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Abstract. For α ∈ (1, 2), we study the following stochastic differential equation driven by
a non-degenerate symmetric α-stable process in Rd:

dXt = b(t, Xt)dt + σ(t, Xt−)dL(α)
t , X0 = x ∈ Rd,

where b belongs to L∞(R+; B−β∞,∞(Rd)) with some β ∈ (0, α−1
2 ), and σ : R+×Rd → Rd⊗Rd is

a d×d matrix-valued measurable function. We point out that the noise could be a cylindrical
α-stable process. We first show the generalized martingale problems and then establish the
stability estimates of solutions. As an application, we give the weak convergence rate of the
Euler scheme for additive noises with drift coefficient b = b(x).

1. Introduction

In this paper, we consider the following stochastic differential equation (abbreviated as
SDE) in Rd (d ⩾ 1):

dXt = b(t, Xt)dt + σ(t, Xt−)dL(α)
t , X0 = x ∈ Rd, (1.1)

where L(α)
t is a symmetric α-stable process with α ∈ (1, 2) on some probability space

(Ω,F ,P), and b belongs to L∞(R+; B−β∞,∞(Rd)) with some β ∈ (0, α−1
2 ) (here, B−β∞,∞ are Besov

spaces, see Definition 2.2 below), and σ : R+ × Rd → Rd ⊗ Rd is a d × d matrix-valued
measurable function satisfying the following assumption:

(Hσ) σ is Lipschitz continuous in x uniformly in t. There is a constant c0 > 1 such that for
all t ⩾ 0 and x, ξ ∈ Rd,

c−1
0 |ξ| ⩽ |σ(t, x)ξ| ⩽ c0|ξ|, and |∇σ(t, x)| ⩽ c0. (1.2)
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1.1. Well-posedness of generalized martingale problems. The first goal of this paper is
to establish the well-posedness of the generalized martingale solution for SDE (1.1) includ-
ing the stability (see Theorem 1.1 and Theorem 4.6). A d-dimentional α-stable process with
α ∈ (0, 2) is a purely jumped Lévy process with Lévy measure (called the α-stable measure)

ν(α)(A) =
∫ ∞

0

(∫
Sd−1

1A(rθ)Σ(dθ)
r1+α

)
dr, A ∈ B(Rd),

where Σ is a finite measure over the unit sphere Sd−1 (called spherical measure of ν(α)).
In this paper, we consider α-stable measures that satisfy the following non-degenerate as-
sumption:

(ND) For each θ0 ∈ S
d−1, ∫

Sd−1
|θ · θ0|Σ(dθ) > 0.

The most common α-stable process is the standard (or strictly) α-stable process whose
Lévy measure is absolutely continuous with the Lebesgue measure and given by c

|z|d+α dz
with some constant c > 0, and the infinitesimal generator is the fractional Laplace operator
∆α/2. From the point of view of Fourier analysis, (fractional) derivatives are characterized
by Fourier multipliers. It is well-known that the symbol of the fractional Laplacian is given
by |ξ|α with ξ ∈ Rd. If we consider α = 2, the situation becomes the usual Laplacian ∆, i.e.
the infinitesimal generator of the d-dimensional standard Brownian motion

L(2) := (W1,W2, . . . ,Wd)

where {W i}di=1 are independent 1-dimensional Brownian motions. Under the distributional
drift assumption, there have been several pieces of literature on Brownian motion cases.
The earliest works are [4] and [20], both focusing on the one-dimensional time-independent
multiplicative noise. We also refer to the works [21], [14], [24], [15], and [25] for the one-
dimensional case, and [19], [46], [8], and [47] for the multi-dimensional case.

In recent years, researchers have paid more and more attention to the jumped case (for
example [1], [10], [17], [30], [33] and so on). However, these studies consider only additive
α-stable noises except for [33]. Although the authors of [33] study the SDE (1.1) with
multiplicative Lévy noises, their results do not cover the singular case such as cylindrical
α-stable noises. We say an α-stable process

L(α) := (L1, L2, . . . , Ld)

is cylindrical, if its components are independent one-dimensional standard α-stable pro-
cesses. In fact, components of a multi-dimensional standard α-stable process are not jointly
independent, which is different from the Brownian case. Nevertheless, in many models, the
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joint independence of {Li}di=1 plays a vital role. For instance, in the following N-particle
system:

dXN,i
t =

1
N

∑
i,i

K(XN,i
t − XN, j

t )dt + dLi
t,

K : Rd → Rd is the interaction kernel, and {Li}Ni=1 is a family of independent α-stable
processes, which stands for the random phenomenon like collisions between two particles
(see [9] and references therein for examples). On the other hand, the Lévy measure of a
cylindrical α-stable process (called the cylindrical α-stable measure) is given by

ν(α),c(dz) :=
d∑

k=1

δ0(dz1) · · · δ0(dzi−1)
dzi

|zi|
1+α δ0(dzi+1) · · · δ0(dzd),

where δ0 is the Dirac measure at zero in R1. Then the symbol of the associated infinitesimal
generator is

d∑
i=1

|ξi|
α, ξ = (ξ1, · · · , ξd) ∈ Rd,

which is more singular than the symbol of the standard α-stable process since |ξ|α is only
not smooth at origin, but

∑d
i=1 |ξi|

α is not smooth on all axes ∪d
i=1{ξi = 0}. That is why we

say the cylindrical one is singular. In [33], Ling and Zhao obtained the well-posedness of
generalized martingale problems relying on the following change of variables:

L (α),s
σ f (x) =

∫
Rd

( f (x + σ(x)z) − f (x) − ∇ f (x) · σ(x)z(α))
dz
|z|d+α

=

∫
Rd

( f (x + z) − f (x) − ∇ f (x) · z(α))
dz

|σ−1(x)z|d+α| detσ(x)|
,

(1.3)

where z(α) := z1|z|⩽11α=1 + z1α∈(1,2), the symbol ∇ denotes the gradient operator, and the
diffusion coefficient σ is time-independent. It is obvious that such a change of variables
method in [33] might not be valid in general cases, since, for example, the infinitesimal
generator of a cylindrical one,

L (α),c
σ f (x) =

d∑
i=1

∫
R

( f (x + (σ(x)z)i) − f (x) − ∇ f (x) · (σ(x)z(α))i)
dzi

|zi|
1+α , (1.4)

where (σz)i := (σ1izi, ..., σdizi) for any σ = (σi j) ∈ Rd ⊗ Rd, is essentially different from the
standard one.

The preceding theorem is our first main result:

Theorem 1.1. Assume that α ∈ (1, 2) and (Hσ) holds with constant c0. Let b ∈ L∞([0,T ]; B−β∞,∞)
with some β ∈ (0, α−1

2 ). Then there is a unique generalized martingale solution Q ∈ Mb,σ(x)
in the sense of Definition 4.2 below.
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Remark 1.2. It is worth pointing out that the definition of martingale solutions presented in
[33] looks different from Definition 4.2, but verifying their equivalence seems not a challeng-
ing task. We prove the solution to the approximating equation, wherein these two definitions
coincide, converges to the solution in Theorem 1.1.

In order to explore martingale solutions as defined in Definition 4.2, we consider the
following forward partial differential equation (PDE for short):

∂tu = L (α)
σ u + b · ∇u + f , u(0) = u0, (1.5)

where α ∈ (1, 2), b, f ∈ L∞([0,T ]; B−β∞,∞) with some β ∈ (0, α−1
2 ), and

L (α)
σ g(t, x) :=

∫
Rd

(
g(t, x + σt(x)z) − g(t, x) − σt(x)z · ∇g(t, x)

)
ν(α)(dz) (1.6)

with a non-degenerate symmetric α-stable measure ν(α). Note that in [33], the assumption
on σ, where σ ∈ L∞([0,T ]; Bβ+ε

∞,∞), is weaker than ours. As a matter of fact, it seems to
be open to give the well-posedness of martingale (or weak) solutions for SDEs driven by
cylindrical α-stable processes with distributional drifts when σ is just Hölder continuous
with respect to the space variable. Specifically, the key ingredient of reaching our first goal
is the boundedness of operator L (α)

σ : Bα−β
∞,∞ → B−β∞,∞ (see Lemma 3.1). Regarding the

operator L (α)
σ as a natural extension of the operator κ(x)∆

α
2 as we illustrated in (1.3), the

authors in [33] achieved the boundedness when ν(α) is absolutely continuous with respect to
the Lebesgue measure, where the function κ possesses the same Besov-Hölder regularity as
that of σ. Thus, the boundedness of L (α)

σ in [33] can be attributed to the product law: (see
Lemma 2.4

∥κ∆
α
2 u∥B−β∞,∞ ⩽ c∥∆

α
2 u∥B−β∞,∞∥κ∥Bβ+ε

∞,∞
,

where c > 0 is a constant only depends on β, ε > 0; and this is the reason they only need σ
belongs to L∞([0,T ]; Bβ+ε

∞,∞). Nevertheless, the focus of this paper is on compound operators,
as exemplified by u(x) → u(σ(x)). And then it is imperative that σ is Lipschitz in order to
ensure the Besov-Hölder regularity of u. Moreover, we require a distinct technique to that
presented in [33] for handling PDE (1.5). See more details in Section 3.

1.2. Weak convergence rate of Euler scheme. Our second aim is to investigate the Euler
scheme for a toy model of SDE (1.1), where σ ≡ Id×d and b = b(x) belongs to the negative
order Besov space B−β∞,∞. To study such a singular stochastic model, a natural problem is
how to define the distributional drift term for Euler scheme. Modifying b(x) in the sense of

bm := b ∗ Km, m > 0,

where Km(x) := mdK(mx) with some good kernel K ∈ C∞0 (Rd) with
∫
Rd K(x)dx = 1, we

consider the following modified Euler scheme for SDE (1.1): for any n ∈ N,

Xm,n
t = x +

∫ t

0
bm(Xm,n

ϕn(t))dt + L(α)
t , x ∈ Rd
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where ϕn(t) := k/n when t ∈ [k/n, (k+1)/n) with k = 0, 1, 2, ...., n. Set Pm,n(t) := P◦(Xm,n
t )−1.

In this paper, we study the so-called moderate case, i.e. m = nγ with some γ > 0. Here is
our second main result, the weak convergence of this Euler scheme.

Theorem 1.3. Let α ∈ (1, 2). Assume (Hσ) holds with constant c0, b ∈ B−β∞,∞ with some
β ∈ (0, α−1

2 ) and m = nγ with some γ > 0. Take the probability measure P be the unique
solution of the generalized martingale problemMb,σ(x) (see Definition 4.2). Then, for any
γ ∈ (0, α−1

2αβ ) and T > 0, there are constants c = c(d, α, β,K ,T, δ) > 0 and δ = δ(α, β, γ) > 0
such that for any n ∈ N,

sup
t∈[0,T ]

∥Pm,n(t) − P(t)∥var ⩽ cn−δ,

where ∥ · ∥var denotes the total variance of measures.

Remark 1.4. In the current paper, for simplicity, we only consider the additive noise case.
Combining with a classical Levi’s freezing coefficients method, our method might work as
well for the case of uniformly elliptic and Lipschitz diffusion coefficients.

So far, the rate of convergence for the Euler scheme of SDEs with regular or irregular
drift coefficients has been widely studied. Whatever the Brownian case or the jumped case,
people are used to adopting the Yamada-Watanabe approximation technique and the upper
bound of heat kernels to prove the convergence rate. One could see the introduction section
of [3] for more discussion of the Yamada-Watanabe approximation; see [26] or [43] for an
example of using heat kernel pointwise estimates in this direction. It is worth emphasizing
that the density of the standard α-stable is equivalent with (cf. [5, Theorem 2.1])

t
(t1/α + |x|)d+α ,

but the cylindrical one has an asymptotic behavior as follows:
d∏

i=1

t
(t1/α + |xi|)1+α .

More generally, when the spherical measure Σ of α-stable measure ν(α) is not equivalent to
the uniform measure, though a smooth density exists (cf. [11]), it is so far away to get an
analytic expression for it (see [42] for more details). The best we know is just an integral-
type estimate (see subsection 2.3), not a pointwise estimate. Moreover, for more irregular
coefficient cases, the methods described above do not deal well with the problem, which
leads to the search for more powerful tools.

