SDE DRIVEN BY CYLINDRICAL o-STABLE PROCESS WITH
DISTRIBUTIONAL DRIFT AND APPLICATION

MINGYAN WU AND ZIMO HAO*

AsstrACT. For @ € (1,2), we study the following stochastic differential equation driven by
a non-degenerate symmetric a-stable process in R¥:

dX, = b(t, X,)dt + o(t, X,_)dL'®, X, = x € R?,

t

where b belongs to L (R.; B;fm R%)) with some S € (0, "T_l), and o : R, xR? - RI®R? is
a d X d matrix-valued measurable function. We point out that the noise could be a cylindrical
a-stable process. We first show the generalized martingale problems and then establish the
stability estimates of solutions. As an application, we give the weak convergence rate of the
Euler scheme for additive noises with drift coefficient b = b(x).

1. INTRODUCTION

In this paper, we consider the following stochastic differential equation (abbreviated as
SDE) inR? (d > 1):

dX, = b(t, X,)dt + o(t, X,.)dL\™, X, = x € RY, (1.1)

where Lﬁ‘” is a symmetric a-stable process with @ € (1,2) on some probability space
(Q,.#,P), and b belongs to L*(R,; B;f »(R%)) with some S € (0, "T‘l) (here, B;f - are Besov
spaces, see Definition 2.2 below), and o : R, x R — RY ® R is a d X d matrix-valued
measurable function satisfying the following assumption:

(H?) o is Lipschitz continuous in x uniformly in 7. There is a constant ¢y > 1 such that for
allt > 0 and x, & € RY,

¢y 1€l < lo(t, x)€] < colél, and [Vor(t, x)| < co. (1.2)
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1.1. Well-posedness of generalized martingale problems. The first goal of this paper is
to establish the well-posedness of the generalized martingale solution for SDE (1.1) includ-
ing the stability (see Theorem 1.1 and Theorem 4.6). A d-dimentional @-stable process with
a € (0,2) is a purely jumped Lévy process with Lévy measure (called the a-stable measure)

VD(A) = f m( f w)dn A € BRY),
0 -1

rl+a

where X is a finite measure over the unit sphere S?~! (called spherical measure of V().
In this paper, we consider a-stable measures that satisfy the following non-degenerate as-
sumption:

(ND) For each 6, € %!,

f |0 - Gp[2(d6) > 0.
gd-1

The most common a-stable process is the standard (or strictly) a-stable process whose
Lévy measure is absolutely continuous with the Lebesgue measure and given by wﬁdz
with some constant ¢ > 0, and the infinitesimal generator is the fractional Laplace operator
A%?. From the point of view of Fourier analysis, (fractional) derivatives are characterized
by Fourier multipliers. It is well-known that the symbol of the fractional Laplacian is given
by [£] with & € RY. If we consider & = 2, the situation becomes the usual Laplacian A, i.e.
the infinitesimal generator of the d-dimensional standard Brownian motion

L? = (WL W2, WY
where {W! }f'l: , are independent 1-dimensional Brownian motions. Under the distributional
drift assumption, there have been several pieces of literature on Brownian motion cases.
The earliest works are [4] and [20], both focusing on the one-dimensional time-independent
multiplicative noise. We also refer to the works [21], [14], [24], [15], and [25] for the one-
dimensional case, and [19], [46], [8], and [47] for the multi-dimensional case.

In recent years, researchers have paid more and more attention to the jumped case (for
example [1], [10], [17], [30], [33] and so on). However, these studies consider only additive
a-stable noises except for [33]. Although the authors of [33] study the SDE (1.1) with
multiplicative Lévy noises, their results do not cover the singular case such as cylindrical
a-stable noises. We say an a-stable process

L@ .= (" % ...,LY

is cylindrical, if its components are independent one-dimensional standard a-stable pro-
cesses. In fact, components of a multi-dimensional standard a-stable process are not jointly

independent, which is different from the Brownian case. Nevertheless, in many models, the
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joint independence of {L'}% | plays a vital role. For instance, in the following N-particle
system:

dxM = Z KN = XMt + dL,
i#i
K : RY — R? is the interaction kernel, and {L'}Y is a family of independent a-stable
processes, which stands for the random phenomenon like collisions between two particles
(see [9] and references therein for examples). On the other hand, the Lévy measure of a
cylindrical a-stable process (called the cylindrical a-stable measure) is given by

V@€(dz) = Z(So(dzl) ~00(dzi-1)—r

k=1

00(dzis1) - - - 60(dzg),

| |1+1

where & is the Dirac measure at zero in R!. Then the symbol of the associated infinitesimal
generator is

d
DU, = E) e R,
i=1

which is more singular than the symbol of the standard a-stable process since |£|* is only
not smooth at origin, but Zf’zl |€] is not smooth on all axes Ule{fi = 0}. That is why we
say the cylindrical one is singular. In [33], Ling and Zhao obtained the well-posedness of
generalized martingale problems relying on the following change of variables:

d
L0 = [ 009 = 09 = VS0 o0

d
(f(x+2) = f(x) = V) - 2@) -

Rd lo~1(x)z|4*e| det o (x)|”

(1.3)

where 7% := 7111421 + zZlae(12), the symbol V denotes the gradient operator, and the
diffusion coefficient o is time-independent. It is obvious that such a change of variables
method in [33] might not be valid in general cases, since, for example, the infinitesimal
generator of a cylindrical one,

d
dz;
L fx) = mex # (@) = @) = V) - @) (1
i=1 i

where (02); := (01,2, ..., 04iz;) for any o = (07;) € RY ®RY, is essentially different from the
standard one.

The preceding theorem is our first main result:

Theorem 1.1. Assume that a € (1,2) and (H?) holds with constant co. Let b € L=([0, T]; B;fix,)
with some 8 € (0, "T’l). Then there is a unique generalized martingale solution Q € My ,(x)

in the sense of Definition 4.2 below.
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Remark 1.2. It is worth pointing out that the definition of martingale solutions presented in
[33] looks different from Definition 4.2, but verifying their equivalence seems not a challeng-
ing task. We prove the solution to the approximating equation, wherein these two definitions
coincide, converges to the solution in Theorem 1.1.

In order to explore martingale solutions as defined in Definition 4.2, we consider the
following forward partial differential equation (PDE for short):

Ou=L%+b-Vu+f, u0)=u, (1.5)
where a € (1,2), b, f € L>([0,T]; B;foo) with some g € (0, %), and

L0g(t,x) = fR (gt x + 002) - g1.3) - 00z Vgt DY) (16)

with a non-degenerate symmetric a-stable measure v'*. Note that in [33], the assumption
on o, where o € L*([0,T]; Bf: ), is weaker than ours. As a matter of fact, it seems to
be open to give the well-posedness of martingale (or weak) solutions for SDEs driven by
cylindrical a-stable processes with distributional drifts when o is just Holder continuous
with respect to the space variable. Specifically, the key ingredient of reaching our first goal
is the boundedness of operator .Zi") : Bﬁf;fo - B;foo (see Lemma 3.1). Regarding the
operator .,Zﬁ”) as a natural extension of the operator x(x)A> as we illustrated in (1.3), the
authors in [33] achieved the boundedness when v@ is absolutely continuous with respect to
the Lebesgue measure, where the function « possesses the same Besov-Holder regularity as
that of o~. Thus, the boundedness of 92”;“) in [33] can be attributed to the product law: (see
Lemma 2.4

a a
kA fullys < cllAfullys [Ikllgess

where ¢ > 0 is a constant only depends on 3, & > 0; and this is the reason they only need o
belongs to L*([0, T']; f: %). Nevertheless, the focus of this paper is on compound operators,
as exemplified by u(x) — u(o(x)). And then it is imperative that o is Lipschitz in order to
ensure the Besov-Holder regularity of u. Moreover, we require a distinct technique to that
presented in [33] for handling PDE (1.5). See more details in Section 3.

1.2. Weak convergence rate of Euler scheme. Our second aim is to investigate the Euler
scheme for a toy model of SDE (1.1), where o = I[;x, and b = b(x) belongs to the negative
order Besov space B;f «- To study such a singular stochastic model, a natural problem is
how to define the distributional drift term for Euler scheme. Modifying b(x) in the sense of

b, =bx¥K,, m>0,
where %, (x) := m?K(mx) with some good kernel K € C(R?) with fRd K(x)dx = 1, we
consider the following modified Euler scheme for SDE (1.1): for any n € N,
!
X = x+ fo bu(X; 0 )de + L, x € R
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where ¢,(¢) := k/nwhen t € [k/n, (k+1)/n) withk = 0,1,2,....,n. Set P,,,,(1) := Po(X*")7".

In this paper, we study the so-called moderate case, i1.e. m = n” with some y > 0. Here is
our second main result, the weak convergence of this Euler scheme.

Theorem 1.3. Let a € (1,2). Assume (H”) holds with constant cy, b € B;,B’ w With some
B € (0, %) and m = n” with some y > 0. Take the probability measure P be the unique
solution of the generalized martingale problem M, ,(x) (see Definition 4.2). Then, for any
v € (0, %) and T > 0, there are constants ¢ = c(d,a,B,K,T,5) > 0and 6 = 6(a,B,y) > 0
such that for any n € N,

-0
sup ”Pm,n(t) - P(t)”var <cn B
t€[0,T]

where || - ||lvar denotes the total variance of measures.

