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ABSTRACT. We describe the LP-parabolicity of a Riemannian manifold in terms of a
unified theory of nonlinear LP-capacities, for the whole range 1 < p < co. For exam-
ple, the L'-parabolicity is equivalent to the usual notion of parabolicity /recurrence,
while L2-parabolicity is equivalent to biparabolicity. For any 1 < p < oo, the LP-
parabolicity turns out to be equivalent to the L?-Liouville property for positive super-
harmonic functions, where p and ¢ are Holder conjugate exponents. We also provide
a new capacitary characterization of the L!-Liouville property. Finally we obtain an
almost optimal volume growth conditions for LP-parabolicity for 1 < p < 2 as well
as a sharp volume condition for all 1 < p < oo for manifolds of non-negative Ricci
curvature and for model manifolds.
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1. INTRODUCTION

The properties of diffusion processes on Riemannian manifolds have been extensively
investigated and have proven to be useful in the study of the geometric structure of
the manifolds and the analytic properties of differential operators such as the Laplace-
Beltrami operator (see, e.g., [3, 12, 17, 21, 25] and references therein).

One of such properties is recurrence: Brownian motion X; on a manifold M is called
recurrent, and the manifold M is called parabolic, if the process X; starting at any
point € M visits infinitely often every neighborhood of x almost surely. The notion
of parabolicity plays a crucial role in the classification of Riemann surfaces (cf. [2]),
and it reveals deep connections between Stochastic Analysis, Potential Theory, Analysis
and Geometry.

Parabolicity admits several equivalent characterizations, such as the non-existence of
a positive Green function of the Laplace-Beltrami operator, the validity of the Liouville
property for positive superharmonic functions, and also the vanishing of the harmonic
capacity of some/every pre-compact set, to quote a few (see, e.g., [12]), which makes this
notion an indispensable tool in Potential Theory and PDEs on Riemannian manifolds.

We say that a manifold M admits L9- Liouwville property for superharmonic functions
if any positive superharmonic function from L9(M) is constant. For example, the
L*>-Liouville property is equivalent to the parabolicity of M (since the minimum of a
superharmonic function with a constant is again superharmonic).

Key words and phrases. LP-Parabolicity, L?-Liouville property, Nonlinear LP-capacity, Volume
growth conditions.
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At the other end of the scale, the L!-Liouville property for superharmonic functions
is equivalent to the fact that the expected lifetime of Brownian motion on M is infinite.
This is closely related (although not equivalent) to the stochastic completeness of the
manifold, which means that the lifetime of Brownian motion is infinite with probability
one (cf. [12] and [5, 11, 20]).

It is natural to extend the investigation of the L?-Liouville property for positive
superharmonic functions to the entire scale of exponents 1 < ¢ < oo, which is the main
subject of this paper. In fact, the main purpose of this paper is to introduce a unified
theory of nonlinear capacities in the setting of Riemannian manifolds and to describe
the Li-Liouville property in terms of LP-capacities, where p and ¢ are Holder conjugate
exponents.

In [1] D.R. Adams and L.I. Hedberg gave a systematic treatment of a general theory
of LP-capacities on the Euclidean space as a generalization of the so called (a,p)-
capacities related to nonlinear potentials developed in [10, 14, 15, 19, 22]. For the
problems we want to deal with we will restrict our attention to LP-capacities defined in
terms of the positive Green kernel of the manifold or of open subsets thereof, typically
with Dirichlet boundary conditions.

Since on parabolic manifolds L4-Liouville theorem holds for all ¢ € [1, co], we assume
in what follows that M is non-parabolic, in particular, M possesses a positive Green
function of the Laplace-Beltrami operator. Let 1 < p < oco. Denote by g(x,y) the
minimal positive Green function on M and define the LP-capacity of a compact subset
K Cc M by

(1.1) Cyp(K)r = sup {v(K): v € M*(K),||GV|paqary < 1},

1

where p~! 4+ ¢! = 1 and the potential Gv is given by

G () = /K oz, 9)dv(y).

In the limiting case p = 1, the L'-capacity coincides with the usual harmonic capacity
Cap(K). The equivalence of these two notions of capacity is valid also in the case when
M is parabolic as in this case ¢ = oo and, hence, the capacity of any compact set is
zZero.

We say that a manifold M is LP-parabolic if the LP-capacity of every compact subset
of M has zero C)-capacity. One of the main results of this paper, Theorem 3.11, says
that, for any 1 < p < oo, the LP-parabolicity is equivalent to the L?-Liouville property.
This result extends the aforementioned equivalence between the parabolicity and the
L*°-Liouville property.

Although the other limiting case, namely p = oo, is not covered by the definition
given in (1.1), we obtain a characterization of the L!-Liouville property in terms of a
suitable L*°-capacity (see Theorem 4.2). This in turn allows us to define a notion of
L>-parabolicity equivalent to the L'-Liouville property.

An important tool in establishing these equivalences, which is useful in its own right,
is the characterization of the L4-Liouville property, 1 < ¢ < oo, by means of the non-
integrability of g(x,-)? outside a pre-compact open set containing z, for some/every
x € M (see Theorem 3.6). As a consequence of this characterization we prove that
the L2-parabolicity coincides with the biparabolicity of M, where the latter notion was
introduced in [9] (see Subsection 3). Besides, this allows us to show that LP-parabolicity
implies L*-parabolicity for every 1 < p < s < oo (cf. Corollary 3.14).

As a further application of our results we also show that, on a complete Riemannian
manifold M, if, for some o € M and sufficiently large » > 1, the volume V(r) of the
ball B,(0) centered at o of radius r satisfies
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Vi) < ol
1.2 <
(12) ()< O,

for some constant C' > 0, then M is LP-parabolic provided 1 < p < 2 (cf. Theorem
5.1).

