1 ⊂ Hk ⊂ H0.

Remark 6.1. Assume ℓ > 0 in (6.2), then the Dirac measure δ⊗m
0 belongs to H0. Indeed, for

fn(x) = ndf(nx), where f ∈ S (Rd;Rm) satisfies
∫
Rd fi(x)dx = 1 for each i = 1, · · · ,m, we have

‖fn − fn′‖2µ =

m∑

i,j=1

∫

Rd

(f̂i(ξ/n)− f̂i(ξ/n
′))(f̂j(ξ/n)− f̂j(ξ/n′))µij(dξ).

Since ℓ > 0 in (6.2) and f̂i(0) = 1, by the dominated convergence theorem, we get

lim
n→∞

‖fn − fn′‖µ = 0.

In general, the element in H0 may be not a Schwartz distribution.
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For any x ∈ Rd, k ∈ N and f ∈ S (Rd;Rm), define

τxf(·) := f(· − x) ∈ S (Rd;Rm), ∇kf(·) := ∂k
xf(·) ∈ S (Rd;Rm ⊗ (Rd)⊗k).

Noting that

τ̂xf(ξ) = e−ix·ξf̂(−ξ), ∇̂kf(ξ) = ikξ⊗kf̂(ξ),

we clearly have
‖τxf‖H0 6 ‖f‖H0, ‖∇kf‖H0 6 ‖f‖Hk

.

In particular, we can extend τx : H0 → H0 and ∇k : Hk → H0 being bounded linear operators.
We have the following simple lemma.

Lemma 6.2. For any f ∈ H0, the function x 7→ τxf ∈ H0 is continuous, and for any f ∈ Hk,
x 7→ τxf ∈ H0 is k-order Fréchet differentiable and

∇k
xτxf = τx∇kf in H0. (6.3)

Proof. By the boundedness ‖τxf‖H0 6 ‖f‖H0, we may assume f ∈ S (Rd;Rm). Thus, by definition,

‖τxf − τyf‖2µ =
m∑

i,j=1

∫

Rd

|e−iξ·x − e−iξ·y|2f̂i(ξ)f̂j(ξ)µij(dξ),

which implies by the dominated convergence theorem,

lim
x→y

‖τxf − τyf‖2µ = 0.

For (6.3), it suffices to show it for k = 1. For h, x ∈ Rd with h 6= 0, by definition we have
∥∥∥∥
τx+hf − τxf

h
− τx∇f

∥∥∥∥
2

µ

=

m∑

i,j=1

∫

Rd

∣∣∣∣
e−iξ·h − 1

h
+ iξ

∣∣∣∣
2

f̂i(ξ)f̂j(ξ)µij(dξ).

Noting that
m∑

i,j=1

∫

Rd

sup
h

∣∣∣∣
e−iξ·h − 1

h
+ iξ

∣∣∣∣
2

|f̂i(ξ)f̂j(ξ)µij(dξ) 6

m∑

i,j=1

∫

Rd

|ξ|2f̂i(ξ)f̂j(ξ)µij(dξ) < ∞,

by the dominant convergence theorem, we have

lim
h→0

∥∥∥∥
τx+hf − τxf

h
− τx∇f

∥∥∥∥
µ

= 0.

The proof is complete. �

Now we introduce the following notion of vector-valued Gaussian random field (see [39]).

Definition 6.3. Let U be the real valued Gaussian random field on H0, that is, U is a continuous
linear operator from H0 to L2(Ω,P), and for each f ∈ H0, U(f) is a real-valued Gaussian random
variable with mean zero and variance ‖f‖2

H0
. In particular,

E
(
U(f)U(g)

)
= 〈f, g〉H0 . (6.4)

We shall call U an Rm-valued Gaussian noise over Rd with matrix-valued spectral measure µ.

We call U an Rm-valued Gaussian noise. The reason is that for given real valued Schwartz
function h ∈ S (Rd;R) and i = 1, · · · ,m, if we define

fi := (0, · · · , 0, h, 0, · · · , 0) ∈ S (Rd;Rm), Ui(h) := U(fi), (6.5)

then it is easy to see that
U = (U1, · · · , Um).