Remark 1.4. In the current paper, for simplicity, we only consider the additive noise case.
Combining with a classical Levi’s freezing coefficients method, our method might work as
well for the case of uniformly elliptic and Lipschitz diffusion coefficients.

So far, the rate of convergence for the Euler scheme of SDEs with regular or irregular
drift coeflicients has been widely studied. Whatever the Brownian case or the jumped case,
people are used to adopting the Yamada-Watanabe approximation technique and the upper
bound of heat kernels to prove the convergence rate. One could see the introduction section
of [3] for more discussion of the Yamada-Watanabe approximation; see [26] or [43] for an
example of using heat kernel pointwise estimates in this direction. It is worth emphasizing
that the density of the standard a-stable is equivalent with (cf. [5, Theorem 2.1])

t
but the cylindrical one has an asymptotic behavior as follows:

d
[
L ([1/0{ + |xi|)l+a/'

More generally, when the spherical measure T of a-stable measure v is not equivalent to
the uniform measure, though a smooth density exists (cf. [11]), it is so far away to get an
analytic expression for it (see [42] for more details). The best we know is just an integral-
type estimate (see subsection 2.3), not a pointwise estimate. Moreover, for more irregular
coeflicient cases, the methods described above do not deal well with the problem, which
leads to the search for more powerful tools.

Thanks to the deep connection between Kolmogorov equations and SDEs, to the best
of our knowledge, in [34] Menoukeu Pamen and Taguchi first exploited the so-called Ito-
Tanaka trick to get the strong rate of the Euler-Maruyama approximation of SDEs driven by
a Wiener process or a truncated symmetric a-stable process, with Holder drift continuous

drift coefficients. Meanwhile, concerning standard a-stable processes, inspired by [18],
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Mikulevicius and Xu in [35] obtained the following strong convergence under a € (1,2)
and B-Holder drift with 8 < —(1 — a/2):

E[ sup X7 - X/|P| < n PPl

t€[0,T]

where p € (0, @), relying on the It6-Tanaka trick as well.

Nowdays, it has been gained much attention on SDEs with irregular coefficients driven
by singular noises. In [32], Kiihn and Schilling studied the strong convergence of the Euler-
Maruyama approximation for a class of Lévy-driven SDEs with some Holder assumption on
the drift coeflicient through the It6-Tanaka approach. Moreover, under irregular S-Holder
drift, instead of using the It6-Tanaka trick, in [7] Butkovsky, Dareiotis, and Gerencsér
showed the strong rate of convergence of the Euler scheme for SDEs driven by a variety
of Lévy noises, based on a new extended stochastic sewing lemma, where the rate can be
uniformly with respect to 8 and any moment p > 2.

On the other hand, observing the equivalence between norms of Holder spaces and posi-
tive integer order Besov spaces (cf. [41]), it is natural to think about negative order cases. In
addition, singular SDEs with distributional drifts actually appear in the context of many sto-
chastic models (cf. [30]). In the present paper, partially inspired by mentioned works above,
we study the weak convergence rate of the Euler approximation by applying the 1t6-Tanaka
trick to estimate the difference from P o (X"")™! =P o (X)) ' toPo (X/"")! - Po (X;fl’("t))_l,
where the later one is obtained by heat kernel estimates (see Section 5 for more details). It
is worth noting that before being adopted to prove the strong rate in [34], the 1t6-Tanaka
technique has traditionally been used to obtain weak convergence rates for Euler schemes

which has important applications in stochastic financial theory (cf. [37]).

1.3. Outline of paper. The rest of this paper is organized as follows. In Section 2, we
introduce some basic concepts and estimates. In Section 3, we establish Schauder’s estimate
and obtain the well-posedness for the non-local parabolic equation with singular a-stable
measure and distributional drift term. In Section 4, we show the first main result of this
paper, Theorem 1.1, which gives the well-posedness of the generalized martingale solution
to SDE (1.1) for any b € L*([0, T]; B;foo) with some S € (0, "T_l). As a result, we prove the
stability estimate Theorem 4.6. In Section 5, based on the results in Section 3 and 4, we

show the weak convergence rate of the Euler scheme.

Conventions and notations. Throughout this paper, we use the following conventions and
notations: As usual, we use := as a way of definition. Define N := NU{0} and R, := [0, c0).
The letter ¢ = ¢(- - - ) denotes an unimportant constant, whose value may change in different
places. We use A < Band A < B to denote ¢™'B < A < ¢B and A < ¢B, respectively, for

some unimportant constant ¢ > 1. We also use A <. B to denote A < ¢B when we want to
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emphasize the constant. Denote by Beta functions and Gamma functions, respectively,

1
B(sy, 52) := f 17N = %)% ' dx, Vs, s >0 (1.7)
0
and

I(s):= f *le*dx, Vs> 0. (1.8)
0

e Let M“ be the space of all real d x d-matrices, and M, the set of all non-singular
matrices. Denote the identity d X d-matrix by I;x,.

e For every p € [1, o), we denote by L” the space of all p-order integrable functions
on R? with the norm denoted by || - || e

e For a Banach space B and T > 0, g € [1, oo], we denote by

L‘;B = LY([0,T];B), L‘; = L0, T] x Rd).
2. PRELIMINARY

2.1. Besov spaces. In this subsection, we introduce Besov spaces. Let .7(R%) be the
Schwartz space of all rapidly decreasing functions on R¢, and .’(R¢) the dual space of
S (RY) called Schwartz generalized function (or tempered distribution) space. Given f €
Z(RY), the Fourier transform f and the inverse Fourier transform f are defined by

f@) =" f e f(xdx, £eR,

R4

f(x) := 2n)™? f e“r f()dé, x e R

R
For every f € .%/(R%), the Fourier and the inverse transforms are defined by

(@) =), (fr@) = ([, ), Yo e SR
Let y : R? — [0, 1] be a radial smooth function with
L, <1,
) =
& {O, €] > 3/2.
For & € RY, define Y(€) := x(¢) — x(2€) and for j € Ny,
Y€)=y (27¢).
Let B, := {£ € R? | |¢] < r} for r > 0. It is easy to see that s > 0, suppys C B35 /B2, and
k
XQ28)+ D Ui) = x27) > 1, as k- oo, @.1)
=0
Since ¢ ;(y) = 2/4j(27y), j > 0, we have
f I IVEGl(0)dx < 2477, >0, ke Ny,
Rd
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where the constant ¢ is equal to fRd |x|°|V5/|(x)dx and V* stands for the k-order gradient.
The block operators R}, j > 0 are defined on .#"(R?) by

Ryf ) i= Wi = 0y 00 = 2 [ Binfie- vy, 22)
Rd
and R_, f(x) := (/) (x) = ¥ * f(x). Then by (2.1),
f= Z R;f. (2.3)

j>—1

Remark 2.1. For j > —1, by definitions, it is easy to see that

1
R;=RR;, where Ryi= > Rj.cwith Ry =0,
{=—1

and R is symmetric in the sense of
f Rif(0gdx = | f(OR;gn)dx, fe.' R, g€ .S RY.
R4 R4

Now we state the definitions of Besov spaces.

Definition 2.2 (Besov spaces). For every s € R and p, q € [1, 0o], the Besov space B;,q(Rd)
is defined by

BS (&) = {f € @) lfly, = > (21R,1,)' | < ool.
j=-1

If p = g = oo, it is in the sense

Bl (R = {f € Z"®)|lIfllss,., := sup 2YIIR;flle < o0}.

=1

This definition and Young’s inequality ensure that for any s; € R, i = 0, 1,2, with 59 <
s1 < s and « > 0, there is a constant ¢, > 0 such that

1l < Kl gz + coll g

In addition, for any s, > s1 > 0,

Il < &l fllgzz,, + call flleo. (2.4)
Recall the following Bernstein’s inequality (cf. [2, Lemma 2.1]).
Lemma 2.3 (Bernstein’s inequality). For every k € Ny, there is a constant ¢ = c(d, k) > 0

such that forall j > —=1 and 1 < p; < py < oo,
11y
IVER 1l e 2“5 2R £l
In particular, for any s € Rand 1 < p,q < oo,

IV Fllsy, e 1T 2.5)
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It is worth discussing here the equivalence between the Besov and Holder spaces, which
will be used in various contexts in this paper without much explanation. For s > 0, let
C’(RY) be the classical s-order Holder space consisting of all measurable functions f :
R? — R with

[s]
Iflles == Z IV flleo + [VP flesta < oo,
=0

where [s] denotes the greatest integer not more than s, and

) = FOlle
il = sup FOL [fler = sup MM = FO

x€R4 heRd |h P/

, ve(,1).
If s > 0and s ¢ N, we have the following equivalence between B;’W(Rd) and C*(RY): (cf.
(41D

I f 1By, = Nl flcs-

However, for any n € Ny, we only have one side control that is || fllgz, . < Ilfllc»-
At the end of this subsection, we introduce the following product law (cf. [22, Lemma
2.1] or [6]) and interpolation inequality (cf. [2, Theorem 2.80]).