This extends the nearly optimal sufficient volume condition established in [9] for
biparabolicity (p = 2), and is compatible with the known volume conditions for the
usual parabolicity in the limiting case p = 1. For manifolds with non-negative Ricci
curvature we obtain a sufficient integral condition (5.6) in the entire range 1 < p < 00
that implies the sharp volume condition

V(r) < Cr*(logr)P~".

Moreover, the integral condition (5.6) turns out to be always valid for general model
manifolds (see Section 5).

The paper is organized as follows. In Section 2 we describe the general theory
of LP-capacities on domains of a Riemannian manifold. In particular we show that
they satisfy natural monotonicity and limit properties with respect to exhaustions (cf.
Proposition 2.5), and we establish some useful results valid in this setting, for instance,
Remark 2.9 dealing with the case p = 1, and Theorem 2.15, where we establish the
equivalence between the C),-capacity and a suitable Laplacian capacity.

Our main results are stated in Section 3. We establish there the connection between
the LP-parabolicity and the non-integrability of g(x,-)?, which yields the equivalence
between the LP-parabolicity and the Li-Liouville property. Besides, it also shows that a
pre-compact open set has zero Cp-capacity if and only if this holds for every such set (cf.
Corollary 3.13). We end this section showing the equivalence between biparabolicity
and L2-parabolicity.

Section 4 is devoted to the limiting case ¢ = 1. There, we introduce a Cy-capacity
and, by describing the extremal capacitary measure of compact sets in terms of the mean
exit time of the manifold, we obtain a capacitary characterization of the L'-Liouville
property (see Theorem 4.2). We end the section collecting several properties of the
Co-capacity which in particular imply that it is a Choquet capacity (cf. Proposition
4.3). The volume growth conditions for LP-parabolicity are discussed in Section 5.

2. LP-CAPACITY

Let (M, p) be a Riemannian manifold without boundary endowed with the usual
Riemannian measure p and, for 1 < p < oo, denote by L% (M) the set of non-negative
functions in LP(M ). The general theory of nonlinear capacities presented in |1, Sect.2.3]
is based on considering generic kernels, that is, non-negative functions g: M x M — R,
such that g(z,-) is lower semicontinuous on M and ¢g(-,y) is measurable on M.

In what follows we will restrict our attention to subsets U C M that admit a finite
positive Dirichlet Green kernel gV (x, %) with zero boundary data, which is obtained by
the usual exhaustion procedure (see e.g. [8, 20]), and satisfies gV (x,5y) < ¢ (z,y) for
every x,y € U C V. In particular, when U = M, we denote by g(z,y) the positive
minimal Green kernel of M.

Let M™*(U) be the set of non-negative Radon measure supported in U. For v €
MT(U) define the potential GVv by

Ul/ = Ul' vV\x .
GUn(y) ‘Lg<wm<x yeu

If v = fu for some measurable non-negative function f, we will write GU f = GU(fp).
The potential GUv is well defined provided we allow it to take the value oo.
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As in [1, Sect.2.3], we define the relative variational Cj,-capacity of the capacitor
(E,U) as follows.

Definition 2.1. For every 1 <p < oo and E C U, let
QY ={fefU): GYf(x) >1 forall v € E},
and define

(2.1) Cp(E,U) =inf [ fPdpu.

Qv Ju
We set Cp(E,U) = oo whenever QY = 0, and write C,(E) instead of Cp(E, M) if
U=M.

Remark 2.2. As we will see in Theorem 2.8 below, the quantity defined in (1.1) agrees
with that defined in (2.1) for all Borel subsets.

This set function is countably subadditive (see [1, Sec.2.3]), and it is easily seen to
be monotone in E, that is, if B4 C Ey C U then

Co(E1,U) < Cyp(Bs,U).

Furthermore, Cp,(E, U) is a Choquet capacity for every 1 < p < oo (cf. [1, Prop.2.3.12]).
The usual monotonicity property with respect to U follows from the fact that if f €
L% (Uy) is such that GV f > 1 on E, extending f by zero on Us\Uy, by monotonicity,
GY2f > 1 and therefore Q%l - Qgﬁ.

We recall the following characterization of subsets with null capacity.

Proposition 2.3 (Prop. 2.3.71in [1]). Let E C U and 1 <p < co. Then Cp(E,U) =0
if and only if there is f € LE (U) such that

Ec{zeU:GYf(x)= o0}

We shall say that a property holds C)-quasieverywhere, C,-q.e. for short, if it holds
except on a subset E with C,(E,U) = 0.

Remark 2.4. One can extend the definition of GU f to arbitrary measurable functions
f by setting

GUf(z) =G f*(x) =G [ (),
whenever at least one of the summands on the right hand side is finite. Then, GY f(z)
is well defined and finite Cj-q.e. by Proposition 2.3. It is easy to see that the restriction
on the sign of the test functions in QIE] can be dropped, that is

C,(E,U) :mf{||f||§,,(U); FELP(U),GUf>1 Cpaqe on E}

The main advantage in using LP spaces, for 1 < p < o0, is to have the existence
of a capacitary function. Indeed, since Q% is a convex subset of the uniformly convex
Banach space LP(M), by standard Functional Analysis results there exists an extremal
function f¥ belonging to the closure of QY in LP(M) that minimizes the above capacity,
ie.,

CyE.v) = [ (Fydn
The function f is called the capacitary function of £, and GY fF is called the capaci-
tary potential of E. Furthermore, QY can be explicitly described as (cf. [1, Prop.2.3.9])

Q_%: {feIZ(U): GYf(z) >1 Cpqe. on E}.