Moreover, for any f, g ∈ S (Rd;R), we have

E(Ui(f)Uj(g)) =

∫

Rd

f̂(ξ)ĝ(ξ)µij(dξ),
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which gives the covariance between different components. In particular, for f = (f1, · · · , fm) ∈
S (Rd;Rm), we shall write

U(f) = 〈U, f〉 = U1(f1) + · · ·+ Um(fm).

On the other hand, in the above definition, the Gaussian field U is defined as a bounded linear
operator from H0 to L2(Ω,P). A natural question arises: can we view U as an m-dimensional
random distribution of the spatial variable x ∈ Rd? We shall provide an affirmative answer and
show its Besov regularity in the variable x below.

To achieve this, we first introduce the convolution of U with ϕ ∈ H0. For a given ϕ ∈ H0, we
define

(ϕ ∗ U)(x) := Uϕ(x) := U(τxϕ) ∈ L2(Ω,P).

Theorem 6.4. For any ϕ ∈ H0, the function x 7→ Uϕ(x) is continuous in L2(Ω,P), and for any
k ∈ N and ϕ ∈ Hk, x 7→ Uϕ(x) is k-order Fréchet differentiable, and for each x ∈ Rd,

∇k
xUϕ(x) = 〈U, τx∇kϕ〉, P− a.s. (6.6)

Moreover, for any p > 2, there is a constant C = C(d, p) > 0 such that for all ϕ ∈ Hk,

sup
x∈Rd

‖∇kUϕ(x)‖Lp(Ω) 6 C‖ϕ‖µ;k. (6.7)

Proof. Note that

E|Uϕ(x) − Uϕ(y)|2 = E|U(τxϕ− τyϕ)|2 = ‖τxϕ− τyϕ‖2H0
.

The continuity of x 7→ Uϕ(x) now follows by Lemma 6.2. Similarly, by (6.3), we have (6.6).
Moreover, by the the hypercontractivity of Gaussian random variables, we have for any p > 2,

‖∇kUϕ(x)‖Lp(Ω) . ‖U∇kϕ(x)‖L2(Ω) =




m∑

i,j=1

∫

Rd

∇̂kϕi(ξ)∇̂kϕj(ξ)µij(dξ)




1/2

=




m∑

i,j=1

∫

Rd

|ξ|2kϕ̂i(ξ)ϕ̂j(ξ)µij(dξ)




1/2

6 ‖ϕ‖µ;k.

This completes the proof. �

Now for f ∈ S (Rd;R), we define

Uϕ(f) :=

∫

Rd

Uϕ(x)f(x)dx.

Lemma 6.5. For any ϕ ∈ H0, Uϕ is an R-valued Gaussian noise with spectral measure

µϕ(dξ) =

m∑

i,j=1

ϕ̂i(ξ)ϕ̂j(−ξ)µij(dξ).

Proof. For any f, g ∈ S (Rd;R), by definition and Fubini’s theorem, we have

E
(
Uϕ(f)Uϕ(g)

)
=

∫

Rd

∫

Rd

E
(
Uϕ(x)Uϕ(y)

)
f(x)g(y)dxdy

=

m∑

i,j=1

∫

Rd

∫

Rd

[∫

Rd

τ̂xϕi(ξ)τ̂yϕj(ξ)µij(dξ)

]
f(x)g(y)dxdy

=

m∑

i,j=1

∫

Rd

∫

Rd

[∫

Rd

ei(ξ·x−ξ·y)ϕ̂i(ξ)ϕ̂j(ξ)µij(dξ)

]
f(x)g(y)dxdy

=
m∑

i,j=1

∫

Rd

f̂(−ξ)ĝ(ξ)ϕ̂i(ξ)ϕ̂j(−ξ)µij(dξ) = 〈f, g〉µϕ .
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The result now follows. �

Below, for a Banach space B, let Bs
p(B) := Bs

p,∞(B) be the B-valued Besov space, and for any

ρκ(x) = (1 + |x|)−κ, where κ ∈ R, let Bs
p(ρκ;B) be the weighted Besov space, which is defined by

(see [22])

‖f‖Bs
p(ρκ;B) := ‖fρk‖Bs

p(B)
.

We have the following regularity result.