Lemma 2.4 (Product laws). For any s > 0 and € > 0, there is a constant ¢ = c(s,&) > 0
such that

/gl Se ISl lglB.. - (2.6)

Lemma 2.5 (Interpolation inequality). Let sy, s, € R with s, > s1. For any p € [1, o] and
6 € (0, 1), there is a constant ¢ = c(sy, $2, p) > 0 such that

9 1-6
“f”BZflﬁ“-ﬁ)fz Se ”f”B;,loo”fl B;%m'
Furthermore, for any s, > 0 > s,
0 1-0
I lleo S 1A 1RGs NNl (2.7
where 6 = s5,/(55 — 51).

2.2. a-stable processes. We call a o-finite positive measure v on R? a Lévy measure if

v({0}) = 0, f (1 A lz2P)v(dz) < +oo. (2.8)
R4
Fix @ € (0,2). Let Lﬁ") be a d-dimentional a-stable process with Lévy measure (or a-stable
measure)
0 14(r6)X(do
YO(A) = f ( f M) dr, AeBRY, 2.9)
0 Sd-1 rta
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where X is a finite measure over the unit sphere S¢~! (called spherical measure of v¥). We
say an a-stable measure V'@ is non-degenerate, if the assumption (ND) holds. Note that

a-stable process LE“) has the scaling property,

(Lm0 2 QLm0 ¥ A> 0, (2.10)
and for any y, > a >y, >0,
f |22V (dz) + f 2"V 9(dz) < co. @2.11)
lzI<1 |z/>1
Moreover, it is easy to see that for any 4 > 0 and p > 2,
(1 A [AzP W' @(dz) = A° f (1 A 2PV (dz). (2.12)
R4 R4

Let N(dr, dz) be the associated Poisson random measure defined by
N((0,1] X A) := Z 1LY — L), Ae BRI\ {0}),1> 0.
5€(0.1]

By Lévy-Itd’s decomposition (cf. [38, Theorem 19.2]), one sees that

L(“) = lim f f ZN(dr, dz) + f f ZN(dr, dz),
&l0 e<lzi<1 lZ1>1

where N(dr, dz) := N(dr,dz) — v\ (dz)dr is the compensated Poisson random measure. In
the sequel, we always assume that v is symmetric. Hence, we can write

L = f f ZN(dr, dz) + f f ZN(dr,dz), Ve > 0. (2.13)
lzl<c lz|>c

The following moment estimate is taken from [12, Lemma 2.4] with some slight modifica-
tion. The proof is similar, so we omit it.

Lemma 2.6. Let T, > 0. Assume that 0 < 7\ < 7, < 71 + 6 < T are two bounded stopping
timesand p € (0,a). Let g : R, xQ — M¢ is
the set of all non-singular d x d matrices. Then, there is a constant ¢ = ¢(d, a, p, T, vV?) > 0

such that
f (r)dL(“)
Tl

2.3. Time-dependent Lévy-type operator. Fix @ € (1,2). We start with the following
time-inhomogeneous Lévy process: for 0 < 7 < oo,

! ! !
L = f o, dL® = f f o.zN(dr,dz) + f f o,zN(dr, dz), (2.15)
0 0 Jzkl 0 Jz>1

where N(dr,dz) := N(dr, dz) — v (dz)dr is the compensated Poisson random measure, and

o :R, - M’ isabounded measurable function. Define

be a bounded predictable process, where M

non non

E Se 8" BNl oy (2.14)

!
P7,f(x) :=E(x+ f o, dL™)

s
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for all f € C;(RY). By 1t6’s formula (cf. [27, Theorem 5.1 of Chapter II]), one sees that
0PI f(x) = LVPY, f(x),
where
LD f(x) = fR d (fGx+02) = f(x) = ozliger - VFO0)AV(d).
Below, we always make the following assumption in this subsection:

(HO) There is a constant ay > 1 such that

aolé] < |oél < ap'lél, V(&) e Ry x RY,

Under the assumption (H0), owing to Lévy-Khintchine’s formula (cf. [38, Theorem 8.1])
and (2.9), for all |¢] > 1, we have

[Ee“" | <exp (f f (cos(é - 042) = DV(Q)(dZ))

<exp( el f f I_COS(S‘Z'? “’re)z(de)dr)se-“'f"’,
§d-1

where the constant ¢ > 0 depends only on @ and Z(S?"!). Hence, by [38, Proposition 28.1],
the random variable LY defined by (2.15) admits a smooth density p“ (¢, x) given by Fourier’s
inverse transform

p7(t,x) = 2m) ™42 f e MBS dg, Vi >0,

R4
and the partial derivatives of p?(t,-) at any orders tend to O as |x|] — oco. Furthermore, by
[11, Lemma 3.2] or [12, Lemma 2.5], for each 0 < t < oo, p?(t, x) satisfies that for any
keNpand 0 < S < a,

VA oldx 5. 17 (2.16)
R4
where ¢ = c(ay, k,d, a,3) > 0.
We need the following heat kernel estimates in integral form with Littlewood-Paley’s

decomposition, which is obtained in [11, Lemma 3.3 ] (see also [23, Lemma 2.12]).

Lemma 2.7 (Heat kernel estimates). Let a € (0,2). Suppose that (HO) holds with constant
ayp € (0,1). Forany v > 0 and vy € [0,), there is a constant ¢ > 0 such that for all
O0<s<t<ooandj> -1,

f IX/"IR;pS,(0ldx <. (7 - 5T, (2.17)
R4

where the block operators R; are defined by (2.2). In particular,

!
f fd IxI"IR; Py, (x)ldxds <. 270, (2.18)
0 Jr



In particular, when o, is always equal to the identity matrix I;x,, one has
L f(x) = f (far+ 2 = ) = e - V(). (2.19)
R

which is the infinitesimal generator of a-stable process L@ (cf. [38, Theorem 31.5]). Con-
sider the following equation:
_ @ —
du=Lu, uw0) =,

where f € CZ"(R"). We have the following estimates.

Lemma 2.8. Assume that « € (0,2) and T > 0. For k = 0, 1, there is a constant ¢ > 0 such
that forall 0 < s <t < T,

IV L uDllo < 17511l
and
IV u(t) = Vu(s)lo < [75 A (75 (¢ = )] I fllo- (2.20)
Proof. By Itd’s formula (cf. [27, Theorem 5.1 of Chapter IIJ), it is easy to check that
u(t, x) = Bf(x + L) = (p, = )(%),

where * stands for the convolution operation and p,(x) := p*(t, x). Then for k = 0, 1, by
(2.16),

IV¥U(Dlleo < 111 fleo- 2.21)
Moreover, by (2.3) and (2.17), we have

IV L u@lle Y IVLOR e flleo $ 2% NR pili e

Luxa
j>—1 j>—1

< Z yk+a)j ([2—(k+a+1) iy

j>-1

k+a+l _kta
FIAD) Il £ M o

where we used the following estimate in the last step: forany O < 8 <y and 4 > 0,

D(R2VAA)<ANT + fw (27 A1 A )ds
0

>0

SAAL+ | A A D dr < A5
A1y

Hence, forall0 < s <t < T,

IVEu(z, x) — Veu(s, x)| =

!
f VEd,u(r, x)dr

N

[
f Vk%[i‘z u(r, x)dr

N

!
_kta _kta
< il f e < 5 - 9l flle
S

Combining this with (2.21), we deduce (2.20). O
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3. NONLOCAL EQUATIONS WITH SINGULAR LEVY MEASURES

Fix @ € (1,2). Let o(t, x) : R, x RY - M“ be a bounded measurable function. In this

non

section, we establish Schauder’s estimate and obtain the well-posedness for the following
non-local parabolic equation with time-dependent variable diffusion coefficient o(x) :=
o(t, x):

Ou=L+b-Vu+ f, u0) = u, 3.1

where b, f € L‘;’B;f « with some 8 € (0, &1), o satisfies the condition (H”) with constant
co, and 2 is given by (1.6):

L0g(t,x) = f (8t x + 0(0)2) — (6, ¥) — ()2 - Vet )V V(do).  (3.2)
R4

Here v\ is defined by (2.9) and satisfies condition (ND).

It is well known that the best regularity of the solution u(?) is in Bfo_fo, but the domain
of the operator .i”;ﬁ’) is UgsoBY's,. Therefore, in order to define the solutions of PDE (3.1),
we fisrt extend the domain of .Z;f‘) Before that, we introduce some notations. For any
x,y,z € RY with |z] < 3c¢;', define

oy (x) := o(t, x +y), and Ay (x) = x + 07 (0)z.
By [45, Lemma2.1], it is easy to see that for any # > 0 and xy, x, € R,
%|x1 — x| <A (x1) = A7 (x2)] < 20x1 = xa.
Define
Do J(X) = f(x + 07(0)2) = f(x + 07(0)2) = (07(x) = 07(0))z - V().
Then, by [11, Lemma 2.2], for any f € C!, g € W*! and 6 € [0, 1], we have

1
K of. 1 < canld ™ N fllas, (" 1/(V78D + 1oV sV ). (33)

=0

where the constant ¢, > 0 is independent of the variables ¢, y, z, and
po(dx) := (|x| A 1)’dx, and pe(f) := f ) S (X)up(dx). (3.4)
R
In particular,

2
KD of 1 < calePlfllar, . D (19 gD. (3.5)
=0

The following lemma is crucial to give Definition 3.2.
13



Lemma 3.1 (Boundedness of operator fé‘”). Let @« € (1,2) and B € (0,1). Under the
condition (H?), there is a constant ¢ = c(a,f3,cy) > 0 such that for any u € CZ"(R") and

t>0,
||$o€a)u(t)|lg;€m Se ”u(t)”B‘;ﬁ,’

where L is given by (3.2).