In the setting of Riemannian manifolds we have the following density result which
will be instrumental in establishing connections between different nonlinear capacities.
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Proposition 2.5. Let U C M be an open set and let E C U be a compact subset.
Then, for every 1 < p < oo, it holds

(2.2) Cp(BE,U) = inf{/ PPdu:0<peCOU), GV >1 on E}
U
Proof. By definition, for every e > 0, there exists f € L" (U) such that
GYf(x)>1on E and / fPdp < Cp(E,U) +€/2.
U

Since

/U fPdp = inf /U (cf)Pdu

and, by homogeneity, GY(cf)(z) = c¢GY f(z), choosing ¢ > 1 close enough to 1 and
replacing f with cf show that for every e > 0 there exists f € L% (U) such that

(2.3) / fPdu < Cp(E,U) + € and GUf(z)>c>1onE.
U

Finally, let U,, be an exhaustion of U by an increasing sequence of pre-compact open
sets and set

fn=min{n, f}1y,,
where f is a function as in (2.3). Then for every n, f,, € L% (U)NL*>(U) with compact
support in U. Since f, / f, by monotone convergence,

Aﬁ@/éﬂw

GY fu(x) / GY f(x) pointwise on U.

We claim there exists n, such that GY f,,(z) > (1 + ¢)/2 for every z € E and n > n,.
Indeed, for every n let

and

Vi={zeU:GVf,(x)>(1+¢c)/2}.

Then, V,, is open, since GY fn is lower semi-continuous, V;, C V41 and E C U, V,,, since
GYf.(z) — GYUf(x) > ¢ > (1 +¢)/2 for every x € E. By compactness there exists ng
such that E C V,, for every n > ng.

By taking n large enough, and replacing f with f,, we conclude that for every € > 0
there exists f € LY (U) N L (U) satisfying

(2.4) /fpd,u<Cp(E,U)—|—e and GYf>14+6>1onE,
U

for some ¢ > 0.

Suppose now that U is bounded with smooth boundary. Fix 1 < ¢ < m/(m — 2)
and let m/2 < ¢ < oo be its conjugate exponent. Let f be as in (2.4) and let
0 < ¢ € C°(U) be such that

Pk — f in qu(U)7
and therefore in every L*(U) with s < ¢’. Thus

[ hau— [ pan<cyEv)+e
U U

On the other hand, we claim that h — GUh defines a bounded operator from L7 (U)
into L*°(FE). Assuming the claim, we conclude that

||GUf - GUSDkHLOO(E) < C’||f - §0k||Lq/ — 0, as k — 0,
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so that, for k sufficiently large
GYor(x) > (1+¢)/2>1 VzeE,

and (2.2) holds for U bounded with smooth boundary.
It remains to prove the claim. Indeed, according to [4, Thm. 4.17], there exists a
constant C' which depends only on the distance of x from QU such that

gV (a,y) < Cd(z,y)*™ VyeU,
and it follows that for every z € E and fixed 1 < s < m/(m — 2)

/ oV (2, y)*duly) < C° / d(a, )" ™ dpu(y)
U B(z,R)

R
< C'S/ ps(2—m) (B_1 sinh(Br))mi1 dr = Cy(s)*,
0

where R = diam U and B > 0 is such that
Ricys > —(m —1)B* on {z : d(z,U) < R+ 1}.

Thus, if s’ is the exponent conjugate to s and h € L“"’/7 for every x € E,

GUn(z)| = | /U ¢ (. 9)h()duy)

1/s
< (/UgU(w,y)Sdu(y)) Al Lo @y = Cr()NAl 1 17y

and the claim follows.

To conclude, let U be a general open set which admits a positive Dirichlet Green
kernel gV = g, and let U,, be an increasing exhaustion of U by pre-compact open sets
with smooth boundary with U; D E. Recall that, denoting by g, the Dirichlet Green
kernel of U,,, we have (essentially by definition)

9(z,y) = lim gn(z, y).
Let f be a function as in (2.4) and let n; be such that supp f C U,,. Since g,(z,y)
g(z,y) in U,,, for every n > n; and z € F,

GUn f(z) = / on (e, 9) F (W) /U o(e.9)f (9)du = GV £ (2),

Un,

and arguing as above we deduce that for sufficiently large n, GUrf(z) > 14+ 4/2 > 1
on F and therefore

Cpo(E,U) < Cp(E,U,) < fPdu < Cp(E,U) + €.
Un1

Since we have proved that
Cp(E,Upy) = inf {/ @Pdp = 0 < o € C°(Uy) and GYV» f(x) > 1}
the required conclusion follows. O

We note that in the last part of the above proof we have also shown the following.

Proposition 2.6. Let U be an open set of M and let K C U be a compact set. Let also
U, be an increasing exhaustion of U by open sets with K C Uy and denote by g(x,y),
gn(x,y) the Dirichlet Green kernels of U, Uy, respectively. Then

Cp(K,U) = lim Cp(K,U,).
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Remark 2.7. For 1 < p < 0o, Cy(+,U) is a Choquet capacity, thus Borel subsets are
capacitable, and the conclusions of Propositions 2.5 and 2.6 hold for every Borel subset
EcU.

The capacity we have introduced admits a dual representation by means of non-
negative Radon measures. This duality is possible due to a general version of the von
Neumann minimax theorem (cf. [1, Thm.2.4.1]). For any 1 < p < o0, let 1 < ¢ < o0
be its Holder conjugate exponent, that is, pg = p + q.

Theorem 2.8 (Thm.2.5.1 in [1]). Let K C M be a compact subset, and let 1 < p < co.
Then

(2.5) Co(K,U)7 = sup{u(K): v € MF(K), |GV vl paqur < 1}

Remark 2.9. The limit case p = 1 corresponds to the standard capacity Cap(K,U)
since

Cap(K,U) = sup{v(K): v € MT(K), HGUVHLOO(U) <1}
Indeed, Cap(K,U) is minimized by a function w € WO1 2(U) that satisfies

Aw=0 in U\K,
w=0 on OU,w=1 on OK.