Thanks to the deep connection between Kolmogorov equations and SDEs, to the best
of our knowledge, in [34] Menoukeu Pamen and Taguchi first exploited the so-called Itô-
Tanaka trick to get the strong rate of the Euler-Maruyama approximation of SDEs driven by
a Wiener process or a truncated symmetric α-stable process, with Hölder drift continuous
drift coefficients. Meanwhile, concerning standard α-stable processes, inspired by [18],
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Mikulevičius and Xu in [35] obtained the following strong convergence under α ∈ (1, 2)
and β-Hölder drift with β < −(1 − α/2):

E

[
sup

t∈[0,T ]
|Xm,n

t − Xt|
p

]
≲ n−pβ/α,

where p ∈ (0, α), relying on the Itô-Tanaka trick as well.

Nowdays, it has been gained much attention on SDEs with irregular coefficients driven
by singular noises. In [32], Kühn and Schilling studied the strong convergence of the Euler-
Maruyama approximation for a class of Lévy-driven SDEs with some Hölder assumption on
the drift coefficient through the Itô-Tanaka approach. Moreover, under irregular β-Hölder
drift, instead of using the Itô-Tanaka trick, in [7] Butkovsky, Dareiotis, and Gerencsér
showed the strong rate of convergence of the Euler scheme for SDEs driven by a variety
of Lévy noises, based on a new extended stochastic sewing lemma, where the rate can be
uniformly with respect to β and any moment p > 2.

On the other hand, observing the equivalence between norms of Hölder spaces and posi-
tive integer order Besov spaces (cf. [41]), it is natural to think about negative order cases. In
addition, singular SDEs with distributional drifts actually appear in the context of many sto-
chastic models (cf. [30]). In the present paper, partially inspired by mentioned works above,
we study the weak convergence rate of the Euler approximation by applying the Itô-Tanaka
trick to estimate the difference from P ◦ (Xm,n

t )−1 − P ◦ (Xt)−1 to P ◦ (Xm,n
t )−1 − P ◦ (Xm,n

ϕn(t))
−1,

where the later one is obtained by heat kernel estimates (see Section 5 for more details). It
is worth noting that before being adopted to prove the strong rate in [34], the Itô-Tanaka
technique has traditionally been used to obtain weak convergence rates for Euler schemes
which has important applications in stochastic financial theory (cf. [37]).

1.3. Outline of paper. The rest of this paper is organized as follows. In Section 2, we
introduce some basic concepts and estimates. In Section 3, we establish Schauder’s estimate
and obtain the well-posedness for the non-local parabolic equation with singular α-stable
measure and distributional drift term. In Section 4, we show the first main result of this
paper, Theorem 1.1, which gives the well-posedness of the generalized martingale solution
to SDE (1.1) for any b ∈ L∞([0,T ]; B−β∞,∞) with some β ∈ (0, α−1

2 ). As a result, we prove the
stability estimate Theorem 4.6. In Section 5, based on the results in Section 3 and 4, we
show the weak convergence rate of the Euler scheme.

Conventions and notations. Throughout this paper, we use the following conventions and
notations: As usual, we use := as a way of definition. DefineN0 := N∪{0} and R+ := [0,∞).
The letter c = c(· · · ) denotes an unimportant constant, whose value may change in different
places. We use A ≍ B and A ≲ B to denote c−1B ⩽ A ⩽ cB and A ⩽ cB, respectively, for
some unimportant constant c ⩾ 1. We also use A ≲c B to denote A ⩽ cB when we want to
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emphasize the constant. Denote by Beta functions and Gamma functions, respectively,

B(s1, s2) :=
∫ 1

0
xs1−1(1 − x)s2−1dx, ∀s1, s2 > 0 (1.7)

and

Γ(s) :=
∫ ∞

0
xs−1e−xdx, ∀s > 0. (1.8)

• Let Md be the space of all real d × d-matrices, and Md
non the set of all non-singular

matrices. Denote the identity d × d-matrix by Id×d.
• For every p ∈ [1,∞), we denote by Lp the space of all p-order integrable functions

on Rd with the norm denoted by ∥ · ∥p.
• For a Banach space B and T > 0, q ∈ [1,∞], we denote by

Lq
TB := Lq([0,T ];B), Lq

T := Lq([0,T ] × Rd).

2. Preliminary

2.1. Besov spaces. In this subsection, we introduce Besov spaces. Let S (Rd) be the
Schwartz space of all rapidly decreasing functions on Rd, and S ′(Rd) the dual space of
S (Rd) called Schwartz generalized function (or tempered distribution) space. Given f ∈
S (Rd), the Fourier transform f̂ and the inverse Fourier transform f̌ are defined by

f̂ (ξ) := (2π)−d/2
∫
Rd

e−iξ·x f (x)dx, ξ ∈ Rd,

f̌ (x) := (2π)−d/2
∫
Rd

eiξ·x f (ξ)dξ, x ∈ Rd.

For every f ∈ S ′(Rd), the Fourier and the inverse transforms are defined by

⟨ f̂ , φ⟩ := ⟨ f , φ̂⟩, ⟨ f̌ , φ⟩ := ⟨ f , φ̌⟩, ∀φ ∈ S (Rd).

Let χ : Rd → [0, 1] be a radial smooth function with

χ(ξ) =

 1, |ξ| ⩽ 1,

0, |ξ| > 3/2.

For ξ ∈ Rd, define ψ(ξ) := χ(ξ) − χ(2ξ) and for j ∈ N0,

ψ j(ξ):=ψ(2− jξ).

Let Br := {ξ ∈ Rd | |ξ| ⩽ r} for r > 0. It is easy to see that ψ ⩾ 0, suppψ ⊂ B3/2/B1/2, and

χ(2ξ) +
k∑

j=0

ψ j(ξ) = χ(2−kξ)→ 1, as k → ∞. (2.1)

Since ψ̌ j(y) = 2 jdψ̌(2 jy), j ⩾ 0, we have∫
Rd
|x|θ|∇kψ̌ j|(x)dx ⩽ c2(k−θ) j, θ > 0, k ∈ N0,
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where the constant c is equal to
∫
Rd |x|θ|∇kψ̌|(x)dx and ∇k stands for the k-order gradient.

The block operators R j, j ⩾ 0 are defined on S ′(Rd) by

R j f (x) := (ψ j f̂ )ˇ(x) = ψ̌ j ∗ f (x) = 2 jd
∫
Rd
ψ̌(2 jy) f (x − y)dy, (2.2)

and R−1 f (x) := (χ f̂ )̌ (x) = χ̌ ∗ f (x). Then by (2.1),

f =
∑
j⩾−1

R j f . (2.3)

Remark 2.1. For j ⩾ −1, by definitions, it is easy to see that

R j = R jR̃ j, where R̃ j:=
1∑

ℓ=−1

R j+ℓ with R−2 := 0,

and R j is symmetric in the sense of∫
Rd
R j f (x)g(x)dx =

∫
Rd

f (x)R jg(x)dx, f ∈ S ′(Rd), g ∈ S (Rd).

Now we state the definitions of Besov spaces.

Definition 2.2 (Besov spaces). For every s ∈ R and p, q ∈ [1,∞], the Besov space Bs
p,q(Rd)

is defined by

Bs
p,q(Rd) :=

{
f ∈ S ′(Rd)

∣∣∣ ∥ f ∥Bs
p,q :=

[ ∑
j⩾−1

(
2s j∥R j f ∥p

)q ]1/q
< ∞

}
.

If p = q = ∞, it is in the sense

Bs
∞,∞(Rd) :=

{
f ∈ S ′(Rd)

∣∣∣ ∥ f ∥Bs
∞,∞

:= sup
j⩾−1

2s j∥R j f ∥∞ < ∞
}
.

This definition and Young’s inequality ensure that for any si ∈ R, i = 0, 1, 2, with s0 <

s1 < s2 and κ > 0, there is a constant cκ > 0 such that

∥ f ∥Bs1
∞,∞
⩽ κ∥ f ∥Bs2

∞,∞
+ cκ∥ f ∥Bs0

∞,∞
,

In addition, for any s2 > s1 > 0,

∥ f ∥Bs1
∞,∞
⩽ κ∥ f ∥Bs2

∞,∞
+ cκ∥ f ∥∞. (2.4)

Recall the following Bernstein’s inequality (cf. [2, Lemma 2.1]).

Lemma 2.3 (Bernstein’s inequality). For every k ∈ N0, there is a constant c = c(d, k) > 0
such that for all j ⩾ −1 and 1 ⩽ p1 ⩽ p2 ⩽ ∞,

∥∇kR j f ∥p2 ≲c 2(k+d( 1
p1
− 1

p2
)) j
∥R j f ∥p1 .

In particular, for any s ∈ R and 1 ⩽ p, q ⩽ ∞,

∥∇k f ∥Bs
p,q ≲c ∥ f ∥Bs+k

p,q
. (2.5)
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It is worth discussing here the equivalence between the Besov and Hölder spaces, which
will be used in various contexts in this paper without much explanation. For s > 0, let
Cs(Rd) be the classical s-order Hölder space consisting of all measurable functions f :
Rd → R with

∥ f ∥Cs :=
[s]∑
j=0

∥∇ j f ∥∞ + [∇[s] f ]Cs−[s] < ∞,

where [s] denotes the greatest integer not more than s, and

∥ f ∥∞ := sup
x∈Rd
| f (x)|, [ f ]Cγ := sup

h∈Rd

∥ f (· + h) − f (·)∥∞
|h|γ

, γ ∈ (0, 1).

If s > 0 and s < N, we have the following equivalence between Bs
∞,∞(Rd) and Cs(Rd): (cf.

[41])

∥ f ∥Bs
∞,∞
≍ ∥ f ∥Cs .

However, for any n ∈ N0, we only have one side control that is ∥ f ∥Bn
∞,∞
≲ ∥ f ∥Cn .

At the end of this subsection, we introduce the following product law (cf. [22, Lemma
2.1] or [6]) and interpolation inequality (cf. [2, Theorem 2.80]).

Lemma 2.4 (Product laws). For any s > 0 and ε > 0, there is a constant c = c(s, ε) > 0
such that

∥ f g∥B−s
∞,∞
≲c ∥ f ∥Bs+ε

∞,∞
∥g∥B−s

∞,∞
. (2.6)

Lemma 2.5 (Interpolation inequality). Let s1, s2 ∈ R with s2 > s1. For any p ∈ [1,∞] and
θ ∈ (0, 1), there is a constant c = c(s1, s2, p) > 0 such that

∥ f ∥Bθs1+(1−θ)s2
p,1

≲c ∥ f ∥θBs1
p,∞
∥ f ∥1−θBs2

p,∞
.

Furthermore, for any s2 > 0 > s1,

∥ f ∥∞ ≲c ∥ f ∥θBs1
∞,∞
∥ f ∥1−θBs2

∞,∞
, (2.7)

where θ = s2/(s2 − s1).

2.2. α-stable processes. We call a σ-finite positive measure ν on Rd a Lévy measure if

ν({0}) = 0,
∫
Rd

(
1 ∧ |z|2

)
ν(dz) < +∞. (2.8)

Fix α ∈ (0, 2). Let L(α)
t be a d-dimentional α-stable process with Lévy measure (or α-stable

measure)

ν(α)(A) =
∫ ∞

0

(∫
Sd−1

1A(rθ)Σ(dθ)
r1+α

)
dr, A ∈ B(Rd), (2.9)
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where Σ is a finite measure over the unit sphere Sd−1 (called spherical measure of ν(α)). We
say an α-stable measure ν(α) is non-degenerate, if the assumption (ND) holds. Note that
α-stable process L(α)

t has the scaling property,

(L(α)
t )t⩾0

(d)
= (λ−1/αL(α)

λt )t⩾0, ∀ λ > 0, (2.10)

and for any γ2 > α > γ1 ⩾ 0,∫
|z|⩽1
|z|γ2ν(α)(dz) +

∫
|z|>1
|z|γ1ν(α)(dz) < ∞. (2.11)

Moreover, it is easy to see that for any λ > 0 and p ⩾ 2,∫
Rd

(1 ∧ |λz|p)ν(α)(dz) = λα
∫
Rd

(1 ∧ |z|p)ν(α)(dz). (2.12)

Let N(dr, dz) be the associated Poisson random measure defined by

N((0, t] × A) :=
∑

s∈(0,t]

1A(L(α)
s − L(α)

s− ), A ∈ B(Rd \ {0}), t > 0.

By Lévy-Itô’s decomposition (cf. [38, Theorem 19.2]), one sees that

L(α)
t = lim

ε↓0

∫ t

0

∫
ε<|z|⩽1

zÑ(dr, dz) +
∫ t

0

∫
|z|>1

zN(dr, dz),

where Ñ(dr, dz) := N(dr, dz) − ν(α)(dz)dr is the compensated Poisson random measure. In
the sequel, we always assume that ν(α) is symmetric. Hence, we can write

L(α)
t =

∫ t

0

∫
|z|⩽c

zÑ(dr, dz) +
∫ t

0

∫
|z|>c

zN(dr, dz), ∀c > 0. (2.13)

The following moment estimate is taken from [12, Lemma 2.4] with some slight modifica-
tion. The proof is similar, so we omit it.