(3.6)

Proof. For simplicity, we drop the time variable ¢ and the superscript @ in v’ in the follow-

ing proof. Observe that
R, LOu(x) = LORiu(x) + [R), L Tu(x),
where [, o] = o) o) — 9.7, called commutator operator. Define
u'(y) = u(y + x).
Recall the definition (2.2) of block operators R;. By the change of variable, we have

fR =+ 0 ()2) = uly + 0()2) = (@) = o)z - Vu(y))dy

= fR TN 6+ T 0)2) =+ o O)R) = (07 0) = T O)z - Vu'()dy,
which yields
[R), L u(x) = fRd (Do "y (=)W V(d2).
For |7] < 6 < z—io, based on the fact
us(IVE ) < 25799 6 > 0, k € Ny,
and (3.3) with 6 € (@ — 1, @ — ), one sees that

Y 1+6 02—-1-0)j~(1-0)(1-1-6)j 1+6
SUP (e a1t (=M < el *lutlgos (1 + 27C 7072000107 < o oy

X

For |z] > 6, by the mean-value theorem and (1.2), we get
SUP (Do o, Y j(—= N < 2¢0lzll[Vullol 111 < lzlljeelge-s

where we used the fact @ — 8 > 1. Hence, by (2.11), we obtain that

IR, L Nullew < f SUp K Tt 1(~)(d2) < ltlgep

RY x
On the other hand, through Bernstein’s inequality Lemma 2.3, we have

sup [Rju(x + o(x)2) — Rju(x) — o(x)z - VR ju(x)| < (1277 A |2jz|2)||73ju||o<,,
which implies that
LZORul < IRl f (1272 A [P v(dz) < 2YIR e
Rd

14
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provided by the scaling property (2.10) and (2.11). Therefore, combining this with (3.7),
we have

IR, Z, ulloo < Nudllgas + 27 1R jttlloo 5 2% lullge-s
which derives (3.6) by taking the supremum of j. The proof is completed. O

Based on Lemma 3.1, we extend the domain of the linear operator ,,2”;‘,’) from B{'S, to
Bfo_fo with 8 € (0, 1). Now, we can state the definitions of solutions to PDE (3.1).

Definition 3.2 (Solutions). Let a € (1,2), 8 € (0, 1) and assume (H”) holds with constant
co. Forany T > 0, uy € Bifgéi,, and b, f € L‘;"B;fw, we call a function u € U8>0L°T°Bi;fo+8 a
solution to PDE (3.1) on [0, T, if for any t € [0, T,

u(t) = up + f (Lu+b-Vu+ f)(s)ds, (3.8)
0

where L is defined by (3.2).

Remark 3.3. Notice that every term in (3.8) is well defined since we have (3.6) and 1+ >
a - 1.

Here is our main result in this section.

Theorem 3.4. Let « € (1,2), T > 0 and assume (H”) holds with constant c,. For any

B € (0, aly v > a_f’_zﬁ, Up € Bfo_fo, and b, f € L‘;’B;fw there is a unique solution u to PDE

(3.1) in the sense of Definition 3.2 satisfying

il e Se (14 bl s ) (ollges, + 11l )s (3.9)
where ¢ > 0 is a constant only depending on d, ., B3, T, co. Moreover, for all s,t € [0, T],
ap ap
let) = u(s)loo Se 1t = 515 (1 4+ Wl gs )= ¥ (ltollyes, + 1flops ). (3.10)
3.1. A-dissipative equation with A4 > 0. To prove Theorem 3.4, we introduce the following
A-dissipative equation with 4 > 0:
ou' = L — 't +b-Vu' + f, u'(0) = ug. (3.11)
In this section, we establish a priori estimates, Lemma 3.7, for A-dissipative PDE (3.11)
under the case of smooth coeflicients b, f.
3.1.1. The zero-drift case. In this part, we assume b = 0 and investigate the following
A-dissipative equation with 4 > 0:

ow =L —dw+ fi + fo, w0) = wy, (3.12)

where fi, f>, wy are smooth functions.

We first show the following result with A large enough.
15



Lemma 3.5. Fix T > 0. Let a € (1,2), B € (0, %), and fi, f2, wy be smooth functions.
Assume (H”) holds with constant ci. If w is a classical solution to PDE (3.12), then for any
0 € [0, — B), there are constants Ay > 1, and ¢ > 0 depending on d, a, 3,6, co, T such that
forall 1 > Ay,

_9 _B+b
ol Se Iwollgse + (4 178 (Iwollges + Wil ) + (4 D FWflp, 313)

and in particular, when f, = 0,
Illgme, S Iwoll, + A 175 (Iovollgss + Wil ) (3.14)

To prove this result, we only need to establish a priori estimates (3.13) and (3.14). For
simplicity, we assume that wy = 0. If wy # 0, we shall substitute w and f in (3.12) by
w(t) = w(t) — e Vwy and fi := fi + eV L Pw,, respectively. Denote f := f; + f>. Fix
y € R?. For any function A, let #’(x) := h(x + y). Then, we have

ow’ = .Zy(“)wy - +Idw + f
where &7 := Z;ﬂ’) - ,,iﬂy(") and
L0yt %) = L5 81, x) = f (g(t, x + 0(0)z) — g(t, x) — 07(0)z - Vg(t, )V (dz).
R4

By subsection 2.3 and [11, Section 3], one sees that the operator 9, — (O%“ — A) associates

0(0) .

to a semigroup e 1"V P7 P e

t
w'(t, x) = f e_’l(’_s)PZ;(m(%wy + fy)(s, x)ds,

0

¥ (0) - - (0)

and p,, " is the heat kernel of P
P(Sy,) P(r @ and p(y ) =p, t(o) Thus for J = —1, acting on both sides of the above equations
by R;, we get that

For the sake of simplicity, in the sequel, we write

t
Rw(t,y) = Rw'(t,0) = f e IRPY (A w + £+ £)(s, 0)ds. (3.15)

0
Let us separately estimate the terms on the right-hand side of (3.15).

Lemma 3.6. Fix T > 0. Suppose that a € (1,2) and 8 € (0, 5L). Assume (H”) holds with
constant ¢o. Let 31 =, B, = 0, and i = 1,2. For any ¢ € [0, a], there is a constant ¢ > 0

such that

fo e RPY (s, 0)'ds S 2P D) fill (3.16)
and forany0 < n<a—ewitha >¢e >0,

fo t e IR PY) o/ w (s, O)'ds < (3.17)

16



Proof. For the first one, by Remark 2.1 and (2.17), we have that for any ¢ € (0, «],

!
f e—/l(l‘ s)
0

RPO £ (s, 0)’ds < f ~ A=) f IR pV (R, £i(s, x + y)ldxds
Rd

t
< zﬁfJ”ﬁ”LDTOBOﬂOf e—/l(t—s)(t S) 2 Jla— ﬁ)ds
’ 0

(a—Bi-0)] ~a
< 27@BNi) 4 1) ”||ﬁ||L;°B;ﬁéo’

where the last inequality is provided by a change of variables and the definitions (1.8) of
Gamma functions; and for ¢ = 0, similarly, by Remark 2.1 and (2.18),

!
f e—/l(t s)
0

For the second one, applying [11, Lemma 4.4] to e ™“~9w(s), we have that for any 7 > 0,
nel0,a—¢&) witha >e >0,

t
Ry 5. Ofds < 2l f f R0l
0 R
< 2B g

LsBL

1 t
f e |R PO/ W (s, 0)|ds < 27 f eIt — )7 [Iw(s)lpg <ds
0 0

<2+ 1

where we used a change of variables and the definitions (1.8) of Gamma functions in the
second inequality.
The proof is finished. O

Now, we give the

Proof of Lemma 3.5. Notice that, by (3.16), for 8 € [0, @ — ],

!
f e—/l(t—x)
0
!
fe—/l(t s)
0

Moreover, by (3.17) with n = @ — 8 — 6, we have that forany S+ 6 > & > 0,

!
f e—/l(t—s)
0

Thus, taking supremum of y in (3.15), we have

R;P)F(s, 0)‘ds < 27BN+ 1)7E|If,

”LDTOB;EOQ

and

P(’)f)(s 0)'ds < 2@ BNJ g 4 1)_[¥||f2||L°T°BE’.O,w-

RiPO)./ (s, 0)|ds < 270

IW®llge-s-0 = sup 2P VIR w(D)llee 5 (A + 1) ||f1||LooB s @+ 1) 7||f2||L°°

Jz1

F A+ DT Wl (3.18)