Moreover, w can be extended on K such that Aw < 0 weakly in U, and w = 1 in K.
Now, let h = GYv be the potential of a measure v € M*(K) such that ||GYv|| e (1) <
1. Since Ah = —v weakly, we have that

v(K)=— - Ophdy,

where u' denotes the induced measure on 9K, and 7 is the outward unit normal. Thus

2 2
(2.6) v(K)*= (— anhdu’> = (— / w&ﬁzd;/)
0K A(U\K)

2
= (/ <Vw,Vh>d,u> < (/ |Vw|2d,u> (/ |Vh|2d,u> :
U\K U\K U\K
On the other hand,

(2.7) / IVh|*dp = —/ hAhdu+/ hoyh dy'
U\K U\K I(U\K)

< Il / “ophdyl < V(K
oK

N

and, inserting into (2.6), we obtain

v(K) < / |Vw|*dp = Cap(K,U).
U\K
By Riesz decomposition theorem [16, Thm.4.5.11] there is a unique measure v e
MT(K) with w = GYvX. Choosing h = w, the inequalities in (2.6) and (2.7) become
equalities, and the conclusion follows.

The set function defined by the right hand side of (2.5), replacing compact subsets K
by arbitrary Borel subsets F, is easily seen to be monotone in E, and as a consequence
of Theorem 2.8 and Remark 2.9, it satisfies the conditions of the capacitability given in
[1, Prop.2.3.12]. It follows that the equality in (2.5) holds for every Borel subsets (see
also [1, Cor.2.5.2]).



8 ALEXANDER GRIGOR’YAN, LEANDRO F. PESSOA, AND ALBERTO G. SETTI

Definition 2.10. For a Borel subset E C U and p € [1,00) we define the LP-capacity
of the capacitor (E,U) by

Cp(E,U) = sup{v(E)’: v € M*(E), |G| o) < 1},
where q € (1,00] is the Hélder conjugate exponent of p.

As in the case p = 1, for 1 < p < oo there exists an extremal measure v € MT(K)
realizing the C)-capacity of a compact set K C U, whose potential is the extremal
function fX € L% (U).

Corollary 2.11 (Thm.2.5.3 in [1]). Let K C U be a compact set, and 1 < p < 0.

Then there is v € M1 (K), called the capacitary measure of K, and a capacitary
function f& = (GUvE)I=1, such that GY fX(z) > 1 Cp-q.e on K, and

VE(K) = / (GYvS) dp = / GU R a = ¢, (K, U).
U U

We end this section providing alternatives characterizations of the LP-capacity. First
of all, guided by Corollary 2.11, the capacitary potential of a measure v € M™(U) is
defined by

(2.8) VV(z) = GU(GVr)I ()

= /UgU(ﬂfvy) (/UQU(Z,@/)CZV(Z)Y_IdM(y)-

By analogy with the classical potential theory, the quantity

/%”duz/(GUl/)qdu
U U

is called the generalized energy (see [1, Def.2.5.4]).

Proposition 2.12 (Thm.2.5.5 in [1]). Let K C U be a compact set of M, and 1 < p <
oo. Then

GUfk(z) = V;,”Kgl for all x € supp v’
GUiK(zx) = V;,”K21 Cp-g.e on K.

Moreover,
Cp(K,U) = max{v(K) : v € MT(K),V)(x) <1 forall x € suppv}.

Inspired by the variational definition of capacity by means of the generalized energy
functional in the classical potential theory, we introduce the following set function which
will provide a first alternative definition of C,.

Definition 2.13. Let K C M be a compact set, and 1 < p < co. We define
Capy, (K,U) = inf{/ Vydv:v e M+(K),V;’ > 1 Cp-q.e on K},
U

where V.7 is a capacitary potential for v.
In the next result we are going to show the announced equivalence on compact sets.

Theorem 2.14. Let K C U be a compact subset of an open set U C M, and let
1 <p<oo. Then

Cp(K,U) = Capy, (K, U).
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Proof. By Corollary 2.11, there is v® € MT(K) such that

Cy(K,U) = / (GUvS) dp = / v dv,
U U

where V" is the capacitary potential for K. Hence, taking infimum in the right hand
side we obtain Capy, (K,U) < Cp(K,U). For the reverse inequality we may assume
Capy, (K,U) < oo, for otherwise there is nothing to prove. So, let v € M (K) such
that V) € LY(U,dv) and Vy(z) > 1 Cp-q.e on K. Define h(x) = (GYv)?1(z). Since
pg—p=4q V, = GY(GYv)?7! and suppv C K, we can conclude that h € LE(U).
Furthermore,

GYh(z) = GY(GYv)1  (z) = Vy () > 1, Cpq.eon K.

Therefore,

Cp(K,U) < / hPdp = / (GYv) dp = / VYdy
U U U
and taking infimum we conclude the proof. O

The last result in this section establishes the equivalence between the C)-capacity
and the (2, p)-capacity (Laplacian capacity) with 1 < p < co.

Let U C M be a bounded open subset. Recall that VVO2 P(U) is the closure of C§°(U)
in the norm of W2P(M). For a compact subset K C U we define

Cap, ,(K,U) = inf {/ |AulPdp: u e Wg’p(U),u >1on K}
U

= inf{/ |AuPdp: uwe CP(U),u>1 on K}
U
The following result is a consequence of Proposition 2.5.

Theorem 2.15. Let K C U be a compact subset of an open set U C M. Then for
every 1 < p < oo we have

Cap2,p(K7 U) = CP(K7 U)

Proof. Let us assume, without loss of generality, that Cp,(K,U) < oco. Due to Propo-
sition 2.5 we can pick 0 < ¢ € C°(U) such that GV¢(z) > 1 on K as a test function
for Cp(K,U). Setting u(z) = GY¢(x) € C(U), and observing that u(z) > 1 on K,
by definition we have

Cap, ,(K,U) < / |AulPdp = / PPdp.
U U
Hence, taking infimum on ¢ we conclude that
Cap, ,(K,U) < Cp(K,U).