Lemma 2.6. Let T, δ > 0. Assume that 0 ⩽ τ1 < τ2 ⩽ τ1 + δ ⩽ T are two bounded stopping
times and p ∈ (0, α). Let g : R+×Ω→ Md

non be a bounded predictable process, whereMd
non is

the set of all non-singular d×d matrices. Then, there is a constant c = c(d, α, p,T, ν(α)) > 0
such that

E

∣∣∣∣∣∣
∫ τ2

τ1

g(r)dL(α)
r

∣∣∣∣∣∣p ≲c δ
p/αE∥g∥pL∞([0,T ]). (2.14)

2.3. Time-dependent Lévy-type operator. Fix α ∈ (1, 2). We start with the following
time-inhomogeneous Lévy process: for 0 ⩽ t < ∞,

Lσt :=
∫ t

0
σrdL(α)

r =

∫ t

0

∫
|z|⩽1

σrzÑ(dr, dz) +
∫ t

0

∫
|z|>1

σrzN(dr, dz), (2.15)

where Ñ(dr, dz) := N(dr, dz) − ν(α)(dz)dr is the compensated Poisson random measure, and
σ : R+ → Md

non is a bounded measurable function. Define

Pσ
s,t f (x) := E(x +

∫ t

s
σrdL(α)

r )

10



for all f ∈ C2
b(Rd). By Itô’s formula (cf. [27, Theorem 5.1 of Chapter II]), one sees that

∂tPσ
s,t f (x) = L (α)

σt
Pσ

s,t f (x),

where

L (α)
σt

f (x) :=
∫
Rd

(
f (x + σtz) − f (x) − σtz1|z|⩽1 · ∇ f (x)

)
ν(α)(dz).

Below, we always make the following assumption in this subsection:

(H0) There is a constant a0 > 1 such that

a0|ξ| ⩽ |σtξ| ⩽ a−1
0 |ξ|, ∀(t, ξ) ∈ R+ × Rd.

Under the assumption (H0), owing to Lévy-Khintchine’s formula (cf. [38, Theorem 8.1])
and (2.9), for all |ξ| ⩾ 1, we have

|Eeiξ·Lσt | ⩽ exp
(
t
∫
Rd

(cos(ξ · σtz) − 1)ν(α)(dz)
)

⩽ exp
(
−t|ξ|α

∫ ∞

0

∫
Sd−1

1 − cos(ξ/|ξ| · σtrθ)
r1+α Σ(dθ)dr

)
⩽ e−ct|ξ|α ,

where the constant c > 0 depends only on α and Σ(Sd−1). Hence, by [38, Proposition 28.1],
the random variable Lσt defined by (2.15) admits a smooth density pσ(t, x) given by Fourier’s
inverse transform

pσ(t, x) = (2π)−d/2
∫
Rd

e−ix·ξEeiξ·Lσt dξ, ∀t > 0,

and the partial derivatives of pσ(t, ·) at any orders tend to 0 as |x| → ∞. Furthermore, by
[11, Lemma 3.2] or [12, Lemma 2.5], for each 0 ⩽ t < ∞, pσ(t, x) satisfies that for any
k ∈ N0 and 0 ⩽ β < α, ∫

Rd
|x|β|∇k pσ(t, x)|dx ≲c t−

k−β
α , (2.16)

where c = c(a0, k, d, α, β) > 0.
We need the following heat kernel estimates in integral form with Littlewood-Paley’s

decomposition, which is obtained in [11, Lemma 3.3 ] (see also [23, Lemma 2.12]).

Lemma 2.7 (Heat kernel estimates). Let α ∈ (0, 2). Suppose that (H0) holds with constant
a0 ∈ (0, 1). For any ϑ ⩾ 0 and γ ∈ [0, α), there is a constant c > 0 such that for all
0 ⩽ s < t < ∞ and j ⩾ −1,∫

Rd
|x|γ|R j pσs,t(x)|dx ≲c (t − s)−

ϑ−γ
α 2− jϑ, (2.17)

where the block operators R j are defined by (2.2). In particular,∫ t

0

∫
Rd
|x|γ|R j pσs,t(x)|dxds ≲c 2− jα. (2.18)

11



In particular, when σt is always equal to the identity matrix Id×d, one has

L (α)
Id×d

f (x) =
∫
Rd

(
f (x + z) − f (x) − z1|z|⩽1 · ∇ f (x)

)
ν(α)(dz), (2.19)

which is the infinitesimal generator of α-stable process L(α) (cf. [38, Theorem 31.5]). Con-
sider the following equation:

∂tu = L (α)
Id×d

u, u(0) = f ,

where f ∈ C∞b (Rd). We have the following estimates.

Lemma 2.8. Assume that α ∈ (0, 2) and T > 0. For k = 0, 1, there is a constant c > 0 such
that for all 0 < s < t ⩽ T,

∥∇kL (α)
Id×d

u(t)∥∞ ≲ t−
k+α
α ∥ f ∥∞

and

∥∇ku(t) − ∇ku(s)∥∞ ≲
[
s−

k
α ∧ (s−

k+α
α (t − s))

]
∥ f ∥∞. (2.20)

Proof. By Itô’s formula (cf. [27, Theorem 5.1 of Chapter II]), it is easy to check that

u(t, x) = E f (x + L(α)
t ) = (pt ∗ f )(x),

where ∗ stands for the convolution operation and pt(x) := pId×d (t, x). Then for k = 0, 1, by
(2.16),

∥∇ku(t)∥∞ ≲ t−
k
α ∥ f ∥∞. (2.21)

Moreover, by (2.3) and (2.17), we have

∥∇kL (α)
Id×d

u(t)∥∞ ≲
∑
j⩾−1

∥∇kL (α)
Id×d
R j pt ∗ f ∥∞ ≲

∑
j⩾−1

2(k+α) j∥R j pt∥1∥ f ∥∞

≲
∑
j⩾−1

2(k+α) j
(
[2−(k+α+1) jt−

k+α+1
α ] ∧ 1

)
∥ f ∥∞ ≲ t−

k+α
α ∥ f ∥∞,

where we used the following estimate in the last step: for any 0 < β < γ and λ > 0,∑
j⩾0

2β j
(
[2−γ jλ] ∧ 1

)
⩽ λ ∧ 1 +

∫ ∞

0
2βs ([2−γsλ] ∧ 1

)
ds

≲ λ ∧ 1 + λ
β
γ

∫ ∞

λ−1/γ
rβ−1 (

r−γ ∧ 1
)

dr ≲ λ
β
γ .

Hence, for all 0 ⩽ s < t ⩽ T ,

|∇ku(t, x) − ∇ku(s, x)| =

∣∣∣∣∣∣
∫ t

s
∇k∂ru(r, x)dr

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∫ t

s
∇kL (α)

Id×d
u(r, x)dr

∣∣∣∣∣∣
≲ ∥ f ∥∞

∫ t

s
r−

k+α
α dr ≲ s−

k+α
α (t − s)∥ f ∥∞.

Combining this with (2.21), we deduce (2.20). □
12



3. Nonlocal equations with Singular Lévy measures

Fix α ∈ (1, 2). Let σ(t, x) : R+ × Rd → Md
non be a bounded measurable function. In this

section, we establish Schauder’s estimate and obtain the well-posedness for the following
non-local parabolic equation with time-dependent variable diffusion coefficient σt(x) :=
σ(t, x):

∂tu = L (α)
σ u + b · ∇u + f , u(0) = u0, (3.1)

where b, f ∈ L∞T B−β∞,∞ with some β ∈ (0, α−1
2 ), σ satisfies the condition (Hσ) with constant

c0, and L (α)
σ is given by (1.6):

L (α)
σ g(t, x) :=

∫
Rd

(
g(t, x + σt(x)z) − g(t, x) − σt(x)z · ∇g(t, x)

)
ν(α)(dz). (3.2)

Here ν(α) is defined by (2.9) and satisfies condition (ND).

It is well known that the best regularity of the solution u(t) is in Bα−β
∞,∞, but the domain

of the operator L (α)
σt is ∪ε>0Bα+ε

∞,∞. Therefore, in order to define the solutions of PDE (3.1),
we fisrt extend the domain of L (α)

σt . Before that, we introduce some notations. For any
x, y, z ∈ Rd with |z| ⩽ 1

2c−1
0 , define

σ
y
t (x) := σ(t, x + y), and Λσy

t ,z(x) := x + σy
t (x)z.

By [45, Lemma2.1], it is easy to see that for any t ⩾ 0 and x1, x2 ∈ R
d,

1
2
|x1 − x2| ⩽ |Λ

y
t,z(x1) − Λy

t,z(x2)| ⩽ 2|x1 − x2|.

Define

Dσ
y
t ,z f (x) := f (x + σy

t (x)z) − f (x + σy
t (0)z) − (σy

t (x) − σy
t (0))z · ∇ f (x).

Then, by [11, Lemma 2.2], for any f ∈ C1, g ∈ W2,1 and θ ∈ [0, 1], we have

|⟨Dσ
y
t ,z f , g⟩| ⩽ cd,θ|z|1+θ∥ f ∥Bθ

∞,∞

( 1∑
j=0

µ j(|∇ jg|) + µ1+θ(|∇2g|)θµ1+θ(|∇g|)1−θ
)
, (3.3)

where the constant cd,θ > 0 is independent of the variables t, y, z, and

µθ(dx) := (|x| ∧ 1)θdx, and µθ( f ) :=
∫
Rd

f (x)µθ(dx). (3.4)

In particular,

|⟨Dσ
y
t ,z f , g⟩| ⩽ cd|z|2∥ f ∥B1

∞,∞

2∑
j=0

µ j(|∇ jg|). (3.5)

The following lemma is crucial to give Definition 3.2.
13



Lemma 3.1 (Boundedness of operator L (α)
σ ). Let α ∈ (1, 2) and β ∈ (0, 1). Under the

condition (Hσ), there is a constant c = c(α, β, c0) > 0 such that for any u ∈ C∞b (Rd) and
t ⩾ 0,

∥L (α)
σ u(t)∥B−β∞,∞ ≲c ∥u(t)∥Bα−β

∞,∞
, (3.6)

where L (α)
σ is given by (3.2).

Proof. For simplicity, we drop the time variable t and the superscript α in ν(α) in the follow-
ing proof. Observe that

R jL
(α)
σ u(x) = L (α)

σ R ju(x) + [R j,L
(α)
σ ]u(x),

where [A1,A2] := A1A2 −A2A1 called commutator operator. Define

ux(y) := u(y + x).

Recall the definition (2.2) of block operators R j. By the change of variable, we have∫
Rd
ψ̌ j(x − y)

(
u(y + σ(y)z) − u(y + σ(x)z) − (σ(y) − σ(x))z · ∇u(y)

)
dy

=

∫
Rd
ψ̌ j(−y)

(
ux(y + σx(y)z) − ux(y + σx(0)z) − (σx(y) − σx(0))z · ∇ux(y)

)
dy,

which yields

[R j,L
(α)
σ ]u(x) =

∫
Rd
⟨Dσx,zux, ψ̌ j(−·)⟩ν(α)(dz).

For |z| ⩽ δ ⩽ 1
2c0

, based on the fact

µδ(|∇kψ̌ j|) ≲ 2(k−δ) j, δ ⩾ 0, k ∈ N0,

and (3.3) with θ ∈ (α − 1, α − β), one sees that

sup
x
|⟨Dσx,zux, ψ̌ j(−·)⟩| ≲ |z|1+θ∥u∥Bα−β

∞,∞

(
1 + 2θ(2−1−θ) j2(1−θ)(1−1−θ) j

)
≲ |z|1+θ∥u∥Bα−β

∞,∞
.