Theorem 6.6. Under (A), for any p ∈ [1,∞), κ > d/p and β < ℓ/2, it holds that

U ∈ Bℓ/2
∞ (Lp(Ω;Rm)) ⊂ Bℓ/2

p (ρκ;L
p(Ω;Rm)) ⊂ Lp(Ω;Bβ

p (ρκ;R
m)). (6.8)

Proof. First of all, recalling the definition of (φj)j>−1 in (2.1), one sees that for any γ ∈ R,

|φj(ξ)| .C 1 ∧
(
2γj(1 + |ξ|)−γ

)
, j > −1, ξ ∈ Rd. (6.9)

Indeed, for j = −1, since suppφ−1 ⊂ B1, it is obvious. For j > 0, noting that

Kj := suppφj ⊂ {ξ : 2j−1 6 |ξ| 6 2j+1},
we have for any γ ∈ R,

|φj(ξ)| 6 1Kj(ξ) . 2jγ/(1 + |ξ|)γ .
For each i = 1, · · · ,m, under (6.2), by definition (6.5) and the hypercontractivity of Gaussian
random variables, we have for any p ∈ [1,∞) and j = 0, 1, · · · ,,

‖RjUi(x)‖Lp(Ω) . ‖RjUi(x)‖L2(Ω) = ‖Ui(τxφ̌j)‖L2(Ω) =

(∫

Rd

|φj(ξ)|2µii(dξ)

)1/2

. 2−ℓj/2

(∫

Rd

(1 + |ξ|)ℓµii(dξ)

)1/2

. 2−ℓj/2, (6.10)

and for κ > d/p,

‖ρκRjU‖p
Lp(Rd;Lp(Ω))

=

∫

Rd

(1 + |x|)−pκ‖RjU(x)‖pLp(Ω)dx . 2−pℓj/2

∫

Rd

(1 + |x|)−pκdx.

Hence, by [22, Theorem 2.7],

U ∈ Bℓ/2
∞ (Lp(Ω;Rm)) ⊂ Bℓ/2

p (ρκ;L
p(Ω;Rm)).

Finally, for β < ℓ/2, by Fubini’s theorem, we have
∥∥∥ sup

j>0
2βj‖ρκRjU‖p

∥∥∥
Lp(Ω)

6
∑

j>0

2βj‖ρκRjU‖Lp(Rd×Ω) 6
∑

j>0

2(β−ℓ/2)j‖U‖
B

ℓ/2
p (ρκ;Lp(Ω;Rm))

.

The proof is completed . �

6.2. Examples: Divergence-free Gaussian field. In this section we present concrete examples
to illustrate our results. The following example is standard.

Example 6.7. Let m = 1. For γ ∈ [0, d), let

µ(dξ) := |ξ|−γdξ.

Obviously, (6.2) holds. In this case, for γ > 0, it is well known that for some cd,γ > 0 (see [37,
p117, Lemma 2]),

µ̂(x) = cd,γ |x|γ−d.

In particular, for any f, g ∈ S (Rd),

E
(
U(f)U(g)

)
=

∫

Rd

f̂(ξ)ĝ(−ξ)µ(dξ) = cd,γ

∫

Rd

∫

Rd

f(x)g(y)

|x− y|d−γ
dxdy.
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For γ = 0, we have

µ̂(x) = δ0(dx)

and

E
(
U(f)U(g)

)
=

∫

Rd

f(x)g(x)dx.

Namely, X is a space white noise on Rd. As in (6.10) and by the change of variables, we have

‖RjU(x)‖Lp(Ω) .

(∫

Rd

|φj(ξ)|2µ(dξ)
)1/2

= 2j(d−γ)/2

(∫

Rd

|φ0(ξ)|2
dξ

|ξ|γ
)1/2

.

Hence, for any p ∈ [1,∞), κ > d/p and β < (γ − d)/2,

U ∈ B(γ−d)/2
∞ (Lp(Ω)) ⊂ B(γ−d)/2

p (ρκ;L
p(Ω)) ⊂ Lp(Ω,Bβ

p (ρκ)). (6.11)

In particular, bigger γ means that Gaussian field U has better regularity.