For the reverse inequality, we take u € C2°(U) such that v > 1 on K. By Green
representation we have u = GY(—Au). By Remark 2.4 the function —Au € LP(U) is a
test for Cp(K,U), and thus

Cp(K,U) < / |Au|Pdpu.
U
Again the result follows by taking infimum in the right hand side. O

Remark 2.16. It is worth to mention that in the limiting case p = 1 the C1-capacity
does not coincide with the Capy ;-capacity. In fact, in [6, Thm.E.1] the authors proved
the equality C1(K) = 2Capy 1 (K) for every compact set K C R™. It would be interesting
to establish this equality on a general manifold.
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3. LP-PARABOLICITY AND THE L9-LIOUVILLE PROPERTY

Let 1 < ¢ < 0o. A manifold M satisfies the L%-Liouville property, briefly M is
Li-Liouville, if every superharmonic function u € L‘_]F(M ) is constant. Since parabolic
manifolds are trivially L?-Liouville, we will restrict ourselves to the non-parabolic case,
and let g(x,y) be the positive finite Green kernel of M. Our main purpose in this
section is to show that, for 1 < ¢ < oo, the L?Liouville property holds on M if and
only if CP(E, M) = 0 for some/every pre-compact open set £ C M, with pg = p + q.
The L'-Liouville property and its capacitary description will be the topic of Section 4.

Extending the usual definition of parabolicity we set the following

Definition 3.1. Let 1 < p < co. A manifold M is said to be LP-parabolic if C,(E) =0
for every pre-compact open set E C M.

With this definition we are going to prove that the L?-Liouville property is equivalent
to the LP-parabolicity. As a first step in this direction, generalizing the characterization
for the L'-Liouville property, we show that the L9-Liouville property amounts to the
non-integrability of g(x,-)? in the complement of a compact neighborhood of 2 € M.

Proposition 3.2. The L9-Liouville property holds on M for 1 < q < oo if and only if
g(z,)? is non-integrable outside a ball B,.(x) centered at x € M with radius r > 0.

Proof. In one direction, if g(z, -)? is integrable on M\ B, (x), then u(y) = min{g(z,y),1}
is a superharmonic function in L‘fr(M ) and M is not L?-Liouville. Reciprocally, suppose
that f € L% (M) is a non-identically zero superharmonic function. By the minimum
principle, f is positive on M. Let E be a pre-compact open set and xg € M such that
B,(z0) C E. The usual exhaustion argument applied to the Green function centered
at o gives the existence of a constant C' > 0 such that g(zo,y) < Cf(y) for every
y ¢ By(xo). Then,

/ 9(x0,y)dp(y) < / f(y)duly) < oo
M\ B (o) M\ B (o)
O
As a corollary of the above proposition we have the following hierarchy for the L9-
Liouville property.
Corollary 3.3. If M is Li-Liouville, then M is also L"-Liouville for every 1 < r <
q < 0.

Proof. Since the Green kernel g(z,-) is harmonic in M\{z}, and it is obtained as limit
of the Dirichlet Green kernel of an exhaustion, we have that

sup g(:U, )S sup g(x,-),
M\ By (x) OBr(x)

for any B,(x) C M. The conclusion follows immediately from Proposition 3.2. O

Specializing (2.8) to measures with densities, we define the nonlinear Green operator
GY acting on all non-negative measurable functions f by the formula
q—1

0.5 ([ aGiam) ).

We begin with the following simple comparison result.

(3.1) GUf(z) = GG (z) = /

M

Lemma 3.4. Given g € M and two concentric balls By C B centered at xq, there
exists a constant C > 0, depending only on By, such that

g(x,2) < Cg(a',2), for every x,2' € By and z € BY.
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Proof. 1t is a simple application of Harnack’s inequality once it is noticed that for every
z € BY, © — g(x, z) is a positive harmonic function on Bj. O

Remark 3.5. As a direct consequence of Lemma 3.4 we have that, for every function
feCe(M),if G9f(xg) = oo for some point xy € M, then G4 f(x) = oo for every point
x € M. Indeed, assume the contrary and suppose that there exists x1 € M satisfying
Gif(x1) < oco. Let By C By be concentric balls with xg, 21 € By. By the lemma there
exists a constant C' > 0 such that

g(w0,2) < Cglwr,2), for amy = € BS.
Since

Gﬂ@zﬁﬁwwﬂwmweCWM>

is bounded on B and since the Green kernel is locally integrable, we have

G (o) = Aﬂ@ma<@gwwﬂwwwﬂ%ﬁma

= /g(xo,z)(Gf(z))q_ldu(z)—i-/ g(xo, 2)(Gf(2)T tdu(z)
By

By

< (G ool + e [ gl G du(2)
By Bf

< 00,

which proves the claim. Indeed, the above argument also shows that GY9f(xg) is uni-
formly bounded in By with a bound which depends only on GYf(x1), on supg, (Gf ya—t
and on

g (o, )l 15,y < sup Gy < o0
Bo

where ¢ € C2°(M) is such that 15 < ¢.

In the next result we establish the relation between the non-integrability of g(x,-)?
outside a ball and the explosion of the nonlinear Green operator GY.

Theorem 3.6. For q € [1,00) the following assertions are equivalent.
i) G4 = 0.
ii) GYf(zo) = oo for some xg € M, and some 0 < f € C§°(M).
iii) There exist v € M and r > 0 such that g(z,-) ¢ LY(M\B,(z)).
iv) For every x € M and every r >0, g(x,-) ¢ LY(M\B,(x)).
v) M is Li-Liouville.
Proof. The equivalence iv) < v) is the content of Proposition 3.2.
i) = ii) : Obvious.
ii) = iii) : Let f € C§°(M) be a non-negative function and let zo € M be such that

Gif(xop) = oco. Take r > 0 sufficiently large to have supp f C B,(zp). By the local
integrability of g(xo,-),

(32) A@mﬂumw<@g@wﬂwW@QWVM@

q—1
=/ 9(x0,2) (/ g(z,y)f(y)du(y)> du(z) < oo.
Bar(x0) By(0)
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On the other hand, by Lemma 3.4, there exists C' > 0, which depends only on
Ba,(x0), such that

9(z,y) < Cg(z,x0) Vz & Boy(x0) and y € B, (zo).