For |z| > δ, by the mean-value theorem and (1.2), we get

sup
x
|⟨Dσx,zux, ψ̌ j(−·)⟩| ⩽ 2c0|z|∥∇u∥∞∥ψ̌∥1 ≲ |z|∥u∥Bα−β

∞,∞
,

where we used the fact α − β > 1. Hence, by (2.11), we obtain that

∥[R j,L
(α)
σ ]u∥∞ ⩽

∫
Rd

sup
x
|⟨Dσx,zux, ψ̌ j(−·)⟩|ν(dz) ≲ ∥u∥Bα−β

∞,∞
. (3.7)

On the other hand, through Bernstein’s inequality Lemma 2.3, we have

sup
x
|R ju(x + σ(x)z) − R ju(x) − σ(x)z · ∇R ju(x)| ≲ (|2 jz| ∧ |2 jz|2)∥R ju∥∞,

which implies that

∥L (α)
σ R ju∥∞ ≲ ∥R ju∥∞

∫
Rd

(|2 jz| ∧ |2 jz|2)ν(dz) ≲ 2α j∥R ju∥∞,
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provided by the scaling property (2.10) and (2.11). Therefore, combining this with (3.7),
we have

∥R jL
(α)
σ u∥∞ ≲ ∥u∥Bα−β

∞,∞
+ 2α j∥R ju∥∞ ≲ 2β j∥u∥Bα−β

∞,∞
,

which derives (3.6) by taking the supremum of j. The proof is completed. □

Based on Lemma 3.1, we extend the domain of the linear operator L (α)
σt from Bα+ε

∞,∞ to
Bα−β
∞,∞ with β ∈ (0, 1). Now, we can state the definitions of solutions to PDE (3.1).

Definition 3.2 (Solutions). Let α ∈ (1, 2), β ∈ (0, 1) and assume (Hσ) holds with constant
c0. For any T > 0, u0 ∈ Bα−β

∞,∞, and b, f ∈ L∞T B−β∞,∞, we call a function u ∈ ∪ε>0L∞T B1+β+ε
∞,∞ a

solution to PDE (3.1) on [0,T ], if for any t ∈ [0,T ],

u(t) = u0 +

∫ t

0

(
L (α)

σ u + b · ∇u + f
)
(s)ds, (3.8)

where L (α)
σ is defined by (3.2).

Remark 3.3. Notice that every term in (3.8) is well defined since we have (3.6) and 1+ β >
α − 1.

Here is our main result in this section.

Theorem 3.4. Let α ∈ (1, 2), T > 0 and assume (Hσ) holds with constant c0. For any
β ∈ (0, α−1

2 ), γ > α
α−1−2β , u0 ∈ Bα−β

∞,∞, and b, f ∈ L∞T B−β∞,∞, there is a unique solution u to PDE
(3.1) in the sense of Definition 3.2 satisfying

∥u∥L∞T Bα−β
∞,∞
≲c (1 + ∥b∥L∞T B−β∞,∞

)γ
(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
, (3.9)

where c > 0 is a constant only depending on d, α, β, T, c0. Moreover, for all s, t ∈ [0,T ],

∥u(t) − u(s)∥∞ ≲c |t − s|
α−β
α (1 + ∥b∥L∞T B−β∞,∞

)
α−β
α +γ

(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
. (3.10)

3.1. λ-dissipative equation with λ ⩾ 0. To prove Theorem 3.4, we introduce the following
λ-dissipative equation with λ ⩾ 0:

∂tuλ = L (α)
σ uλ − λuλ + b · ∇uλ + f , uλ(0) = uλ0. (3.11)

In this section, we establish a priori estimates, Lemma 3.7, for λ-dissipative PDE (3.11)
under the case of smooth coefficients b, f .

3.1.1. The zero-drift case. In this part, we assume b ≡ 0 and investigate the following
λ-dissipative equation with λ ⩾ 0:

∂tw = L (α)
σ w − λw + f1 + f2, w(0) = w0, (3.12)

where f1, f2,w0 are smooth functions.
We first show the following result with λ large enough.
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Lemma 3.5. Fix T > 0. Let α ∈ (1, 2), β ∈ (0, α−1
2 ), and f1, f2,w0 be smooth functions.

Assume (Hσ) holds with constant c0. If w is a classical solution to PDE (3.12), then for any
θ ∈ [0, α − β], there are constants λ0 > 1, and c > 0 depending on d, α, β, θ, c0,T such that
for all λ ⩾ λ0,

∥w∥L∞T Bα−β−θ
∞,∞
≲c ∥w0∥Bα−β−θ

∞,∞
+ (λ + 1)−

θ
α

(
∥w0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

)
+ (λ + 1)−

β+θ
α ∥ f2∥L∞T , (3.13)

and in particular, when f2 = 0,

∥w∥L∞T B0
∞,1
≲c ∥w0∥B0

∞,1
+ (λ + 1)−

α−β
α

(
∥w0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

)
. (3.14)

To prove this result, we only need to establish a priori estimates (3.13) and (3.14). For
simplicity, we assume that w0 = 0. If w0 , 0, we shall substitute w and f in (3.12) by
w̄(t) := w(t) − e−λtw0 and f̄1 := f1 + e−λtL (α)

σ w0, respectively. Denote f := f1 + f2. Fix
y ∈ Rd. For any function h, let hy(x) := h(x + y). Then, we have

∂twy = L (α)
y wy − λwy +A wy + f y,

where A := L (α)
σy −L (α)

y and

L (α)
y g(t, x) := L (α)

σy(0)g(t, x) =
∫
Rd

(g(t, x + σy
t (0)z) − g(t, x) − σy

t (0)z · ∇g(t, x))ν(α)(dz).

By subsection 2.3 and [11, Section 3], one sees that the operator ∂t − (L α
y − λ) associates

to a semigroup e−λ(t−s)Pσy(0)
s,t , i.e.

wy(t, x) =
∫ t

0
e−λ(t−s)Pσy(0)

s,t

(
A wy + f y

)
(s, x)ds,

and pσ
y(0)

s,t is the heat kernel of Pσy(0)
s,t . For the sake of simplicity, in the sequel, we write

P(y)
s,t = Pσy(0)

s,t and p(y)
s,t = pσ

y(0)
s,t . Thus, for j ⩾ −1, acting on both sides of the above equations

by R j, we get that

R jw(t, y) = R jwy(t, 0) =
∫ t

0
e−λ(t−s)R jP

(y)
s,t

(
A wy + f y

1 + f y
2

)
(s, 0)ds. (3.15)

Let us separately estimate the terms on the right-hand side of (3.15).

Lemma 3.6. Fix T > 0. Suppose that α ∈ (1, 2) and β ∈ (0, α−1
2 ). Assume (Hσ) holds with

constant c0. Let β1 = β, β2 = 0, and i = 1, 2. For any ϑ ∈ [0, α], there is a constant c > 0
such that ∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t f y

i (s, 0)
∣∣∣∣ds ≲c 2−(α−βi−ϑ) j(λ + 1)−

ϑ
α ∥ fi∥L∞T B−βi

∞,∞
, (3.16)

and for any 0 ⩽ η < α − ε with α > ε > 0,∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t A wy(s, 0)

∣∣∣∣ds ≲c 2−η j(λ + 1)−
α−η−ε
α ∥w∥L∞T Bα−1+ε

∞,∞
. (3.17)
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Proof. For the first one, by Remark 2.1 and (2.17), we have that for any ϑ ∈ (0, α],∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t f y

i (s, 0)
∣∣∣∣ds ⩽

∫ t

0
e−λ(t−s)

∫
Rd
|R j p

(y)
s,t (x)R̃ j fi(s, x + y)|dxds

≲ 2βi j∥ fi∥L∞T B−βi
∞,∞

∫ t

0
e−λ(t−s)(t − s)−

α−ϑ
α 2− j(α−ϑ)ds

≲ 2−(α−βi−ϑ) j(λ + 1)−
ϑ
α ∥ fi∥L∞T B−βi

∞,∞
,

where the last inequality is provided by a change of variables and the definitions (1.8) of
Gamma functions; and for ϑ = 0, similarly, by Remark 2.1 and (2.18),∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t f y

i (s, 0)
∣∣∣∣ds ≲ 2βi j∥ fi∥L∞T B−βi

∞,∞

∫ t

0

∫
Rd
|R j p

(y)
s,t (x)|dxds

≲ 2−(α−βi) j∥ fi∥L∞T B−βi
∞,∞
.

For the second one, applying [11, Lemma 4.4] to e−λ(t−s)w(s), we have that for any T > 0,
η ∈ [0, α − ε) with α > ε > 0,∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t A wy(s, 0)

∣∣∣∣ds ≲ 2−η j
∫ t

0
e−λ(t−s)(t − s)−

η+ε
α ∥w(s)∥Bα−1+ε

∞,∞
ds

≲ 2−η j(λ + 1)−
α−η−ε
α ∥w∥L∞T Bα−1+ε

∞,∞
,

where we used a change of variables and the definitions (1.8) of Gamma functions in the
second inequality.

The proof is finished. □

Now, we give the

Proof of Lemma 3.5. Notice that, by (3.16), for θ ∈ [0, α − β],∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t f y

1 (s, 0)
∣∣∣∣ds ≲ 2−(α−β−θ) j(λ + 1)−

θ
α ∥ f1∥L∞T B−β∞,∞

and ∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t f y

2 (s, 0)
∣∣∣∣ds ≲ 2−(α−(β+θ)) j(λ + 1)−

β+θ
α ∥ f2∥L∞T B0

∞,∞
.

Moreover, by (3.17) with η = α − β − θ, we have that for any β + θ > ε > 0,∫ t

0
e−λ(t−s)

∣∣∣∣R jP
(y)
s,t A wy(s, 0)

∣∣∣∣ds ≲ 2−(α−β−θ) j(λ + 1)−
β+θ−ε
α ∥w∥L∞T Bα−1+ε

∞,∞
.

Thus, taking supremum of y in (3.15), we have

∥w(t)∥Bα−β−θ
∞,∞
= sup

j⩾1
2(α−β−θ) j∥R jw(t)∥∞ ≲ (λ + 1)−

θ
α ∥ f1∥L∞T B−β∞,∞

+ (λ + 1)−
θ+β
α ∥ f2∥L∞T

+ (λ + 1)−
β+θ−ε
α ∥w∥L∞T Bα−1+ε

∞,∞
. (3.18)
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On the other hand, when f2 = 0, from (3.15), by (3.17) with η = ε < α/2, taking ϑ = 0, α
in (3.16), we have

∥R jw(t)∥∞ ≲ (λ + 1)−
α−2ε
α 2−ε j∥w∥L∞T Bα−1+ε

∞,∞
+

[
(2β j(λ + 1)−1) ∧ 2−(α−β) j

]
∥ f1∥L∞T B−β∞,∞

,

which derives that

∥w∥L∞T B0
∞,1
=

∑
j⩾−1

∥R jw(t)∥∞ ≲ (λ + 1)−
α−2ε
α ∥w∥L∞T Bα−1+ε

∞,∞
+ (λ + 1)−

α−β
α ∥ f1∥L∞T B−β∞,∞

. (3.19)

Now we estimate the term ∥w∥L∞T Bα−1+ε
∞,∞

. Similarly, taking η = ε < 1/2 in (3.17), and using
(3.16) with ϑ = 1 − β − ε when i = 1 and ϑ = 1 − ε when i = 2, we obtain that there is a
constant c > 0 such that

∥w∥L∞T Bα−1+ε
∞,∞
≲c (λ + 1)−

1−2ε
α ∥w∥L∞T Bα−1+ε

∞,∞
+ (λ + 1)−

1−β−ε
α ∥ f1∥L∞T B−β∞,∞

+ (λ + 1)−
1−ε
α ∥ f2∥L∞T ,

which yields that for any λ ⩾ λ0 := (2c)α/(1−2ε),

∥w∥L∞T Bα−1+ε
∞,∞
≲ (λ + 1)−

1−β−ε
α ∥ f1∥L∞T B−β∞,∞

+ (λ + 1)−
1−ε
α ∥ f2∥L∞T .

Substituting the above inequality into (3.18) and (3.19) with 0 < ε < 1/3, we have that
for any θ ∈ [0, α − β],

∥w∥L∞T Bα−β−θ
∞,∞
≲ (λ + 1)−

θ
α ∥ f1∥L∞T B−β∞,∞

+ (λ + 1)−
θ+β
α ∥ f2∥L∞T ,

and when f2 = 0,

∥w∥L∞T B0
∞,1
≲ (λ + 1)−

α−β
α ∥ f1∥L∞T B−β∞,∞

.