Example 6.8 (Divergence free vector-valued Gaussian field). For given γ ∈ [0, d), define

µ(γ)(dξ) := |ξ|−γ
(
Id×d −

ξ ⊗ ξ

|ξ|2
)
dξ. (6.12)

It is easy to see that (6.2) holds for ℓ < γ − d, and for a := (ai)
d
i=1 ⊂ C and ξ ∈ Rd,

aT
(
Id×d −

ξ ⊗ ξ

|ξ|2
)
ā = |a|2 −

∑

i,j

(aiξiājξj)/|ξ|2 = |a|2 −
∣∣∣
∑

i

(aiξi)
∣∣∣
2

/|ξ|2 > 0.

Thus (A) holds. Let b(γ) be the Rd-valued Gaussian random field with matrix-valued spectral

measure µ(γ)(dx). Then by (6.8), for any p ∈ [1,∞), κ > d/p and β < γ−d
2 ,

b(γ) ∈ Lp(Ω;Bβ
p (ρκ;R

m)).

In particular, there is a P-null set N ⊂ Ω so that for all ω 6∈ N ,

b(γ)(ω, ·) ∈ Bβ
p (ρκ;R

m),

and

divb(γ)(ω, ·) = 0.

In fact, for any f ∈ S (Rd),

E|〈divb(γ), f〉|2 = E|〈b(γ),∇f〉|2 =

∫

Rd

∇̂f(ξ)
(
Id×d −

ξ ⊗ ξ

|ξ|2
)[

∇̂f(ξ)
]∗|ξ|−γdξ

=

∫

Rd

|f̂(ξ)|2ξ
(
Id×d −

ξ ⊗ ξ

|ξ|2
)
ξ∗|ξ|−γdξ = 0, (6.13)

where ∗ stands for the transpose of a row vector. In particular, one can apply Theorem 1.2 to solve
the following SDE with γ ∈ (d− 2, d):

dXt = b(γ)(ω,Xt)dt+
√
2dWt,

where Xt can be thought of the diffusion in random environment (see [13]).

Remark 6.9. Consider d = 3. Let U(γ) := (U1, U2, U3) be the 3-dimensional Gaussian field with
spectral measure matrix µ(dξ) = |ξ|−γI3×3dξ, where γ ∈ (1, 3). Let b(γ) be the R3-valued Gaussian
field in the above example. It is easy to see that (see [13])

b(γ) = ∇× (−∆)−
1
2U(γ), ∇× :=




0 −∂3 ∂2
∂3 0 −∂1
−∂2 ∂1 0


 .
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Remark 6.10. Consider d = 2. Let U be the two-dimensional spatial white noise with spectral
measure µ(dξ) = dξ (see Example 6.7). Let S0(R

2) be the class of Schwartz function f ∈ S (R2)

with 0 /∈ supp(f̂). Let b(0) be the R2-valued Gaussian field in Example 6.8. Then it is easy to see
that for any f, g ∈ S0(R

2),

E
(
(∇⊥(−∆)−

1
2U)(f)(∇⊥(−∆)−

1
2 )U(g)

)
= E(b(0)(f)b(0)(g)),

where ∇⊥ := (∂x2 ,−∂x1). In other words,

b(0) = ∇⊥(−∆)−
1
2U on S0(R

2).

However, S0(R
2) is not a deterministic class since for f ∈ S0(R

2),
∫
R2 f(x)dx = 0. So we can

not claim b(0) = ∇⊥(−∆)−
1
2U as distributions.

Example 6.11. Let bε be the Gaussian field with matrix-valued spectral measure (see Remark
1.6)

µε(dξ) := 1|ξ|<1/ε

(
Id×d −

ξ ⊗ ξ

|ξ|2
)
dξ.

By Remark 6.1 and Theorem 6.6, for p ∈ [1,∞) and κ > d/p, we have

bε(x) := bε(τxδ0) ∈ ∩β>0L
p(Ω;Bβ

p (ρκ;R
m)).