On the other hand, when f, = 0, from (3.15), by (3.17) with n = &€ < /2, taking ¢ = 0,
in (3.16), we have

a=2¢

[Rw®lle S (A+ 1)~ =

27 Wl o e + [(2ﬁf(a + 1D HA 2‘“““”1'] 1fill B2

which derives that

_a=2e¢ _ap
ol = D IRl S A+ D P lligpere + A4 DT Wfillsgr . (3.19)

j>—1

Now we estimate the term ||w/| LBE e Similarly, taking n = &€ < 1/2in (3.17), and using
3.16) with# =1 -8 —ewheni =1and % = 1 — & when i = 2, we obtain that there is a
constant ¢ > 0 such that

_1-2¢ _1-B-¢ _l-s
Wllgmease Se Q4+ D7 IWllepere + A+ D7 fill s+ A+ D75 Ifllg,

which yields that for any A > A := (2¢)*/1729),

1fill s, + A+ D7 F N foles

Substituting the above inequality into (3.18) and (3.19) with 0 < £ < 1/3, we have that
for any 0 € [0, @ — S,

_1
||W||L;°Bgojgo+s S@A@+1D) e

_8 _ 0+
ol e e S (4 D7 fill s, + (A + D7 Ifll,
and when f, =0,
_ap
Wllem | S A+ DT N fillsps-

These complete the proof. O

3.1.2. Distributional drift case. Backing to (3.11), we establish the following a priori esti-
mates.

Lemma 3.7. Let a € (1,2), B € (0, %), T>0v> ﬁa—% , and b,f],fg,ué be smooth
functions. Assume (H”) holds with constant cy. If u" is a classical solution to PDE (3.11),
then for any 0 € [0, — ], there is a constant ¢ = c(d, a,f3,0,co, T, v, ||bll,«g+ ) > O such
T Poo,c0
that for all 1 > Ay := c(1 + [|bl|,wp5 )7,
i
P P -2 e

g Se lodlgso + A D7 (Il + Wil )+ A D7 fllig, (3.20)

and in particular when f, = 0,
_ap
I lsm, e gy, + 2+ D7 (el + All ) (321)

Moreover, when f, = 0, for any A > 0,

2 pl B2
el s Se ladllgoes + I fill s+ (L4 Il )77 Nl (3.22)
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Proof. By Lemma 3.5, (2.6), and (2.5), for any 6 € [0, @ — 8] and &€ > 0, there is a constant
Ao such that for any 4 > Ay,

p| N P | &8
Il < Qb D7 (bl + 15+ b Vil )+ il + Qo4 D5 1Al
-4 Pl p)
< Q7 (lodllgs + Wil + Wolg el g

_B+o
+ llugllge-so + (A + D7 [ fllzg - (3.23)

Hence, in particular, taking € € (0, — 1 —2B]and 6 = @ — 1 — 28 — € in (3.23), we infer
that for any 4 > Ay,

a—1-

2p-¢ 1
¢ ”b”L‘;’B;ﬁmHu ”LoToBi:f:E

A A -
el sgropee < Ngllyeos + 1fill o+ A+ 1)

_B
+ @A+ Dl falleg,

which implies that for any 0 < & < @ — 1 — 28, there is a constant ¢ > 0 such that for any
Ay = c(lbl g+ D129 > 4,
FB e

A P _B
el ogresee S Nigllges + 1fill s, + (A + D7l folleg.

Substituting this into (3.23), we obtain the desired estimates (3.20). As for (3.21), the proof
is similar.
For (3.22), note that when f, = 0, for any A4 > 0, we get that
out = c?;“)u” — A+ )ut +b-Vut + fi + A’
Taking f> = Apu! in (3.20) with # = 0, we deduce that
_B
e g < Nadllges + I ill s+ (1+ 20)' ™5 el
ap
< Madllges + 1 fill e+ (14 1Bl 77 Nl

and the result follows. O

3.2. The proof of Theorem 3.4. In this subsection, we prove the main result of this section.
Recalling PDE (3.1) (i.e. the equation (3.11) with 4 = 0), we begin by establishing the
following a priori estimates as a corollary of Lemma 3.7.

Corollary 3.8. Let @ € (1,2), 8 € (0, ey 7 >0, v > a_{’_zﬁ and b, f be smooth functions.

Assume (H”) holds with constant c,. If u is a classical solution to PDE (3.1), then there is
a constant ¢ = c(d, a, 3, co, T, 7, 1bll,«gs ) > O such that
B

e e (T N [ e (3.24)
Proof. Let A, be the same constant in Lemma 3.7 and u be a classical solution to PDE
(3.11) with A = Ay and u"*(0) = uy. Denote by v := u — u. Then,

OV =Lv+b-Vv+ u", v(0)=0.
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Thus, by maximum principle (see [23, Lemma 3.3]) and (3.21), we have

P! 1-2E
Ml < Tollelig < (1 + 200" (luollgs + 1. )

< (1 + [1bll s )™ (||M0||Bg;§0 + ||f||L?Bng),
which together with (3.22) yields
ol gt < ltollgs + 1oz, + 1+ bllgzs )77 Nl
< Mtollges + I Wpr + (1 Wellys 77 (Ve + llec®llz )
< (U Dol )7 (ool + 2. )-
The proof is finished. O
Now we are in a position to give

Proof of the Theorem 3.4. The uniqueness is obvious and we only need to show the exis-
tence. Let p,,(-) := m?p(m-) be the usual mollifier with p € C>(RY) and

bu(t) := b(t) * P, fin(2) := f(0) * P
Then, b, f,, € L7CZ and for any y > §3,
Tim (1B ~ bllzpz, + 1w = fllzpz.) = 0.
Moreover,
sup Ibnlgns, < Wbllncs > SUp Il < Mgz

Let u, be the classical solution of PDE (3.1) with (b, f) = (b, f,»)- Then, by Corollary 3.8
and Lemma 3.1, we have

sup (”um”L;oBgO*oﬁq + ”"?O('a)umHL";B;ﬁm) < ”f”LDToB;'Boo + ”uO”B‘ZJfO

By a standard argument, we obtain the existence.
For (3.10), on the one hand, it follows from (3.8), (3.6), and (2.6) that

ler) = u(s)lgs S 1= sI(C+ 16l ogee el oges + 1115 )
(3.9) |
Se 1t = sl + 1l ) (Iutollges + 11z )
since @ — 23 — 1 > 0. On the other hand, it is easy to see that

(3.9)
||Lt(l) - M(S)HB‘:Q_EO < 2”””L$Bg‘ﬁ e (1 + “b”L$B;ﬁw)y(”uO||B&‘i + ”f”L"T"B;fw)

Then by (2.7), we obtain (3.10) and complete the proof. O
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3.3. Backward Cauchy problem with /' = 0. In the rest of this section, we set f = 0 and
consider the following backward Cauchy problem:

ou+L%+b-Vu=0, uT)=e¢,

where ¢t € [0,T) and ¢ € CZ"(R"). This subsection is devoted to give some estimates
of u(?) that play an important role in proving Theorem 4.6 and Theorem 5.1. Based on
Theorem 3.4, one sees that there is a unique solution u. Furthermore, by [11, Theorem 1.1],
there is a semigroup P, ; such that

T
u(t) = P ro+ f P, (b - Vu)(s)ds, (3.25)

and for any 0 € [0, + 1) and n € [0, 1), there is a constant ¢ > 0 such that for all
0<t<s<TandypeCyRY,
1P sellis, . Se (5= 0 gl (3.26)
We state the following inequality for u(z).
Lemma 3.9. Let T > 0, a € (1,2), B € (0, %), and b € LYC;.  Assume o satisfies

(H?) with constant c,. For any y € [0,%)) and § € [0,a — B], there is a constant ¢ =
cd, T,a,cypB,,0, IIbIILDToB;ﬁN) > 0 such that for any ¢ € CZ"(R‘I) andte[0,T),

lu(®llgs, . <c (T =07 gl (3.27)
Proof. Notice that by (2.6) and Bernstein’s inequality (2.5) , we have that for any € > 0,
1o - Vu()lly s, < Wbl (Sl (3.28)

which together with (3.25) and (3.26) implies that for any 6 € [0, + 1) and € > 0,

T
_ oy _&B
lu@llgs,, < (T =0 = llellpz, +f (s=0 b Vu(s)llgs_ds
t ,

T
_oty _oB
< (T =077 llplly, + f (5 = 7% ()l p0eds: (329)
t ,

Hence, particularly, taking0 <e<a—-1-2(8Vy)and 6 =1 + S+ £in (3.29), we have

1+ 2B+e

T
_ +e+y _ 1+
lu@llgrsee < (T =)~ llgllgz, + f (s =07 |lu(s)llgi+s+=ds,
, ! t Fai

which yields
T—t _ 1+2B+e
(T = (T = D))llgiss+e S (T —t—s) o |lu(T — )llge-ds
: o :

_ H4B+ety
T =07 gl

and then
1+

lO)llgrope S (T =07 ligllg, (3.30)
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since Gronwall’s inequality of Volterra type (see [11, Lemma 2.6] or [44, Lemma 2.2]) with
1+ﬁ+e+y’ 1+2B+¢ <1.