Therefore,

0o [ st ([ sCasmam) we

<@l [ glao, gz mn) auz)
B2r(x0)c
< (Ol ar)* / oo, 2)dp(2).
Br(xo)e

The assumption and (3.2) imply that the left hand side in (3.3) is infinite and we
conclude that g(zo,-) ¢ LY(M\B,(x0)).

iii) = iv) : Assume that g(xg,-) ¢ LY(M\B,(zp)) for given g € M and ry > 0. Since
g(zp,-) is bounded in every annulus centered at z( it follows easily that iv) holds for
xg € M and for every r > 0. Now, given z € M, Lemma 3.4 applied to the ball Br(z)
with R = d(z,z¢) + 1 shows that there exists C' > 0 such that g(zo, z) < Cg(z,2) for
every z € M\ Bgr(xg). Thus,

b0 = (0 / g0, 2)" du(z) < / gz, 2)" du(2)
M\ BRr(z0) M\ Br(zo)

</ g(z,2)0du(z).
M\B (z)

iv) = i) : Given a non-identically zero function 0 < f € C°(M) let B,(zo) C supp f
such that ming () f = Cp > 0. Using Lemma 3.4 we can compute

/ 90, 2)1dpu(z) = / 9(z0, 2)[g(z0, 2))" du(z) <
M\ B (o) M\Br(z0)
q—1
/M\BT@O)"C’("“’O’Z) G /B r(xo)g(z,y)f(y)du(y)] dp(z),

which yields

q—1
/M\Br(xo)g(xO’Z)qdlu(Z) = (Cou(Br(wo))> (@)

Thus, by our assumption we have G4f(x) = oo and the conclusion follows by Remark
3.5. ]

Remark 3.7. We observe for future use that the above proof actually shows that
G1 = oo if and only if, for some/every x # y in M and some/every pre-compact open
set U containing x and y,

| o 2gte ) () = o
M\U

Remark 3.8. If G? < oo, then Theorem 3.6 can be used to prove that for every x € M,
and every r > 0, there exists a constant C' > 0, which depends only upon Bs,(x), such
that

/ 9(y, 2)4du(z) < C for all y € B,(x).
M\ Bay(z)
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Indeed, by assumption and Theorem 3.6,
[ g <.
M\ Ba,(z)

and the conclusion follows again from Lemma 3.4.

Proposition 3.9. M is Li-Liouville, for q € [1,00), if and only if for every positive
superharmonic function f: M — R, we have G[f171](z) = co for some/every x € M.

Proof. Assume that M is Li-Liouville and let f be a positive superharmonic function
on M. Fix y € M and let U be a pre-compact neighborhood of y. As in Proposition
3.2 there is a constant ¢ > 0 such that

9(z,y) < cf(2), forany z¢U.
So that, raising to power ¢ — 1 and integrating we obtain

Gl (@) > ¢! /M\Ug@,z)g(z,y)q—ldmz) = co.

The conclusion then follows by Remark 3.7. Conversely, let § > 0 be a small constant
such that m = infg; () 9(y, ) > supyp, () 9(v,-) and define f = min{m, g(y,-)}. Then
f is a positive superharmonic function in M and

/ 92, 2)g(5,y)" V(=) > GLF1](x) = o0,
M

and the conclusion follows by Theorem 3.6. g

Remark 3.10. In Proposition 3.9 we can use positive functions defined and harmonic
in a complement of a compact set. In this case, if we fix a compact set E C M, we
then have

G?= o0 if and only if / g(z, y)h(y)" du(y) = oo.
M\E

As an application of Theorem 3.6 we now extend, from the classical case ¢ = oo, the
characterization of the L9-Liouville property in terms of the existence of pre-compact
open sets with zero Cp-capacity to the range 1 < ¢ < oo, with p and ¢ Holder conjugate
exponents.

Theorem 3.11. Let M be a manifold and p € [1,00). Then C,(E) = 0 for some/every
pre-compact open subset E C M if and only if M is L9-Liouville. Therefore, M is
LP-parabolic if and only it is LI-Liouville.

Proof. By Theorem 3.6 we assume G? = oo and let £ C M be a pre-compact open set.
Since the C)-capacity is monotone and subadditive and E is pre-compact, it suffices to
prove that C(Bi(yo)) = 0 for any yo € M. As in the proof of Theorem 3.6, by Lemma
3.4 there exists C' > 0, depending only on Ba(yo), such that g(yo,2) < Cyg(y,z) for
all y € Bi(yo) and for all 2 ¢ Ba(yp). Given any measure 0 # v € M™T(By(yo)) we

estimate
(/ </ 9(y72)dy(y)> d,LL(Z)) q
M\ Bz(yo) Bi(yo)

Cv(By () ( /M\B ol z)qdmz))
2(Y%o0

q
= 0Q,

v

1GV|| La(ar

AV

where in the last equality we have applied Theorem 3.6 item iv). Thus, if ||GV|[La(rr) <
1, v =0 and by Theorem 2.8 we have C,(B;(yo)) = 0.
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For the converse, we are going to show that if G < oo then Cp(E) > 0 for every

pre-compact open subset E with p(E) > 0. So, assume G? < oo and that there exists
some pre-compact open subset E such that Cp(£) = 0. For every z, let F, = By(z)NE

whenever the right hand side is not empty.
Notice first of all that since G < oo, then Gxp, € LY(M). Indeed, if p € CX(M) is
non-negative and 1) = 1 on Bj(z), then