These complete the proof. □

3.1.2. Distributional drift case. Backing to (3.11), we establish the following a priori esti-
mates.

Lemma 3.7. Let α ∈ (1, 2), β ∈ (0, α−1
2 ), T > 0, γ > α

α−1−2β , and b, f1, f2, uλ0 be smooth
functions. Assume (Hσ) holds with constant c0. If uλ is a classical solution to PDE (3.11),
then for any θ ∈ [0, α − β], there is a constant c = c(d, α, β, θ, c0,T, γ, ∥b∥L∞T B−β∞,∞

) > 0 such
that for all λ ⩾ λ0 := c(1 + ∥b∥L∞T B−β∞,∞

)γ,

∥uλ∥L∞T Bα−β−θ
∞,∞
≲c ∥uλ0∥Bα−β−θ

∞,∞
+ (λ + 1)−

θ
α

(
∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

)
+ (λ + 1)−

β+θ
α ∥ f2∥L∞T , (3.20)

and in particular when f2 = 0,

∥uλ∥L∞T B0
∞,1
≲c ∥uλ0∥B0

∞,1
+ (λ + 1)−

α−β
α

(
∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

)
. (3.21)

Moreover, when f2 = 0, for any λ ⩾ 0,

∥uλ∥L∞T Bα−β
∞,∞
≲c ∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

+ (1 + ∥b∥B−β∞,∞)γ
α−β
α ∥uλ∥L∞T . (3.22)
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Proof. By Lemma 3.5, (2.6), and (2.5), for any θ ∈ [0, α − β] and ε > 0, there is a constant
λ̃0 such that for any λ ⩾ λ̃0,

∥uλ∥L∞T Bα−β−θ
∞,∞
≲ (λ + 1)−

θ
α

(
∥uλ0∥Bα−β

∞,∞
+ ∥ f1 + b · ∇uλ∥L∞T B−β∞,∞

)
+ ∥uλ0∥Bα−β−θ

∞,∞
+ (λ + 1)−

β+θ
α ∥ f2∥L∞T

≲ (λ + 1)−
θ
α

(
∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

+ ∥b∥L∞T B−β∞,∞
∥uλ∥L∞T B1+β+ε

∞,∞

)
+ ∥uλ0∥Bα−β−θ

∞,∞
+ (λ + 1)−

β+θ
α ∥ f2∥L∞T . (3.23)

Hence, in particular, taking ε ∈ (0, α − 1 − 2β] and θ = α − 1 − 2β − ε in (3.23), we infer
that for any λ ⩾ λ̃0,

∥uλ∥L∞T B1+β+ε
∞,∞
≲ ∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

+ (λ + 1)−
α−1−2β−ε

α ∥b∥L∞T B−β∞,∞
∥uλ∥L∞T B1+β+ε

∞,∞

+ (λ + 1)−
β
α ∥ f2∥L∞T ,

which implies that for any 0 < ε < α − 1 − 2β, there is a constant c > 0 such that for any
λ0 := c(∥b∥L∞T B−β∞,∞

+ 1)α/(α−1−2β−ε) ⩾ λ̃0,

∥uλ∥L∞T B1+β+ε
∞,∞
≲ ∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

+ (λ + 1)−
β
α ∥ f2∥L∞T .

Substituting this into (3.23), we obtain the desired estimates (3.20). As for (3.21), the proof
is similar.

For (3.22), note that when f2 = 0, for any λ ⩾ 0, we get that

∂tuλ = L (α)
σ uλ − (λ + λ0)uλ + b · ∇uλ + f1 + λ0uλ.

Taking f2 = λ0uλ in (3.20) with θ = 0, we deduce that

∥uλ∥L∞T Bα−β
∞,∞
≲ ∥uλ0∥Bα−β

∞,∞
+ ∥ f1∥L∞T B−β∞,∞

+ (1 + λ0)1− βα ∥uλ∥L∞T

≲ ∥uλ0∥Bα−β
∞,∞
+ ∥ f1∥L∞T B−β∞,∞

+ (1 + ∥b∥L∞T B−β∞,∞
)γ

α−β
α ∥uλ∥L∞T ,

and the result follows. □

3.2. The proof of Theorem 3.4. In this subsection, we prove the main result of this section.
Recalling PDE (3.1) (i.e. the equation (3.11) with λ = 0), we begin by establishing the

following a priori estimates as a corollary of Lemma 3.7.

Corollary 3.8. Let α ∈ (1, 2), β ∈ (0, α−1
2 ), T > 0, γ > α

α−1−2β and b, f be smooth functions.
Assume (Hσ) holds with constant c0. If u is a classical solution to PDE (3.1), then there is
a constant c = c(d, α, β, c0,T, γ, ∥b∥L∞T B−β∞,∞

) > 0 such that

∥u∥L∞T Bα−β
∞,∞
≲c (1 + ∥b∥L∞T B−β∞,∞

)γ
(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
. (3.24)

Proof. Let λ0 be the same constant in Lemma 3.7 and uλ0 be a classical solution to PDE
(3.11) with λ = λ0 and uλ0(0) = u0. Denote by v := u − uλ0 . Then,

∂tv = L (α)
σ v + b · ∇v + λ0uλ0 , v(0) = 0.
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Thus, by maximum principle (see [23, Lemma 3.3]) and (3.21), we have

∥v∥L∞T ⩽ Tλ0∥uλ0∥L∞T ≲ (1 + λ0)1− α−βα
(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
≲ (1 + ∥b∥L∞T B−β∞,∞

)
γβ
α

(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
,

which together with (3.22) yields

∥u∥L∞T Bα−β
∞,∞
≲ ∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

+ (1 + ∥b∥B−β∞,∞)γ
α−β
α ∥u∥L∞T

≲ ∥u0∥Bα−β
∞,∞
+ ∥ f ∥L∞T B−β∞,∞

+ (1 + ∥b∥B−β∞,∞)γ
α−β
α

(
∥v∥L∞T + ∥u

λ0∥L∞T

)
≲ (1 + ∥b∥B−β∞,∞)γ

(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
.

The proof is finished. □

Now we are in a position to give

Proof of the Theorem 3.4. The uniqueness is obvious and we only need to show the exis-
tence. Let ρm(·) := mdρ(m·) be the usual mollifier with ρ ∈ C∞c (Rd) and

bm(t) := b(t) ∗ ρm, fm(t) := f (t) ∗ ρm.

Then, bm, fm ∈ L∞T C∞c and for any γ > β,

lim
m→∞

(
∥bm − b∥L∞T B−γ∞,∞ + ∥ fm − f ∥L∞T B−γ∞,∞

)
= 0.

Moreover,

sup
m
∥bm∥L∞T B−β∞,∞

⩽ ∥b∥L∞T B−β∞,∞
, sup

m
∥ fm∥L∞T B−β∞,∞

⩽ ∥ f ∥L∞T B−β∞,∞
.

Let un be the classical solution of PDE (3.1) with (b, f ) = (bm, fm). Then, by Corollary 3.8
and Lemma 3.1, we have

sup
m

(
∥um∥L∞T Bα−β

∞,∞
+ ∥L (α)

σ um∥L∞T B−β∞,∞

)
≲ ∥ f ∥L∞T B−β∞,∞

+ ∥u0∥Bα−β
∞,∞
.

By a standard argument, we obtain the existence.
For (3.10), on the one hand, it follows from (3.8), (3.6), and (2.6) that

∥u(t) − u(s)∥B−β∞,∞ ≲c |t − s|
(
(1 + ∥b∥L∞T B−β∞,∞

)∥u∥L∞T Bα−β
∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
(3.9)
≲c |t − s|(1 + ∥b∥L∞T B−β∞,∞

)1+γ
(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
,

since α − 2β − 1 > 0. On the other hand, it is easy to see that

∥u(t) − u(s)∥Bα−β
∞,∞
⩽ 2∥u∥L∞T Bα−β

∞,∞

(3.9)
≲c (1 + ∥b∥L∞T B−β∞,∞

)γ
(
∥u0∥Bα−β

∞,∞
+ ∥ f ∥L∞T B−β∞,∞

)
.

Then by (2.7), we obtain (3.10) and complete the proof. □
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3.3. Backward Cauchy problem with f ≡ 0. In the rest of this section, we set f ≡ 0 and
consider the following backward Cauchy problem:

∂tu +L (α)
σ u + b · ∇u = 0, u(T ) = φ,

where t ∈ [0,T ) and φ ∈ C∞b (Rd). This subsection is devoted to give some estimates
of u(t) that play an important role in proving Theorem 4.6 and Theorem 5.1. Based on
Theorem 3.4, one sees that there is a unique solution u. Furthermore, by [11, Theorem 1.1],
there is a semigroup Pt,s such that

u(t) = Pt,Tφ +

∫ T

t
Pt,s(b · ∇u)(s)ds, (3.25)

and for any δ ∈ [0, α + 1) and η ∈ [−δ, 1), there is a constant c > 0 such that for all
0 ⩽ t < s ⩽ T and φ ∈ C∞b (Rd),

∥Pt,sφ∥Bδ
∞,∞
≲c (s − t)−

δ+η
α ∥φ∥B−η∞,∞ . (3.26)

We state the following inequality for u(t).

Lemma 3.9. Let T > 0, α ∈ (1, 2), β ∈ (0, α−1
2 ), and b ∈ L∞T C∞b . Assume σ satisfies

(Hσ) with constant c0. For any γ ∈ [0, α−1
2 ) and δ ∈ [0, α − β], there is a constant c =

c(d,T, α, c0, β, γ, δ, ∥b∥L∞T B−β∞,∞
) > 0 such that for any φ ∈ C∞b (Rd) and t ∈ [0,T ),

∥u(t)∥Bδ
∞,∞
≲c (T − t)−

δ+γ
α ∥φ∥B−γ∞,∞ . (3.27)

Proof. Notice that by (2.6) and Bernstein’s inequality (2.5) , we have that for any ε > 0,

∥b · ∇u(s)∥B−β∞,∞ ≲ ∥b∥L∞T B−β∞,∞
∥u(s)∥B1+β+ε

∞,∞
, (3.28)

which together with (3.25) and (3.26) implies that for any δ ∈ [0, α + 1) and ε > 0,

∥u(t)∥Bδ
∞,∞
≲ (T − t)−

δ+γ
α ∥φ∥B−γ∞,∞ +

∫ T

t
(s − t)−

δ+β
α ∥b · ∇u(s)∥B−β∞,∞ds

≲ (T − t)−
δ+γ
α ∥φ∥B−γ∞,∞ +

∫ T

t
(s − t)−

δ+β
α ∥u(s)∥B1+β+ε

∞,∞
ds. (3.29)

Hence, particularly, taking 0 < ε < α − 1 − 2(β ∨ γ) and δ = 1 + β + ε in (3.29), we have

∥u(t)∥B1+β+ε
∞,∞
≲ (T − t)−

1+β+ε+γ
α ∥φ∥B−γ∞,∞ +

∫ T

t
(s − t)−

1+2β+ε
α ∥u(s)∥B1+β+ε

∞,∞
ds,

which yields

∥u(T − (T − t))∥B1+β+ε
∞,∞
≲

∫ T−t

0
(T − t − s)−

1+2β+ε
α ∥u(T − s)∥B1+β+ε

∞,∞
ds

+ (T − t)−
1+β+ε+γ

α ∥φ∥B−γ∞,∞ ,

and then

∥u(t)∥B1+β+ε
∞,∞
≲ (T − t)−

1+β+ε+γ
α ∥φ∥B−γ∞,∞ (3.30)
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since Gronwall’s inequality of Volterra type (see [11, Lemma 2.6] or [44, Lemma 2.2]) with
1+β+ε+γ

α
, 1+2β+ε

α
< 1.

i) Case one: δ ∈ [0, α − β). Substituting (3.30) to (3.29), by a change of variables, we
obtain that for any 0 < ε < α − 1 − 2(β ∨ γ),

∥u(t)∥Bδ
∞,∞
≲ (T − t)−

δ+γ
α ∥φ∥B−γ∞,∞ + ∥φ∥B−γ∞,∞

∫ T

t
(s − t)−

δ+β
α (T − s)−

1+β+ε+γ
α ds

≲ (T − t)−
δ+γ
α ∥φ∥B−γ∞,∞

(
1 + (T − t)

α−1−2β−ε
α

∫ 1

0
s−

δ+β
α (1 − s)−

1+β+ε+γ
α ds

)
≲ (T − t)−

δ+γ
α ∥φ∥B−γ∞,∞ ,

where we used the definitions of Beta functions with 0 < δ+β

α
, 1+β+ε+γ

α
< 1.

ii) Case two: δ = α − β. By taking η = β in (3.26), and δ = 0, α respectively, we deduce
that

∥R jPt,s(b · ∇u(s))∥∞ ≲
[
(2−α j(s − t)−

α+β
α ) ∧ (s − t)−

β
α

]
∥b · ∇u(s)∥B−β∞,∞ ,

which derives that for any 0 < ε < α − 1 − 2(β ∨ γ),

∥R jPt,s(b · ∇u(s))∥∞ ≲
[
(2−α j(s − t)−

1+β
α ) ∧ (s − t)−

β
α

]
(T − s)−

1+β+ε+γ
α ∥φ∥B−γ∞,∞

provied by (3.28) and (3.30). Consequently, by Lemma A.1, one sees that∥∥∥∥∥∥R j

∫ T

t
Pt,s(b · ∇u(s))ds

∥∥∥∥∥∥
∞

≲ ∥φ∥B−γ∞,∞

∫ T−t

0

[
(2−α js−

α+β
α ) ∧ s−

β
α

]
(T − t − s)−

1+β+ε+γ
α ds

≲ ∥φ∥B−γ∞,∞2− j(α−β)(T − t)−
1+β+ε+γ

α ≲ ∥φ∥B−γ∞,∞2− j(α−β)(T − t)−
α−β+γ
α ,

which leads to the desired estimates trivially.