1) Case one: 6 € [0,a — ). Substituting (3.30) to (3.29), by a change of variables, we
obtain that forany0 <e<a—-1-2(8Vy),

-7 ! b _Liproty
lu@llgs, . < (T =0 llellgz, +llellgz, | 5= (T -5 = ds
t

S (T - l‘)_(%”‘;D”B;JDo (1 + (T - l‘)a i f s_T(l —-5) 1+ﬁ+&+y ds
’ 0

S+y
< (T =0V liellz
where we used the definitions of Beta functions with 0 < 6+ﬁ Liprety R
i1) Case two: 6 = a — 3. By taking n = 8 1in (3.26), and 6 = O a respectlvely, we deduce

that
1R, Prs(b - Vau(s))loo < [(2‘“f(s —0 T A (s - z)-f] I~ Vu(s)llys

which derives that forany 0 < e <a -1 -2(8V vy),

-y
00,/

IR Pse - TutsDlle < | @ =07 ) A =78 | 7 = 5

provied by (3.28) and (3.30). Consequently, by Lemma A.1, one sees that

T
R; f P, (b-Vu(s))ds

(o)

1 +ﬁ+F+’}/

T—t
s||¢||B3wf [(z—afs YA S a](T—t—s)_ ds
’ 0

S llgllgr 27 PUT -

a—f+y

S gl 271 PUT =1y,

which leads to the desired estimates trivially.

Combining these two cases, we complete the proof. O

4. WELL-POSEDNESS OF SDEs

Fix @ € (1,2). Let (Q,.%, (% )0, P) be a filtered probability space satisfying the usual
argument and {Lg"),t > 0} be a non-degenerate symmetric a-stable process on it. The
expectation with respect to P denoted by E* or simply by E if there is no confusion possible.
In this section, assuming that the Lévy measure of LE") satisfies condition (ND), we focus
on the well-posedness of SDEs with multiplicative noises and distributional drifts:

dX, = b(t, X,)dt + o(t, X,_)dL'”, Xy = x € R, 4.1)

where the drift coefficient b is a distribution belongs to the space L;’?B;f  With 8 € (0, "T’l),

and the diffusion coefficient o : R, x R? — R? @ R¥ satisfies the condition (H”).
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Given T > 0, let D := D([0, T],R%) be the space of all cadlag functions from R, to R,
It is easy to see that, for any &,¢ > 0, such a function has at most finitely many jumps of
size greater than & before time 7. In the sequel, D is equipped with Skorokhod J;-topology,
making D into a Polish space. Then we endow D with the usual Borel o-algebra Z(D).
Denote all the probability measures over D by £(D). In this section, let the evaluation map
7, : D — R? be the coordinate process defined by

m(w) =w;, Ytel0,T], weD. 4.2)
Define the natural filtration
D, i=0(m,0<u<t).

By [16, Proposition 7.1 of Chapter 3] or [28, c) of Theorem 1.14, p.328]), one sees that
D, is equal to the Borel o-algebra Z(D([0,t],R?)). For any probability measure Q on D,
we denote the expectation with respect to Q by EQ or simply by E if there is no risk of
confusion.

4.1. Generalized martingale problems. In this subsection, we concentrate on showing
our first main result Theorem 1.1. For fixed T > 0 and f € C>(RY), we consider the
following backward nonlocal parabolic equation:

ou+ L% +b-Vu+f=0, uT)=0, (4.3)
where .2 is defined by (1.6) with symmetric non-degenerate v given by (2.9).

Remark 4.1. According to Theorem 3.4, the backward nonlocal parabolic partial differen-
tial equation (4.3) has a unique solution u € L?Bgoffo for any f € CX(RY).

Definition 4.2 (Generalized martingale solution). Let a € (1,2) and T > 0. For x € R?, a
probability measure Q, € P(D) is a generalized martingale solution of SDE (4.1) starting
at x with coefficients b, o if

(i) P(mo = x) = 1;
(ii) Foranyt € [0,T] and f € C(RY), the process

M; = u(t,m;) —u(0, x) + f f(r,)dr
0

is a martingale under Q. with respect to filtration (D,)ei0.1), Where u is the unique
solution of PDE (4.3).

The set of all the generalized martingale solutions is denoted by M, ,(x).
First of all, we consider the following approximation SDE:
dX™ = b,,(t, X™)dt + o(t, X")dL'™, X' = x e RY, (4.4)
where b,,(t, x) := ¢, * b(t, x), m € N, is a sequence of smooth functions such that

llm ||bm - b”LDTOB;}()w = 0, Vl? > ﬁ.
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Obviously,
”bm”L?Bg; < ”b”L$B¥;'
It is well-known (for example, see [13, Theorem 1.1]) that there is a unique strong solution
X"(x) for SDE (4.4) on (Q, .Z, (% )0, P). Denote the law of X" (x) by
Qy:=Po(X"(x)".

It is well-known that QY is also a martingale solution of SDE (4.4), denoted by Q} €
M,, ~(x). Observe that for any good enough function g : RY — R,

fg 8(X7"(x, w)P(dw) = fD 8(m(w))QY (dw),

that is Eg(X]"(x)) = E® g(r)).

The following result is used to estimate the term fo‘ by (r, X" (x))dr, and then to show the
tightness of {X"(x), m > 1} in Theorem 4.5. In the sequel, we use X" to denote X”'(x) when
there is no chance of confusion.

Lemma 4.3. Let T > 0 and 1 be a bounded stopping time satisfying 0 < T < 7+ < T with
some 6 € (0, 1). Assume that f € LY C be a bounded and smooth function. For any p > 0
and B € (0, 1y there is a constant ¢ > 0 independent of m, T such that

T+0
f f(r,XHdr

Proof. Without loss of generality, we assume p > 2. When p < 2, it is directly from the
case p = 2 and Jensen’s inequality. Recalling PDE (3.1), let u, be a classical solution of
the backward equation

p
pla—p)

Seo AP, s (4.5)

LYBo s

E

Buul, + (L = Auk + by - Vil + f = 0. ul(T) =0. (4-6)

By It6’s formula (cf. [27, Theorem 5.1 of Chapter 1I]), we have that for any stopping time
T<T,

ul (%, X — ul (0, x) = f (0 tt)(r, X™)dr + f by(r, X™) - Vul (r, X™)dr
0 0
+ f f (s, X2+ 0, X2)2) — (. X)) N (dr, )
0 R4

+ f f (ui(r, X'"+o0(r,X")z) - u,/,ll(r, X"
0 JRrd
=~ o (r, X!z Vi (r, XV (d2)dr,

which together with (4.6) derives that

T+0 T+0
f Fr,X™dr = ul(r, X" —ul(t + 6, X" ) + A f wl(r, X"Mdr + Merrs  (4.7)
T T
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where we substituted T and 7 + 6 for 7, and

T+0
M rys = f f (s (. X+ (7, X2 )2) — i (r, X0 )N (dr, ).
T R4
Notice that, by the condition (H”), we have that
i (r, X+ 0 (r, X1)2) = 1, (r, X7 < Qllutpllz5) A (coll Vil 12]),

which together with Kunita’s inequality(cf. [31, Theorem 2.11]) yields that for any p > 2,
T+0 A N s /2
EIM:.sl” < E[(f f |uay, (r, X7 + o (r, X )2) — uy, (1, X7 V(“)(dZ)d”) ]

T R

T+0
+ ]Ef f |ufn(r, X +o(rX")z) - uﬁl(r, X;”_)lpv(“)(dz)dr
T R4
) p/2
< o7 ( f (gl A (V112 v“”(dz))

R4

P a
+5 f (leklizs A AVuAlll) V(d2).
R4
Observe that by (2.7) and Bernstein’s inequality,

1/2 Aql1/2 Aql/2 Aq1/2
IVublle S IVusll? o IVUSll? o Sl
m T m LOTQBoo(,zo'B)H m L?Bf,‘j,o'f) 1 m L?Bz g(or B) m LTBgofo

Hence, by (3.20) and (3.21), one sess that there is a constant 4y > 1 such that for any 4 > Ay,

(@p)-1 2 1 _aB
TN Ner, and Nkl < Nkl | < A7 F N oz

A —
Vi llre < A

where we used the fact 8 € (0, (’T‘l). Consequently, from (4.7), we obtain that for any 4 > A,

T+0
f f(r, X Hdr

p p/2

E

2
< Q2+ A8l + 672 ( f (el A Vil 12D) V(")(dz))
T R
+6 fR (plly A (gl D) v (d2)

5 p/2
< (1A (%12P)) v(“)(dz))

T+ (AS)) + 672 ( f
R

d

opB *
L7B

\ 51 f (1A A51)) v(")(dz)]llfll”
Rd

Observe that ||b,,|| LoBE, < bl LoBE, - Therefore, by (2.12), we have

T+0
f f(r,X"Hdr

Taking A = 1o6~!, we get the desired estimates. O
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Remark 4.4. By (4.5) and Chebyshev’s inequality, one sees that for any R > 0,

f f(r, X dr| >

Theorem 4.5. The sequence {X™}, iy in D is tight.

hm sup P( sup

m te[0,T]

) (4.8)

Now we give the tightness of {X"", m

Proof. Fix T > 0. Let 7 be a bounded stopping time satisfying 0 < 7 < 7+ 6 < T with
0 €(0,1). By SDE (4.4), we have

T+0 T+
X" — X" = f o(r, X" )L™ + f bo(r, Xdr.