/B2(I)(GXFz)q(y)dH(y) < /BQ(I) </M 9(y, z)w(z)du(z)>qdu(y)

< p(Ba(z)) sup |Gy|? < oo.
Eg(m)

On the other hand, by Remark 3.8, there exists a constant C' depending only on By(x)
such that

/ gy, 2)idu(y) < C, vz € By(x),
M\ Ba(x)

and therefore, by Minkowski’s integral inequality,
1

[/M\B2(x)(GXFz (y))qdu(y)] - [ /M\32<x> ( /F z oy, 2)di (Z)>qdu(y)]é
= /F (/M\B2(z) 9(y, z)qdu(y)> % du(2)

< Cap(Bi(x)),

and our claim follows.
Next, since Cp(E) = 0, by definition of capacity, for every e > 0 there exists a
function f € LE (M) such that Gf > 1 on E and

/ fPdu < €.
M
We can therefore estimate

W(Fy) < /F G f(y)duly)
= / xr, ()G f(y)du(y)
M
_ / 9y, 2) F(2)xk () dp(2)dpa(y)
MxM

_ / F(2)Gxr, (2)dp(z)
M

<N leeanlGxrlLaany < €llGXF Loy,
and, letting ¢ — 0, we conclude that
n(Fe) = p(Bi(z) NE) =0

for every z such that Bi(z) N E # 0. Since E is compact, it can be covered by a
countable family of balls By (z). Hence, £ = U, F,, and by subadditivity we conclude
that u(E) = 0, as required. O
Remark 3.12. In the above proof, since M is second countable, we have proved that
if G < oo then Cy(K) = 0 implies pu(K) = 0 for every compact set K. It means

that, in this case, the capacity C), gives a more refined measure than the Lebesgue one.
Furthermore, if G? = oo then Cp(E) = 0 for all subsets £ C M.
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Corollary 3.13. There is a pre-compact open subset E C M with C,(E) > 0 if and
only if Cp(F') > 0 for every pre-compact open set F' C M.

As a notable consequence of Theorem 3.11 and Corollary 3.3 we can derive the
hierarchy of the LP-parabolicity.

Corollary 3.14. If M is LP-parabolic, then M is also L*-parabolic for every 1 < p <
5 < 00.

In the recent paper [9] the authors introduced the concept of biparabolicity for a
Riemannian manifold in terms of a Liouville type condition for the bilaplacian operator.
A function u € C*(M) is said to be bi-superharmonic if Au < 0 and A%u > 0.

Definition 3.15. A manifold M is biparabolic if any positive bi-superharmonic function
u € C*(M) is harmonic, Au = 0.

One of the main results in [9], Theorem 3.1, is a characterization of the biparabolicity
of M by the explosion of the Green operator G? defined in (3.1). Thus, Theorems 3.6
and 3.11 give rise to the following application.

Corollary 3.16. A manifold M is biparabolic if and only if M is L*-parabolic, equiv-
alently, L?-Liowville.

In this connection, we note that Proposition 3.9 and Remark 3.10 extend [9, Lem.3.2].

4. A CAPACITARY APPROACH TO THE L'-LIOUVILLE PROPERTY

Since the positive minimal Green kernel is locally integrable, according to Proposition
3.2, the L'-Liouville property on a manifold M is equivalent to the non-integrability
of g(z,-) (see also [11, 12]). From this one can easily deduce that every stochastically
complete manifold satisfies the L'-Liouville property and, on model manifolds, the two
properties are equivalent. In general this equivalence is not true in any dimension (see
[5, 20]). Note that, if M is not L!-Liouville, the function

B(x) = /Mg<:c,y>du<y>,

which is usually referred to as the mean exit time of M, is a positive solution to the
equation
AE+1=0.
As in the previous subsection we are going to restrict ourselves to the non-parabolic
case. Since there is no duality when ¢ = 1, we will define the relevant capacity via
positive measures.

Definition 4.1. Let K C U be a compact subset of an open set U C M, we define
Coo(K,U) = sup{v(K): v € M (K),||GYv|| 1) < 1}

When U = M, we simply write Coo(K) in place of Coo (K, M). A manifold M is then
said to be L -parabolic if Coo(K) =0 for every compact subset K C M.

The set function C is monotone increasing in K, and monotone decreasing in U.
In the next theorem we provide a description of the extremal measures for the Cyo-
capacity which in turn will easily yield the required capacitary characterization of the
L'-Liouville property and its equivalence with the L>-parabolicity defined above.

Theorem 4.2. Let K be a compact subset of an open set U C M. There exists an
extremal measure v € M (K) such that

Coo (K, U) = vE(K).
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Moreover, V5 = (minK EU)_l 0z, where 04, is the Dirac measure centered at xo € 0K,
and EY(z¢) = ming EV. In particular, a manifold M is L'-Liouville if and only if
Coo(K) = 0 for some/every compact set K.

Proof. We first consider the case where, for some/every point x € U, we have
(@) = [ o @)duty) < .
In this case, EV is a smooth function, and for any test measure v € M*(K) there
holds
1> / GYv(y)du(y) > v(K) m}}nEU.
U

Hence,
1

ming BV
On the other hand, if EY(z¢) = ming EY for some zg € OK (here we use that EU is
superharmonic), then the Dirac measure vy = (EY (1)) ~1d,, € M (K) satisfies

/GUVo )du(y) = EU(%)/UgU(xo,y)du(y)zl-

Coe(K,U) <

Moreover,
1

EY (2o)
that is, vy is the extremal measure for the capacity. Now, assume that

EU(z) = /M ¢ (2, y)duly) = oo

for some/every x € U, and let v € MT(K) be such that v(K) > 0. Then

/UGUV(y)du(y)Z/Udu(y)/UgU(w,y)dV(w)

—/Kdu(x)/UgU(x,y)du(y)—ooa

Coo(K,U) =
The second statement is now a consequence of the already noted fact that M is L!-
Liouville if and only if ¥ = cc. O

I/o(K) = ZCOO(K,U),

showing that

As in Proposition 2.6 the monotonicity of Coo (K, U) with respect to U gives rise to
the following identity
Coo(K,U) = lim Coo(K,Up),
n—oo

where {U,} is a compact exhaustion of any open set U C M, such that K C Uy. It is
easy to see that such a limit does not depend on the exhaustion and satisfies

Coo(K,U) < lim Coo(K,Uy).