Combining these two cases, we complete the proof. □

4. Well-posedness of SDEs

Fix α ∈ (1, 2). Let (Ω,F , (F )t⩾0,P) be a filtered probability space satisfying the usual
argument and {L(α)

t , t ⩾ 0} be a non-degenerate symmetric α-stable process on it. The
expectation with respect to P denoted by EP or simply by E if there is no confusion possible.
In this section, assuming that the Lévy measure of L(α)

t satisfies condition (ND), we focus
on the well-posedness of SDEs with multiplicative noises and distributional drifts:

dXt = b(t, Xt)dt + σ(t, Xt−)dL(α)
t , X0 = x ∈ Rd, (4.1)

where the drift coefficient b is a distribution belongs to the space L∞T B−β∞,∞ with β ∈ (0, α−1
2 ),

and the diffusion coefficient σ : R+ × Rd → Rd ⊗ Rd satisfies the condition (Hσ).
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Given T > 0, let D := D([0,T ],Rd) be the space of all càdlàg functions from R+ to Rd.
It is easy to see that, for any ε, t > 0, such a function has at most finitely many jumps of
size greater than ε before time t. In the sequel, D is equipped with Skorokhod J1-topology,
making D into a Polish space. Then we endow D with the usual Borel σ-algebra B(D).
Denote all the probability measures over D by P(D). In this section, let the evaluation map
πt : D→ Rd be the coordinate process defined by

πt(ω) = ωt, ∀t ∈ [0,T ], ω ∈ D. (4.2)

Define the natural filtration
Dt := σ(πu, 0 ⩽ u ⩽ t).

By [16, Proposition 7.1 of Chapter 3] or [28, c) of Theorem 1.14, p.328]), one sees that
Dt is equal to the Borel σ-algebra B(D([0, t],Rd)). For any probability measure Q on D,
we denote the expectation with respect to Q by EQ or simply by E if there is no risk of
confusion.

4.1. Generalized martingale problems. In this subsection, we concentrate on showing
our first main result Theorem 1.1. For fixed T > 0 and f ∈ C∞c (Rd), we consider the
following backward nonlocal parabolic equation:

∂tu +L (α)
σ u + b · ∇u + f = 0, u(T ) = 0, (4.3)

where L (α)
σ is defined by (1.6) with symmetric non-degenerate ν(α) given by (2.9).

Remark 4.1. According to Theorem 3.4, the backward nonlocal parabolic partial differen-
tial equation (4.3) has a unique solution u ∈ L∞T Bα−β

∞,∞ for any f ∈ C∞c (Rd).

Definition 4.2 (Generalized martingale solution). Let α ∈ (1, 2) and T > 0. For x ∈ Rd, a
probability measure Qx ∈ P(D) is a generalized martingale solution of SDE (4.1) starting
at x with coefficients b, σ if

(i) P(π0 = x) = 1;
(ii) For any t ∈ [0,T ] and f ∈ C∞c (Rd), the process

Mt := u(t, πt) − u(0, x) +
∫ t

0
f (πr)dr

is a martingale under Qx with respect to filtration (Dt)t∈[0,T ], where u is the unique
solution of PDE (4.3).

The set of all the generalized martingale solutions is denoted byMb,σ(x).

First of all, we consider the following approximation SDE:

dXm
t = bm(t, Xm

t )dt + σ(t, Xm
t−)dL(α)

t , Xm
0 = x ∈ Rd, (4.4)

where bm(t, x) := φm ∗ b(t, x), m ∈ N, is a sequence of smooth functions such that

lim
m→∞
∥bm − b∥L∞T B−ϑ∞,∞ = 0, ∀ϑ > β.

23



Obviously,
∥bm∥L∞T B−β∞,∞

≲ ∥b∥L∞T B−β∞,∞
.

It is well-known (for example, see [13, Theorem 1.1]) that there is a unique strong solution
Xm(x) for SDE (4.4) on (Ω,F , (F )t⩾0,P). Denote the law of Xm(x) by

Qm
x := P ◦ (Xm(x))−1.

It is well-known that Qm
x is also a martingale solution of SDE (4.4), denoted by Qm

x ∈

Mbm,σ(x). Observe that for any good enough function g : Rd → R,∫
Ω

g(Xm
t (x, ω))P(dω) =

∫
D

g(πt(ω))Qm
x (dω),

that is Eg(Xm
t (x)) = EQm

x g(πt).
The following result is used to estimate the term

∫ ·
0

bm(r, Xm
r (x))dr, and then to show the

tightness of {Xm(x),m ⩾ 1} in Theorem 4.5. In the sequel, we use Xm to denote Xm(x) when
there is no chance of confusion.

Lemma 4.3. Let T > 0 and τ be a bounded stopping time satisfying 0 ⩽ τ ⩽ τ+ δ ⩽ T with
some δ ∈ (0, 1). Assume that f ∈ L∞T C∞c be a bounded and smooth function. For any p > 0
and β ∈ (0, α−1

2 ), there is a constant c > 0 independent of m, τ such that

E

∣∣∣∣∣∣
∫ τ+δ

τ

f (r, Xm
r )dr

∣∣∣∣∣∣p ≲c δ
p(α−β)
α ∥ f ∥p

L∞T B−β∞,∞
. (4.5)

Proof. Without loss of generality, we assume p ⩾ 2. When p < 2, it is directly from the
case p = 2 and Jensen’s inequality. Recalling PDE (3.1), let uλm be a classical solution of
the backward equation

∂tuλm +
(
L (α)

σ − λ
)
uλm + bm · ∇uλm + f = 0, uλm(T ) = 0. (4.6)

By Itô’s formula (cf. [27, Theorem 5.1 of Chapter II]), we have that for any stopping time
τ̃ ⩽ T ,

uλm(τ̃, Xm
τ̃ ) − uλm(0, x) =

∫ τ̃

0
(∂rum)(r, Xm

r )dr +
∫ τ̃

0
bm(r, Xm

r ) · ∇uλm(r, Xm
r )dr

+

∫ τ̃

0

∫
Rd

(
um(r, Xm

r− + σ(r, Xm
r−)z) − uλm(r, Xm

r−)
)
Ñ(dr, dz)

+

∫ τ̃

0

∫
Rd

(
uλm(r, Xm

r + σ(r, Xm
r−)z) − uλm(r, Xm

r )

− σ(r, Xm
r−)z · ∇uλm(r, Xm

r )
)
ν(α)(dz)dr,

which together with (4.6) derives that∫ τ+δ

τ

f (r, Xm
r )dr = uλm(τ, Xm

τ ) − uλm(τ + δ, Xm
τ+δ) + λ

∫ τ+δ

τ

uλm(r, Xm
r )dr + Mτ,τ+δ (4.7)
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where we substituted τ and τ + δ for τ̃, and

Mτ,τ+δ :=
∫ τ+δ

τ

∫
Rd

(
uλm(r, Xm

r− + σ(r, Xm
r−)z) − uλm(r, Xm

r−)
)
Ñ(dr, dz).

Notice that, by the condition (Hσ), we have that

|uλm(r, Xm
r− + σ(r, Xm

r−)z) − uλm(r, Xm
r−)| ⩽ (2∥uλm∥L∞T ) ∧ (c0∥∇uλm∥L∞T |z|),

which together with Kunita’s inequality(cf. [31, Theorem 2.11]) yields that for any p ⩾ 2,

E|Mτ,τ+δ|
p ≲ E

[( ∫ τ+δ

τ

∫
Rd
|uλm(r, Xm

r− + σ(r, Xm
r−)z) − uλm(r, Xm

r−)|
2ν(α)(dz)dr

)p/2]
+ E

∫ τ+δ

τ

∫
Rd
|uλm(r, Xm

r− + σ(r, Xm
r−)z) − uλm(r, Xm

r−)|
pν(α)(dz)dr

≲ δp/2
(∫
Rd

(
∥uλm∥L∞T ∧ (∥∇uλm∥L∞T )|z|

)2
ν(α)(dz)

)p/2

+ δ

∫
Rd

(
∥uλm∥L∞T ∧ (∥∇uλm∥L∞T )|z|

)p
ν(α)(dz).

Observe that by (2.7) and Bernstein’s inequality,

∥∇uλm∥L∞T ≲ ∥∇uλm∥
1/2
L∞T B−(α−β)+1

∞,∞

∥∇uλm∥
1/2
L∞T B(α−β)−1

∞,∞

≲ ∥uλm∥
1/2
L∞T B2−(α−β)

∞,∞

∥uλm∥
1/2
L∞T Bα−β

∞,∞

.

Hence, by (3.20) and (3.21), one sess that there is a constant λ0 > 1 such that for any λ > λ0,

∥∇uλm∥L∞T ≲ λ
−

(α−β)−1
α ∥ f ∥L∞T B−β∞,∞

and ∥uλm∥L∞T ⩽ ∥u
λ
m∥B0

∞,1
≲ λ−

α−β
α ∥ f ∥L∞T B−β∞,∞

,

where we used the fact β ∈ (0, α−1
2 ). Consequently, from (4.7), we obtain that for any λ > λ0,

E

∣∣∣∣∣∣
∫ τ+δ

τ

f (r, Xm
r )dr

∣∣∣∣∣∣p ≲ (2 + λδ)p∥uλm∥
p
L∞T
+ δp/2

(∫
Rd

(
∥uλm∥L∞T ∧ (∥∇uλm∥L∞T |z|)

)2
ν(α)(dz)

)p/2

+ δ

∫
Rd

(
∥uλm∥L∞T ∧ (|∇uλm∥L∞T |z|)

)p
ν(α)(dz)

≲

[
λ−

α−β
α p(1 + (λδ)p) + δp/2λ−

α−β
α p

(∫
Rd

(
1 ∧ (λ

2
α |z|2)

)
ν(α)(dz)

)p/2

+ δλ−
α−β
α p

∫
Rd

(
1 ∧ (λ

p
α |z|p)

)
ν(α)(dz)

]
∥ f ∥p

L∞T B−β∞,∞
.

Observe that ∥bm∥L∞T B−β∞,∞
≲ ∥b∥L∞T B−β∞,∞

. Therefore, by (2.12), we have

E

∣∣∣∣∣∣
∫ τ+δ

τ

f (r, Xm
r )dr

∣∣∣∣∣∣p ≲ λ− p(α−β)
α (1 + (λδ)p + (λδ)p/2 + λδ)∥ f ∥p

L∞T B−β∞,∞
.

Taking λ = λ0δ
−1, we get the desired estimates. □
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Remark 4.4. By (4.5) and Chebyshev’s inequality, one sees that for any R > 0,

lim
R→∞

sup
m
P

(
sup

t∈[0,T ]

∣∣∣∣∣∣
∫ t

0
f (r, Xm

r )dr

∣∣∣∣∣∣ ⩾ R
)
= 0. (4.8)

Now we give the tightness of {Xm,m ⩾ 1}.

Theorem 4.5. The sequence {Xm}m∈N in D is tight.

Proof. Fix T > 0. Let τ be a bounded stopping time satisfying 0 ⩽ τ ⩽ τ + δ ⩽ T with
δ ∈ (0, 1). By SDE (4.4), we have

Xm
τ+δ − Xm

τ =

∫ τ+δ

τ

σ(r, Xm
r−)dL(α)

r +

∫ τ+δ

τ

bm(r, Xm
r )dr.