For p € [1, @), by Chebyshev’s inequality, Lemma 2.6, and Lemma 4.3, we have that for
each R > 0,

P(X%s — X712 R) < RPEIXT; — X7 < 5”/“(Ilff||pm +1bwll” » )> (4.9)

T+0 LooB
where the implicit constant in the last inequality is independent of m, 7, and 6. Furthermore,

l1m sup sup sup P(X”
m  1<T he[0,6]

~X"|>R) =0

T+h

provided by [|b,|| LoBE, < ||bl| LB . Moreover, by Burkholder-Davis-Gundy’s inequality
for jump processes (see [39, Lemma 2.3] or [36, Theorem 1]) and (2.11), there is a constant
¢ > 0 that only depends on T, |||, @, v such that

T
f ', XML ) < [E( f f o, X2 v dzyar)]
0 0 lzI<1

T
+ E(f f |0'(r, XT_)z| v(“)(dz)dr) <c,
0 Jid>1

which together with (4.8), and by Chebyshev’s inequality, yields that

E( sup
1€[0,T]

lim sup P(sup |X/"| > R) = 0. (4.10)

1<T

Hence, by (4.9), (4.10) and Aldous’s criterion for tightness (cf. [28, Theorem 4.5 of Chapter
VI, p.356] and [29, Lemma 16.12]), we conclude the proof. O

Now we are in a position to give

Proof of Theorem 1.1. (Existence) Since the sequence {X"(x)}.civ in D is tight, there are a
subsequence m; and a probability measure Q, on D such that Q)" := Po(X™(x))"! converges
to Q, weakly. Below, for simplicity of notations, we still denote this subsequence by Q'
Next, we verify that the limit Q, is a solution of the generalized martingale problem in the
sense of Definition 4.2, and then the existence is obtained. Fix 7 > 0 and f € C“(Rd)

Recalling PDE (3.1), by Theorem 3.4, there is a unique solution u € LYBLL, N
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backward nonlocal parabolic equation (4.3). Let 7, : D — R be the coordinate process
defined by (4.2). Set

M(w) = u(t,m(w)) — u0, x) + f f(r(w))dr, Yw € D. 4.11)
0

Our aim is to prove that M is a (D;)0.r-martingale under Q,.

Define

M (w) = u,(t, m(w)) — u,y (0, x) + f f(r(w))dr, Yw € D, 4.12)
0

where u,, is a classical solution of the backward equation:
Oty + LUy + by - Vit + £ =0, u,(T) = 0. (4.13)

We claim that M™ is a (D)o, r;-martingale under Q. Indeed, using It6’s formula (cf.
[27, Theorem 5.1 of Chapter II]), one sees that

(£, XI") = 10, %) = f (@) (r, XI)dr + f bu(r, XY - Vit (r, X)dr
0 0
- f f (s, X"+ 077, XI)2) = i (r, X)) )N(dr, dz)
0

R4
t
+ f f (s Cr, X" + 0, XJ1)2) = 14 (1, X))
0 R4
— o (r, X))z - Vu(r, X)W (d2)dr.

Thanks to (2.8), we have that the third term of the right hand of the above equality is a
square-integrable (.#,)-martingale under P (cf. [27]). Observe that every path of X" has at
most countably many jumps on R,. Thus, we obtain that

M) “L 11, 7)) — 100, ) f O+ LD + by Dyt (r, 1(@))dr
0

is an (D,)ep0.r)-martingale under Q’, which means Q7 € M,, ,(x).

Step 1. We state that for every 0 < s < ¢ and any 9D,-measurable bounded continuous
functionn : D —» R,

lim E¥[(M, — M,)n] = 0. (4.14)
In fact, by the definition of martingales, we have that for every 0 < s <,
E% (M} ~ M) =0,

and then

E¥ (M, — Moyl = E¥ (M, — M")n] — EE (M, — M)
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Since for any @ — 8 > ¢ > 0, u,, converges to u in L‘;’Bfoffo_g and L=([0,T] x RY), by (4.11)
and (4.12), we get

sup |[My(w) — M (w)| < 2lu — w2 — 0, as m — oo,
weD

which implies (4.14).
Step 2. In this step, we show that M is an (D,),ej)no.r)-martingale under Q,, where
Jn) ={r>0:Q(n, —m_| #0) > 0}
={r>0:Q.w:reJ(w) >0}
with (the set of discontinuity points of w € D)
Jw):={t>0:|w; —w,| #0}, Yw e D.

By [28, 2.3 of Chapter VI, p.339], . is continuous at every point w € D such that r ¢ J(w).
Thus, for any ¢ ¢ J(r), u(t, ;) are continuous on D for almost all w € D. Moreover, for every
w € D, letting {w™} be a sequence in D and converge to w under Skorokhod J;-topology,
since f € C(R?), we also have

lim £t (@™ DLy () = FOr @)Ly (1)

which together with the fact that J(w) is at most countable and the dominated convergence
theorem derives that the term fot f(,(-))dr is continuous on D for any fixed z. Therefore, for
any t ¢ J(rm), by (4.12), the random variable M, : D — R is bounded and almost everywhere
continuous on D. Consequently, by Q' N Q, and (4.14), we obtain that for every s, ¢ ¢ J(r)
and D;-measurable bounded continuous function 7 : D — R,

EQ[(M, - My)n] = lim E¥[(M, - M,)n] =0, (4.15)
which implies our statement by approximation property of functions in L'(D, D;, Q,) (see
[29, Lemma 1.35, p.18]) and the dominated convergence theorem.

Step 3. Due to the dominated convergence theorem, we obtain that (4.15) holds for all
s,t € [0,T] since M is a cadlag process and J(xr)¢ is dense in [0, T'] (cf. [28, Lemma 3.12 of
Chapter VI] or [16, Lemma 7.7 of Chapter 3] ). Thus, Q, € M, (x).

(Uniqueness) Let Q; and Q, be two solutions of the generalized martingale problem in the
sense of Definition 4.2. Let u be the unique solution of the backward nonlocal PDE (4.3)
with f € C®(RY). By the definition of generalized martingale solutions, the processes

M/(w) := u(t, 7 (w)) — u(0, x) — f f(r(w))dr, Yw €D,
0

are (9,)-martingales under Q;,i = 1,2. Combining with PDE (4.3), we have

T T
EQ f f(r,)dr = u(0,x) = E® f f(m,)dr,
0 0
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which implies that Q; and Q, have the same one-dimensional marginal distributions. Hence,
by [16, Corollary 4.4.3] (or [40, Theorem 6.2.3, p.147]), we get Q; = Q, through the stan-
dard induction approach.

The proof is finished. ]

4.2. Stability of SDE with B;ﬁ, « drift. By Theorem 1.1, for any o satisfying (H”) and
bi,b, € L‘;’B;ﬁ, «~ With some 3 € (0, “7“), there are unique P, € M,, ,(x) and P, € M,, ,(x)
respectively. Denote by P;(f) := P; o (,)"". Here is the other main result in this section.

Theorem 4.6 (Stability estimates). Let T > 0 and a € (1,2). Assume o satisfies (H”)
with constant co. Then, for any B € (0, <1y and by, b, € L‘;’B;f -, there is a constant
c=,a,pB,T,cy, ”blHL?B;‘;’ ”blHL‘;"B;fw) > 0 such that for any t € [0, T,

”Pl(t) - PZ(t)llvar Se ”bl - bzllL‘;’B;ﬁm’
where || - ||var denotes the total variance of measures.

Proof. Based on the uniqueness, we can assume by, b, € L7C;°. Then, for each i = 1,2, it
is well-known (see [13] for example) that, for any x € R, there is a unique solutions X', to
the following classical SDE:

! !
X =x+ f bi(r, X\)dr + f o(r, X,_)dL?,
0 0

It suffices to estimate |E90(X,2) - E¢(Xt1)| for any ¢ € C(RY) and ¢t € (0,T). Using Ito-
Tanaka trick, let ¢ € CZ"(R") be the terminal condition of the following backward PDE:

o + LU + by -Vu' =0, Ut =g, (4.16)

where 7 € (0, T], ' is the shifted function u'(r, x) := u(f — r, x), and £ is defined by (1.6).
It follows (3.27) that for every ¢ € [0, @ — ],

[l (Dllgs, ., < (2= )7 llglleo- 4.17)
By Itd’s formula (cf. [27, Theorem 5.1 of Chapter II]), we have that fori = 1, 2,

! t
W'(t, X}) — u'(0,x) = f 0,u")(r, X\)dr + f bi(r, X%) - V' (r, X')dr
0 0
t
+ff (u’(r,Xﬁ_+a'(r,X£_)z)—ut(r,Xﬁ_))N(dr,dZ)
0 R4

!
+ f f (u’(r, X+ o(r, X )z) — u'(r, XL)
0 Jre
—o(r, X' )z Vu'(r, Xf))v(“)(dz)dr.

Observe that the third term of the right hand of the above equality is a martingale, and every
path of X’ has at most countably many jumps on R.. Thus, we obtain

!
Eu'(t, X}) = f O, + L + b; - V)uf(r, X'ydr + u'(0, x)
0
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429 fo t (i = b1) - Vu' ). XDdr + 1 (0, ),
which implies
Ep(X!) = Eu'(t, X)) = u'(0, x), (4.18)
and then
Ep(X?) - Eo(X) = E fo t (b = 1) - Vi )(r. X2 (4.19)
Now the key point is to estimate
E((by = by) - Vu')(r, )(X).