Let 0 < ε < ε′ 6 1/2. Noting that

(I−∆)−
β
2 (bε − bε′)(x) = (bε − bε′)(τx(I−∆)−

β
2 δ0),

for β > 1 and p > 2, we have for all x ∈ Rd,

‖(I−∆)−
β
2 (bε − bε′)(x)‖Lp(Ω) . ‖(I−∆)−

β
2 (bε − bε′)(x)‖L2(Ω)

=

(∫

R2

11/ε′|6ξ|<1/ε(1 + |ξ|2)− β
2 dξ

) 1
2

. |ε− ε′| β−1
2 .

Therefore, as in Theorem 6.6, for any p ∈ [1,∞), κ > d/p and β > 1, there exists a vector field
b ∈ Lp(Ω,H−β

p (ρκ)) with divb = 0 and such that

lim
ε→0

E‖ρκ(bε − b)‖p
H

−β
p

= 0.

On the other hand, fix p ∈ [2,∞) and κ > d/p. It is easy to see that

sup
x∈Rd

‖(I−∆)−
1
2 bε(x)‖Lp(Ω) 6 C

√
ln(1/ε),

and so,

sup
ε∈(0,1/2)

E

(
‖ρκbε‖H−1

p√
ln(1/ε)

)p

= 0.

By a tightness argument and Skorokhod’s representation theorem, there is a subsequence εn → 0,

a probability space (Ω̃, F̃ , P̃) and a family of Gaussian process {b̃n}∞n=1 thereon such that

P̃ ◦ b̃−1
n = P ◦

(
bεn√

ln(1/εn)

)−1

in H−1
p (ρκ),

and, there is a P̃-null set N such that for all ω̃ /∈ N ,

sup
n∈N

‖b̃n(ω̃, ·)‖H−1
p (ρκ)

< ∞. (6.14)
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6.3. Stochastic heat equations. Let γ ∈ (−∞, d) and η(γ) be an Rd-valued time-white Gauss-
ian noise with matrix-valued spectral measure µ(γ)(dξ)dt, where µ(γ) is given by (6.12). More
precisely, η(γ) is a Gaussian field over R+ × R2 with covariance given by that for any f, g ∈
L2([0,∞);S (Rd;Rd)),

E
(
η(γ)(f)η(γ)(g)

)
=

d∑

i,j=1

∫ ∞

0

∫

R2

f̂i(t, ξ)ĝj(t,−ξ)µ
(γ)
ij (dξ)dt.

Now, we consider the following Rd-valued stochastic heat equation (abbreviated as SHE) on Rd:

∂tu
(γ) = ∆u(γ) + η(γ), u

(γ)
0 = 0. (6.15)

Let

pt(x) = (4πt)−1 exp{−|x|2/(4t)}.
By Duhamael’s formula, the solution is determined by the following formula:

u(γ)(t, x) :=

∫ t

0

∫

Rd

pt−s(x − y)η(γ)(dy, ds) := η(γ)(1(0,t)τxpt−·).

Noting that for any j > 0 and i = 1, · · · ,m,

Rju
(γ)
i (t, x) = η

(γ)
i (1(0,t)τxRjpt−·),

as in Theorem 6.6, by (2.1) and the change of variables, we have

‖Rju
(γ)
i (t, x)‖2Lp(Ω) . ‖Rju

(γ)
i (t, x)‖2L2(Ω) =

∫ t

0

∫

Rd

|τxRjpt−s(ξ)|2µ(γ)
ii (dξ)ds

=

∫ t

0

∫

Rd

|φj(ξ)|2e−2(t−s)|ξ|2 |ξ|−γ(1− |ξi|2/|ξ|2)dξds

6 2j(d−γ)

∫ t

0

∫

Rd

|φ0(ξ)|2e−22j+1s|ξ|2 |ξ|−γdξds

. 2j(d−γ−2)

∫

Rd

|φ0(ξ)|2|ξ|−2−γdξ,

and also,

‖R0u
(γ)
−1(t, x)‖2Lp(Ω) .

∫

Rd

|φ−1(ξ)|2|ξ|−γdξ < ∞.

Hence, for γ < d− 2,

u(γ) ∈ L∞(R+;B
1+ γ−d

2
∞ (Lp(Ω;Rd))).

Moreover, as (6.13), we also have

divu(γ) = 0.

In particular, we can use Theorem 1.2 to time-dependent vector field b(γ)(t, x) = u(γ)(t, x) with
γ ∈ (d− 4, d− 2).
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