For p ∈ [1, α), by Chebyshev’s inequality, Lemma 2.6, and Lemma 4.3, we have that for
each R > 0,

P(|Xm
τ+δ − Xm

τ | ⩾ R) ⩽ R−pE|Xm
τ+δ − Xm

τ |
p ≲ δp/α(∥σ∥pL∞T + ∥bm∥

p

L∞T B−β∞,∞
), (4.9)

where the implicit constant in the last inequality is independent of m, τ, and δ. Furthermore,

lim
δ↓0

sup
m

sup
τ⩽T

sup
h∈[0,δ]

P(|Xm
τ+h − Xm

τ | ⩾ R) = 0,

provided by ∥bm∥L∞T B−β∞,∞
⩽ ∥b∥L∞T B−β∞,∞

. Moreover, by Burkholder-Davis-Gundy’s inequality
for jump processes (see [39, Lemma 2.3] or [36, Theorem 1]) and (2.11), there is a constant
c > 0 that only depends on T, ∥σ∥L∞T , α, ν

(α) such that

E
(

sup
t∈[0,T ]

∣∣∣∣∣∣
∫ t

0
σ(r, Xm

r−)dL(α)
r

∣∣∣∣∣∣ ) ≲ [
E
( ∫ T

0

∫
|z|⩽1

∣∣∣σ(r, Xm
r−)z

∣∣∣2 ν(α)(dz)dr
)]1/2

+ E
( ∫ T

0

∫
|z|>1

∣∣∣σ(r, Xm
r−)z

∣∣∣ ν(α)(dz)dr
)
⩽ c,

which together with (4.8), and by Chebyshev’s inequality, yields that

lim
R→∞

sup
m
P
(

sup
t⩽T
|Xm

t | ⩾ R
)
= 0. (4.10)

Hence, by (4.9), (4.10) and Aldous’s criterion for tightness (cf. [28, Theorem 4.5 of Chapter
VI, p.356] and [29, Lemma 16.12]), we conclude the proof. □

Now we are in a position to give

Proof of Theorem 1.1. (Existence) Since the sequence {Xm(x)}m∈N in D is tight, there are a
subsequence mi and a probability measure Qx on D such that Qmi

x := P◦(Xmi(x))−1 converges
to Qx weakly. Below, for simplicity of notations, we still denote this subsequence by Qm

x .
Next, we verify that the limit Qx is a solution of the generalized martingale problem in the
sense of Definition 4.2, and then the existence is obtained. Fix T > 0 and f ∈ C∞c (Rd).
Recalling PDE (3.1), by Theorem 3.4, there is a unique solution u ∈ L∞T Bα−β

∞,∞ solves the
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backward nonlocal parabolic equation (4.3). Let πt : D → Rd be the coordinate process
defined by (4.2). Set

Mt(ω) := u(t, πt(ω)) − u(0, x) +
∫ t

0
f (πr(ω))dr, ∀ω ∈ D. (4.11)

Our aim is to prove that M is a (Dt)t∈[0,T ]-martingale under Qx.

Define

Mm
t (ω) := um(t, πt(ω)) − um(0, x) +

∫ t

0
f (πr(ω))dr, ∀ω ∈ D, (4.12)

where um is a classical solution of the backward equation:

∂tum +L (α)
σ um + bm · ∇um + f = 0, um(T ) = 0. (4.13)

We claim that Mm is a (Dt)t∈[0,T ]-martingale under Qm
x . Indeed, using Itô’s formula (cf.

[27, Theorem 5.1 of Chapter II]), one sees that

um(t, Xm
t ) − um(0, x) =

∫ t

0
(∂rum)(r, Xm

r )dr +
∫ t

0
bm(r, Xm

r ) · ∇um(r, Xm
r )dr

+

∫ t

0

∫
Rd

(
um(r, Xm

r− + σ(r, Xm
r−)z) − um(r, Xm

r−)
)
Ñ(dr, dz)

+

∫ t

0

∫
Rd

(
um(r, Xm

r + σ(r, Xm
r−)z) − un(r, Xm

r )

− σ(r, Xm
r−)z · ∇un(r, Xm

r )
)
ν(α)(dz)dr.

Thanks to (2.8), we have that the third term of the right hand of the above equality is a
square-integrable (Ft)-martingale under P (cf. [27]). Observe that every path of Xm has at
most countably many jumps on R+. Thus, we obtain that

Mm
t (ω)

(4.13)
= um(t, πt(ω)) − um(0, x) −

∫ t

0
(∂r +L (α)

σ + bm · ∇)um(r, πr(ω))dr

is an (Dt)t∈[0,T ]-martingale under Qm
x , which means Qm

x ∈ Mbm,σ(x).

Step 1. We state that for every 0 ⩽ s ⩽ t and any Ds-measurable bounded continuous
function η : D→ R,

lim
m→∞

EQm
x [(Mt − Ms)η] = 0. (4.14)

In fact, by the definition of martingales, we have that for every 0 ⩽ s ⩽ t,

EQm
x [(Mm

t − Mm
s )η] = 0,

and then

EQm
x [(Mt − Ms)η] = EQm

x [(Mt − Mm
t )η] − EQm

x [(Ms − Mm
s )η].
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Since for any α − β > ε > 0, um converges to u in L∞T Bα−β−ε
∞,∞ and L∞([0,T ] × Rd), by (4.11)

and (4.12), we get

sup
ω∈D
|Mt(ω) − Mm

t (ω)| ⩽ 2∥u − um∥L∞T → 0, as m→ ∞,

which implies (4.14).

Step 2. In this step, we show that M is an (Dt)t∈J(π)c∩[0,T ]-martingale under Qx, where

J(π) := {r > 0 : Qx(|πr − πr−| , 0) > 0}

= {r > 0 : Qx(ω : r ∈ J(ω)) > 0}

with (the set of discontinuity points of ω ∈ D)

J(ω) := {t > 0 : |ωt − ωt−| , 0}, ∀ω ∈ D.

By [28, 2.3 of Chapter VI, p.339], πr is continuous at every point ω ∈ D such that r < J(ω).
Thus, for any t < J(π), u(t, πt) are continuous on D for almost allω ∈ D. Moreover, for every
ω ∈ D, letting {ω(n)} be a sequence in D and converge to ω under Skorokhod J1-topology,
since f ∈ C∞c (Rd), we also have

lim
n→∞

f (πr(ω(n)))1J(ω)c(r) = f (πr(ω))1J(ω)c(r),

which together with the fact that J(ω) is at most countable and the dominated convergence
theorem derives that the term

∫ t

0
f (πr(·))dr is continuous on D for any fixed t. Therefore, for

any t < J(π), by (4.12), the random variable Mt : D→ R is bounded and almost everywhere
continuous on D. Consequently, by Qm

x
w
→ Qx and (4.14), we obtain that for every s, t < J(π)

andDs-measurable bounded continuous function η : D→ R,

EQx[(Mt − Ms)η] = lim
m→∞

EQm
x [(Mt − Ms)η] = 0, (4.15)

which implies our statement by approximation property of functions in L1(D,Ds,Qx) (see
[29, Lemma 1.35, p.18]) and the dominated convergence theorem.

Step 3. Due to the dominated convergence theorem, we obtain that (4.15) holds for all
s, t ∈ [0,T ] since M is a càdlàg process and J(π)c is dense in [0,T ] (cf. [28, Lemma 3.12 of
Chapter VI] or [16, Lemma 7.7 of Chapter 3] ). Thus, Qx ∈ Mb,σ(x).

(Uniqueness) Let Q1 and Q2 be two solutions of the generalized martingale problem in the
sense of Definition 4.2. Let u be the unique solution of the backward nonlocal PDE (4.3)
with f ∈ C∞c (Rd). By the definition of generalized martingale solutions, the processes

Mt(ω) := u(t, πt(ω)) − u(0, x) −
∫ t

0
f (πr(ω))dr, ∀ω ∈ D,

are (Dt)-martingales under Qi, i = 1, 2. Combining with PDE (4.3), we have

EQ1

∫ T

0
f (πr)dr = u(0, x) = EQ2

∫ T

0
f (πr)dr,
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which implies that Q1 and Q2 have the same one-dimensional marginal distributions. Hence,
by [16, Corollary 4.4.3] (or [40, Theorem 6.2.3, p.147]), we get Q1 = Q2 through the stan-
dard induction approach.

The proof is finished. □

4.2. Stability of SDE with B−β∞,∞ drift. By Theorem 1.1, for any σ satisfying (Hσ) and
b1, b2 ∈ L∞T B−β∞,∞ with some β ∈ (0, α−1

2 ), there are unique P1 ∈ Mb1,σ(x) and P2 ∈ Mb2,σ(x)
respectively. Denote by Pi(t) := Pi ◦ (πt)−1. Here is the other main result in this section.

Theorem 4.6 (Stability estimates). Let T > 0 and α ∈ (1, 2). Assume σ satisfies (Hσ)
with constant c0. Then, for any β ∈ (0, α−1

2 ) and b1, b2 ∈ L∞T B−β∞,∞, there is a constant
c = (d, α, β, T, c0, ∥b1∥L∞T B−β∞,∞

, ∥b2∥L∞T B−β∞,∞
) > 0 such that for any t ∈ [0,T ],

∥P1(t) − P2(t)∥var ≲c ∥b1 − b2∥L∞T B−β∞,∞
,

where ∥ · ∥var denotes the total variance of measures.

Proof. Based on the uniqueness, we can assume b1, b2 ∈ L∞T C∞b . Then, for each i = 1, 2, it
is well-known (see [13] for example) that, for any x ∈ Rd, there is a unique solutions Xi, to
the following classical SDE:

Xi
t = x +

∫ t

0
bi(r, Xi

r)dr +
∫ t

0
σ(r, Xr−)dL(α)

r .

It suffices to estimate
∣∣∣Eφ(X2

t ) − Eφ(X1
t )
∣∣∣ for any φ ∈ C∞b (Rd) and t ∈ (0,T ]. Using Itô-

Tanaka trick, let φ ∈ C∞b (Rd) be the terminal condition of the following backward PDE:

∂rut +L (α)
σ ut + b1 · ∇ut = 0, ut(t) = φ, (4.16)

where t ∈ (0,T ], ut is the shifted function ut(r, x) := u(t− r, x), and L (α)
σ is defined by (1.6).

It follows (3.27) that for every δ ∈ [0, α − β],

∥ut(r)∥Bδ
∞,∞
≲ (t − r)−

δ
α ∥φ∥∞. (4.17)

By Itô’s formula (cf. [27, Theorem 5.1 of Chapter II]), we have that for i = 1, 2,

ut(t, Xi
t) − ut(0, x) =

∫ t

0
(∂rut)(r, Xi

r)dr +
∫ t

0
bi(r, Xi

r) · ∇ut(r, Xi
r)dr

+

∫ t

0

∫
Rd

(
ut(r, Xi

r− + σ(r, Xi
r−)z) − ut(r, Xi

r−)
)
Ñ(dr, dz)

+

∫ t

0

∫
Rd

(
ut(r, Xi

r + σ(r, Xi
r−)z) − ut(r, Xi

r)

− σ(r, Xi
r−)z · ∇ut(r, Xi

r)
)
ν(α)(dz)dr.

Observe that the third term of the right hand of the above equality is a martingale, and every
path of Xi has at most countably many jumps on R+. Thus, we obtain

Eut(t, Xi
t) =

∫ t

0
(∂r +L (α)

σ + bi · ∇
)
ut(r, Xi

r)dr + ut(0, x)
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(4.16)
=

∫ t

0

(
(bi − b1) · ∇ut

)
(r, Xi

r)dr + ut(0, x),

which implies

Eφ(X1
t ) = Eut(t, X1

t ) = ut(0, x), (4.18)

and then

Eφ(X2
t ) − Eφ(X1

t ) = E
∫ t

0

(
(b2 − b1) · ∇ut

)
(r, X2

r )dr. (4.19)

Now the key point is to estimate

E((b2 − b1) · ∇ut)(r, ·)(X2
r ).

Define gr(x) := ((b2 − b1) · ∇ut)(r, x). Using the Itô-Tanaka trick again, we consider the
following PDE:

∂sw +L (α)
σ w + b2 · ∇w = 0, w(r) = gr,

where 0 ⩽ s < r < T , and g belongs to C∞b (Rd). Adopting the same argument as (4.18), by
(3.27), one sees that for any r ∈ [0,T ), δ ∈ [0, α − β], and β ∈ [0, α−1

2 ),

|Egr(X2
r )| = |Ew(r, X2

r )| ⩽ ∥w(0)∥Bδ
∞,∞
≲ r−

γ+δ
α ∥g∥B−β∞,∞ ,

which derives that∣∣∣Eφ(X2
t ) − Eφ(X1

t )
∣∣∣ ≲ ∫ t

0
r−

β+δ
α ∥((b2 − b1) · ∇ut)(r)∥B−β∞,∞dr.