Define g.(x) := ((b, — by) - Vu')(r, x). Using the Ito-Tanaka trick again, we consider the
following PDE:

Ow+ L% +by-Vw=0, wr) =g,

where 0 < s < r < T, and g belongs to C;°(R?). Adopting the same argument as (4.18), by
(3.27), one sees that for any r € [0,T), 6 € [0, — ], and 8 € [0, “7‘1),

+0
[Eg,(X2)| = [Ew(r, X2)| < W (O)llgs, . < 7 llglhs

which derives that
!
_B+s
5600 - Bpxh] 5 [ b - b)) Vi)l
0 !

From (2.6), Bernstein’s inequality Lemma 2.3, and (4.17), we have that for any 0 < ¢ <

a—1

2 b

!
_B+o
[Ep(X?) — Ep(X))| < lIb1 — ballges. f O [ (Dl gseodr
o ,

14+8+6

!
_B+d _
< b1 = ballges llelleo f Fe (=) e dr
’ 0

1+8+6

1— 1+26+26 : _B+o _
= by = ballgs llellet ™52 [ 5 =
’ 0

S 1161 = bollgs llglleo,

where we used the definition of Beta function (1.7). This completes the proof. O

5. EULER APPROXIMATION

5.1. Euler scheme for SDE with bounded drift. Fix 7 > 0. In this subsection, we assume
b(x) belongs to L*(R¥) and consider the following SDE:

!
X, =x+ f b(X,)dr + L', (5.1)
0

30



and its Euler scheme: X[} = X, = x,

!
X' =x+ f b(X} )ds + L, (5.2)
0

where n € N, and ¢,(t) := k/n for t € [k/n,(k + 1)/n) with k = 0,1,2,....,n. Define
P(t) :=Po (X,)"!, Py(?) := P o (X")"!. Note that, for any p € (0, @),

n n - [ a P
E[IX) ~ Xp "] < E(lbll=n™" + 1" ~ L7 )

n

p-1 P P (@) (@ |p @14 P ,-P -pla
<@ v DQIblIEn™ + EILS = Ly I’ < Iblln™ +n™"%, (5.3)

n

where the implicit constant in inequality only depends on d, a, p, T, v'¥).
This subsection is devoted to proving the following result.

Theorem 5.1. Suppose that T > 0, @ € (1,2), and b € L*(R?). Assume o satisfies (H")
with constant c¢y. Let B € (0,(a — 1)/2), and € € (0,a — 1), there is a constant ¢ =
cd,a,T,cy,é&,p, ||b||LmB;pm) > 0 such that for any n € N,

a-1

B —(a—1- _ap-l 2 el
IP(@) — Pu(Dllvar <e (Ilblli’o PP bllon™ o + (1 + |1BIIZ)n " )
where || - ||var denotes the total variance of measures.

Proof. By the weak uniqueness of SDEs (5.1) and (5.2), we assume b € C;"(Rd). It suffices
to estimate

[Ee (X)) — B (X))
for any ¢ € C;°(R?). Use It6-Tanaka trick by considering the following backward PDE with
terminal condition ¢ € CZ"(R"):

o' + LU +b-Vu' =0, ul =,

where i is the shifted function u/(s, x) := u(t — s,x) with0 < s < t < T, and ¥ is the
infinitesimal generator of LE“) (see (2.19)). It follows (3.27) that for any 8 € (0, (@ — 1)/2)
and 0 € [0, — 3],

llu' ()llgs,, < (2= )" llgllo- (5.4)

where the implicit constant in the above inequality on depends on d,«, T, 4,3, ||b|| LoBE,
By the same argument as the one in the proof of Theorem 4.6, adopting It6’s formula (cf.
[27, Theorem 5.1 of Chapter II]) to (s, X”), we have

!
E(X!") - Ep(X,) =E f (b(X; ) = bXD)) - Vad'(r, X)dr
0
¢
=E f b(Xgn(r))-(Vu’(r,Xf)—Vu‘(r,Xgn(r)))dr
0

+ fo (B - Vi (r)(X;, ) — B(b - Vi (N)(X}))) dr
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:Ijl + fz.
e For .7, by Bernstein’s inequality, (5.4) and (5.3), one sees that for any 6 € (0, — 1 — ],

!
11 < bl f IV (Pllgs_EIXL ) — X1odr
0

!
—1xd n n
<Ml [ =SB, - X
0

(5.3) oo [ e
< Bl (Bl + n~0y = f rdr,
0
Consequently, we get that for for any ¢ € (0, — 1 -],
1211 < bl (IBIS R0 + n=00). (5.5)
e As for .%,, the estimate of

B - Vi ()X () = B(b - Vi ())(X]))

is the key ingredient. Using the Itd-Tanaka trick again, we consider the following equation:
W + L% =0, wr)=f, (5.6)

where w'(s, x) := w(r — s, x) is the shifted function withO < s < r < T, f € C;"(Rd), and
£ is the infinitesimal generator of Lﬁ“) given by (2.19). In the last, readers will see that

the terminal condition f is taken as b - Vu'(r). Applying It6’s formula (cf. [27, Theorem 5.1
of Chapter II]) to w'(s, X7) and by (5.6), we have

Ef(X") = Ew'(r, X") = w'(0,x) + E f b(Xy, () - YW (s, X{)ds,
0
which drives that for any r, > ry,

)
Ef b(Xj, () - Vw(ry — 5, X{)ds

r

[Ef X)) -EfX])

< [w(ra, x) — w(ry, x)| +

Tl
+ ’]Ef b(Xy () - (Vw(ra — 5, X5) — Yw(r — 5, X{))ds
0

2
Slw(rz) = w(r)lle + ”b“oof IVW(r; = 9)llwds

+ ”bHoof IVw(ry = s) = Vw(r) — s)llwds
0
Furthermore, based on (2.20) and (2.21), we get that forall0 < r; <1, < T,

[BrCx) —BA| < [1A @2 = rdn )|l + 1bllollfllelra = 7) 7+

1+c

Bl [ [0 =57 A = = 97 s
0
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Noticing that

R " 1 1
+a
f sTeds+ (ry — 1) sTeds < (rp—r) et
0

(ra=ri)Ar

one sees that

B2 = EfXD] 1l ([T A (2 = r)r D] + IbllCra =)™ Y). - (5.7)
Taking the place of f(-),r, and r, by (b - Vu'(r))(:), ¢,(r), and r in (5.7) respectively, and
noticing that, by (2.7) and Bernstein’s inequality,

Vi (P)lleo < IV (I3, IV ()2

B*((Y*ﬁ)‘f’l B((lfﬁ)fl

5.4) 1
1/2 1/2 _1
S N O ol DI, S =),

we infer that

«

t
BEIRS Ilblloof IV s ([1 A @777 + IBlleon™ 5 ) dr
0

f
<™ ol (f LA ”b”"")
0

_al
sn” e (bl + I1B12,),

where we used the fact |¢,(r) — r| < 1/n, and the definitions of Beta functions (1.7). Finally,
combining the above calculations and taking 6 = @ — 1 — 8 in (5.5), we establish the desired
estimates. O

5.2. Proof of Theorem 1.3. Let X" be the solution to the following classical SDE:
!
X" = x+ f byu(X™Mds + L.
0

Denote P, () := P o (X™)"!. According to the stability estimates Theorem 4.6, for any

6 € (0, =5%F), we have

a-1-283

1P (6) = P(Ollar 1o = bl ety < m™ 5 bl

00,00

Noting ||bu]le < m5||b||B;ﬁm and m = n?, by Theorem 5.1, we have

”Pm,n(t) - P(t)llvar < ”Pm,n(t) - Pm(t)”var + ”Pm(t) - P(t)”var

B —(a—1- _ap-l1 _a-1 _a-1-28
S Bl Pn P 4 byllon™ " + (L + bl )n™" s +m™ 2

a—p-1 -1 a-1-28
< p @By @p) L =By e 2y T 10

which converges to 0 as n — oo when

l{a—-1- -B-1 -1 -1
0<y<—a ’8/\0[ A A2 = ¢ .
B\ a-p a 2a 2af

This completes the proof.
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APPENDIX A.

Lemma A.1. Let T > 0. Forany 0 < B,y < 1 < q, there is a constant ¢ > 0 such that for
allA>0andt € (0,T],

!
f [(As™) A 5] (1 = 5)7ds 5. A7,
0
Proof. First of all, by a change of variable, we have
t 1
f | A 57|t = )7 ds = 1177 f [P s A 5P| (1 - )7 ds.
0 0
Therefore, it is sufficient to show
1 »
S = f [(As™) A 5P| (1 = 5)7ds < A7,
0

Indeed, forany 0 < B,y < 1 < q,

1

75 f s A s as+[ad)) A @]
0

1
(1-1s)"ds

o

1
18 2@
< Ao h f 7P [f‘”ﬁ A 1] dr+An1
0

1-8 0 1-8
<A | Pt AL|dr+ AN D S A5,
0

where we used the change of variable s = 1'/@#yr in the second inequality. This completes
the proof. O
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