From (2.6), Bernstein’s inequality Lemma 2.3, and (4.17), we have that for any 0 < δ <
α−1

2 − β, ∣∣∣Eφ(X2
t ) − Eφ(X1

t )
∣∣∣ ≲ ∥b1 − b2∥B−β∞,∞

∫ t

0
r−

β+δ
α ∥ut(r)∥B1+β+δ

∞,∞
dr

≲ ∥b1 − b2∥B−β∞,∞
∥φ∥∞

∫ t

0
r−

β+δ
α (t − r)−

1+β+δ
α dr

= |b1 − b2∥B−β∞,∞
∥φ∥∞t1− 1+2β+2δ

α

∫ 1

0
r−

β+δ
α (1 − r)−

1+β+δ
α dr

≲ ∥b1 − b2∥B−β∞,∞
∥φ∥∞,

where we used the definition of Beta function (1.7). This completes the proof. □

5. Euler approximation

5.1. Euler scheme for SDE with bounded drift. Fix T > 0. In this subsection, we assume
b(x) belongs to L∞(Rd) and consider the following SDE:

Xt = x +
∫ t

0
b(Xs)dt + L(α)

t , (5.1)
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and its Euler scheme: Xn
0 = X0 = x,

Xn
t = x +

∫ t

0
b(Xn

ϕn(s))ds + L(α)
t , (5.2)

where n ∈ N, and ϕn(t) := k/n for t ∈ [k/n, (k + 1)/n) with k = 0, 1, 2, ...., n. Define
P(t) := P ◦ (Xt)−1, Pn(t) := P ◦ (Xn

t )−1. Note that, for any p ∈ (0, α),

E[|Xn
r − Xn

ϕn(r)|
p] ⩽ E

(
∥b∥L∞n−1 + |L(α)

r − L(α)
ϕn(r)|

)p

⩽ (2p−1 ∨ 1)(2∥b∥p∞n−p + E[|L(α)
r − L(α)

ϕn(r)|
p])

(2.14)
≲ ∥b∥p∞n−p + n−p/α, (5.3)

where the implicit constant in inequality only depends on d, α, p,T, ν(α).
This subsection is devoted to proving the following result.

Theorem 5.1. Suppose that T > 0, α ∈ (1, 2), and b ∈ L∞(Rd). Assume σ satisfies (Hσ)
with constant c0. Let β ∈ (0, (α − 1)/2), and ε ∈ (0, α − 1), there is a constant c =
c(d, α,T, c0, ε, β, ∥b∥L∞T B−β∞,∞

) > 0 such that for any n ∈ N,

∥P(t) − Pn(t)∥var ≲c

(
∥b∥α−β∞ n−(α−1−β) + ∥b∥∞n−

α−β−1
α + (1 + ∥b∥2∞)n−

α−1
α

)
,

where ∥ · ∥var denotes the total variance of measures.

Proof. By the weak uniqueness of SDEs (5.1) and (5.2), we assume b ∈ C∞b (Rd). It suffices
to estimate ∣∣∣Eφ(Xn

t ) − Eφ(Xt)
∣∣∣

for any φ ∈ C∞b (Rd). Use Itô-Tanaka trick by considering the following backward PDE with
terminal condition φ ∈ C∞b (Rd):

∂sut +L (α)ut + b · ∇ut = 0, ut
t = φ,

where ut is the shifted function ut(s, x) := u(t − s, x) with 0 ⩽ s < t ⩽ T , and L (α) is the
infinitesimal generator of L(α)

t (see (2.19)). It follows (3.27) that for any β ∈ (0, (α − 1)/2)
and δ ∈ [0, α − β],

∥ut(s)∥Bδ
∞,∞
≲ (t − s)−

δ
α ∥φ∥∞, (5.4)

where the implicit constant in the above inequality on depends on d, α,T, δ, β, ∥b∥L∞T B−β∞,∞
.

By the same argument as the one in the proof of Theorem 4.6, adopting Itô’s formula (cf.
[27, Theorem 5.1 of Chapter II]) to ut(s, Xn

s ), we have

Eφ(Xn
t ) − Eφ(Xt) =E

∫ t

0

(
b(Xn

ϕn(r)) − b(Xn
r )
)
· ∇ut(r, Xn

r )dr

=E

∫ t

0
b(Xn

ϕn(r)) ·
(
∇ut(r, Xn

r ) − ∇ut(r, Xn
ϕn(r))

)
dr

+

∫ t

0

(
E(b · ∇ut(r))(Xn

ϕn(r)) − E(b · ∇ut(r))(Xn
r ))

)
dr
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=:I1 +I2.

• For I1, by Bernstein’s inequality, (5.4) and (5.3), one sees that for any δ ∈ (0, α − 1 − β],

|I1| ≲ ∥b∥∞

∫ t

0
∥∇ut(r)∥Bδ

∞,∞
E|Xn

ϕn(r) − Xn
r |
δdr

≲ ∥b∥∞

∫ t

0
(t − r)−

1+δ
α E|Xn

ϕn(r) − Xn
r |
δdr

(5.3)
≲ ∥b∥∞(∥b∥δ∞n−δ + n−δ/α)t

α−1−δ
α

∫ 1

0
r
α−1−δ
α −1dr.

Consequently, we get that for for any δ ∈ (0, α − 1 − β],

|I1| ≲ ∥b∥∞(∥b∥δ∞n−δ + n−δ/α). (5.5)

• As for I2, the estimate of∣∣∣E(b · ∇ut(r))(Xn
ϕn(r)) − E(b · ∇ut(r))(Xn

r ))
∣∣∣

is the key ingredient. Using the Itô-Tanaka trick again, we consider the following equation:

∂swr +L (α)wr = 0, wr(r) = f , (5.6)

where wr(s, x) := w(r − s, x) is the shifted function with 0 ⩽ s < r ⩽ T , f ∈ C∞b (Rd), and
L (α) is the infinitesimal generator of L(α)

t given by (2.19). In the last, readers will see that
the terminal condition f is taken as b · ∇ut(r). Applying Itô’s formula (cf. [27, Theorem 5.1
of Chapter II]) to wr(s, Xn

s ) and by (5.6), we have

E f (Xn
r ) = Ewr(r, Xn

r ) = wr(0, x) + E
∫ r

0
b(Xn

ϕn(s)) · ∇wr(s, Xn
s )ds,

which drives that for any r2 > r1,∣∣∣E f (Xn
r2

) − E f (Xn
r1

)
∣∣∣ ⩽ |w(r2, x) − w(r1, x)| +

∣∣∣∣∣∣E
∫ r2

r1

b(Xn
ϕn(s)) · ∇w(r2 − s, Xn

s )ds

∣∣∣∣∣∣
+

∣∣∣∣∣E∫ r1

0
b(Xn

ϕn(s)) · (∇w(r2 − s, Xn
s ) − ∇w(r1 − s, Xn

s ))ds
∣∣∣∣∣

≲∥w(r2) − w(r1)∥∞ + ∥b∥∞

∫ r2

r1

∥∇w(r2 − s)∥∞ds

+ ∥b∥∞

∫ r1

0
∥∇w(r2 − s) − ∇w(r1 − s)∥∞ds

Furthermore, based on (2.20) and (2.21), we get that for all 0 ⩽ r1 < r2 ⩽ T ,∣∣∣E f (Xn
r2

) − E f (Xn
r1

)
∣∣∣ ≲ [

1 ∧ ((r2 − r1)r1
−1)

]
∥ f ∥∞ + ∥b∥∞∥ f ∥∞(r2 − r1)

−1
α +1

+ ∥b∥∞∥ f ∥∞

∫ r1

0

[
(r1 − s)−

1
α ∧ ((r2 − r1)(r1 − s)−

1+α
α )

]
ds.
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Noticing that ∫ r2−r1

0
s−

1
α ds + (r2 − r1)

∫ r1

(r2−r1)∧r1

s−
1+α
α ds ≲ (r2 − r1)−

1
α+1,

one sees that∣∣∣E f (Xn
r2

) − E f (Xn
r1

)
∣∣∣ ≲ ∥ f ∥∞ ([

1 ∧ ((r2 − r1)r1
−1)

]
+ ∥b∥∞(r2 − r1)−

1
α+1

)
. (5.7)

Taking the place of f (·), r1, and r2 by (b · ∇ut(r))(·), ϕn(r), and r in (5.7) respectively, and
noticing that, by (2.7) and Bernstein’s inequality,

∥∇ut(r)∥∞ ≲ ∥∇ut(r)∥1/2
B−(α−β)+1
∞,∞

∥∇ut(r)∥1/2
B(α−β)−1
∞,∞

≲ ∥ut(r)∥1/2
B2−(α−β)
∞,∞

∥ut(r)∥1/2
Bα−β
∞,∞

(5.4)
≲ (t − r)−

1
α ,

we infer that

|I2| ≲ ∥b∥∞

∫ t

0
∥∇ut(r)∥∞

([
1 ∧ (n−1r−1)

]
+ ∥b∥∞n−

α−1
α

)
dr

≲n−
α−1
α ∥b∥∞

(∫ t

0
(t − r)−

1
α r−

α−1
α dr + ∥b∥∞

)
≲ n−

α−1
α (∥b∥∞ + ∥b∥2∞),

where we used the fact |ϕn(r)− r| ⩽ 1/n, and the definitions of Beta functions (1.7). Finally,
combining the above calculations and taking δ = α− 1− β in (5.5), we establish the desired
estimates. □

5.2. Proof of Theorem 1.3. Let Xm
t be the solution to the following classical SDE:

Xm
t = x +

∫ t

0
bm(Xm

s )ds + L(α)
t .

Denote Pm(t) := P ◦ (Xm
t )−1. According to the stability estimates Theorem 4.6, for any

δ ∈ (0, α−1−2−β
2 ), we have

∥Pm(t) − P(t)∥var ≲ ∥b − bm∥
B
− α−1

2 +δ

∞,∞

≲ m−
α−1−2β

2 +δ∥b∥B−β∞,∞ .

Noting ∥bm∥∞ ≲ mβ∥b∥B−β∞,∞ and m = nγ, by Theorem 5.1, we have

∥Pm,n(t) − P(t)∥var ⩽ ∥Pm,n(t) − Pm(t)∥var + ∥Pm(t) − P(t)∥var

≲ ∥bm∥
α−β
∞ n−(α−1−β) + ∥bm∥∞n−

α−β−1
α + (1 + ∥bm∥

2
∞)n−

α−1
α + m−

α−1−2β
2 +δ

≲ n−(α−1−β)+βγ(α−β) + n−
α−β−1
α +βγ + n−

α−1
α +2βγ + nγ(− α−1−2β

2 +δ)

which converges to 0 as n→ ∞ when

0 < γ <
1
β

(
α − 1 − β
α − β

∧
α − β − 1

α
∧
α − 1

2α

)
=
α − 1
2αβ

.

This completes the proof.
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Appendix A.

Lemma A.1. Let T > 0. For any 0 < β, γ < 1 < α, there is a constant c > 0 such that for
all λ > 0 and t ∈ (0,T ], ∫ t

0

[
(λs−α) ∧ s−β

]
(t − s)−γds ≲c λ

1−β
α−β t−γ.

Proof. First of all, by a change of variable, we have∫ t

0

[
(λs−α) ∧ s−β

]
(t − s)−γds = t1−γ−β

∫ 1

0

[
(λt−(α−β)s−α) ∧ s−β

]
(1 − s)−γds.

Therefore, it is sufficient to show

I :=
∫ 1

0

[
(λs−α) ∧ s−β

]
(1 − s)−γds ≲ λ

1−β
α−β .

Indeed, for any 0 < β, γ < 1 < α,

I ≲

∫ 1
2

0

[
(λs−α) ∧ s−β

]
ds +

[
(λ(1

2 )−α) ∧ (1
2 )−β

] ∫ 1

1
2

(1 − s)−γds

≲ λ
1−β
α−β

∫ 1
2λ1/(α−β)

0
r−β

[
r−α+β ∧ 1

]
dr + λ ∧ 1

≲ λ
1−β
α−β

∫ ∞

0
r−β

[
r−α+β ∧ 1

]
dr + λ ∧ 1 ≲ λ

1−β
α−β ,

where we used the change of variable s = λ1/(α−β)r in the second inequality. This completes
the proof. □
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Available at arXiv:2002.09887.

[24] K. He and X. Zhang, One dimensional stochastic differential equations with distributional drifts. Acta
Math. Appl. Sin. Engl. Ser., 23 (2007), 501–512.
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