For the other inequality we consider g, (z,y) the Dirichlet Green function associated to
Up, and extend ¢, (z,y) by zero on U\U,. For every y € U, and = € U fixed, we know
that g, (z,vy) / ¢Y(z,y). It follows that

Bo(z) = /U gn (&, 9)dp(y) /U ¢ (. y)dp(y) = BV (z)

for any x € U. As before, if EY(x) < oo then EV is a smooth function, and by Dini’s
theorem we have E,, /* EV uniformly on compact sets, in particular on K. Now, by
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uniform convergence ming E,, — ming EV and the conclusion follows from Theorem
4.2. If EY(z) = oo, since E,, — EY locally uniformly it follows that ming F,, — ooc.

We may extend the definition of the set function C(-,U) to arbitrary sets via the
standard min-max procedure. First, if G C U is an open subset we let

Coo(G,U) =sup{C(K,U): K C G is compact},
and, for every F' C U, we define
Coo(F,U) =inf{C(G,U): G D F is open}.

For any open subset F' C U we can show that

(4.1) Coo(F,U) = <i%f EU> - .

Indeed, if G C U is open, it follows easily from the properties of inf /sup that, for every
G C U open,

inf EY = inf inf EY,
G KCcG K

where K C G is compact, whence
-1 -1
Coo(G,U) = sup Coo(K,U) = (inf inf EU) = (inf EY ) .
Kca KcG K G

Similarly, using the fact that, for every F' C U,

inf BV = sup inf BV,
F GoF G

where G C U is open, we deduce that
-1
Coo(F,U) = inf Coo(G,U) = (infEU> :
GDOF F

We now collect the properties of the set function C4 in the following proposition.

Proposition 4.3. C enjoys the following properties.
1) Given Fy C Fy» C U subsets of an open set U C M, we have

Coo(F1,U) < Coo(F2,U).
2) Given Uy C Uy C M open sets such that F C Uy, it holds
Coo(F,UL) > Co(F, Uz).
3) Given Fi, Fy arbitrary subsets of an open set U C M, there holds
Coo(F1 U F3,U) < Coo(F1,U) 4+ Cxo(F2,U) — Coo(F1 N F2, U).

4) Let K; be a decreasing sequence of compact sets contained in an open set U C M,
then

Coo(N2,K;,U) = lim Coo (K5, U).

11— 00

5) Given an increasing sequence of arbitrary sets F; contained in an open set U C
M there holds

Coo(UiFy, U) = lim Coo(F3,U).

1—00
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Proof. Ttems 1) and 2) are an easy consequence of (4.1). For item 3), let Fy, F» C U
be arbitrary sets. Equation (4.1) yields

-1
Coo(FLUF,U) = <Figg EU>
1 2

—1
= [min{inf EY . inf EY }]
F Fy

-1 -1 -1
< <inf EU> + (inf EU> - ( inf EU>
Fy Fy FiNFy
= Coo(Fl,U) + COO(FQ,U> — COO<F1 ﬂFQ,U).

Item 4) will follow from the following identity

min EY = lim min EV.
N K 1—oo K;
Indeed, by monotonicity it is clear that the limit exists, and the left hand side is no
less than the right hand side. On the other hand, for every i let x; € K; be the point
minimizing EY on K;. By passing to a subsequence we may assume that r; — x € N; Kj.
Hence,
min EY < EY(z) = lim EY(z;) = lim min EY.
N K 1—00 i—oo K
To prove item 5) let us set F' = U;F;. The claim follows from the fact that inf ¢ EV =
lim; inf 7, EY which in turn is easily seen as follows. On the one hand, monotonicity
shows that the limit exists and the left hand side is less than or equal to the right hand
side. On the other hand, for every e¢ > 0, there exists z. € F such that EV(z.) <
infp BV + €. Since z. € F; for large enough i, for such i’s infp, BV < EY(z.) <
infr BV +¢, whence letting ¢ — oo and € — 0 we conclude that lim; inf g, EY <infp EY
and our claim follows. O

The properties listed in Proposition 4.3 show that C(+,U) is a Choquet capacity,
and thus, all Borel sets F' C U are capacitable (cf. [1, Thm.2.3.11]), that is,

Co(F,U) = inf{C(G,U): G D F,G open}
= sup{C(K,U): K C F, K compact}.

5. VOLUME CONDITIONS FOR THE LP-PARABOLICITY

In this section we first provide a sufficient pointwise volume condition for the validity
of the LP-parabolicity of a complete manifold M in the range 1 < p < 2, which extends
the results obtained in [9] for p = 2, and is compatible with the known volume conditions
for the usual parabolicity in the limit p — 1. For manifolds with non-negative Ricci
curvature we obtain a sufficient integral condition in the whole range 1 < p < oo that
implies an improved volume condition. Moreover, this integral condition turns out to
be always valid, and essentially sharp, for general model manifolds.

In what follows we are going to denote by V'(o,r), or simply V(r), the volume of the
ball B, (0) and by S(o,r), or simply S(r), the area of the sphere 0B, (0), where 0 € M
is a given reference point.

Theorem 5.1. Let M be a complete manifold and let 1 < p < 2. Assume that, for
some o € M and sufficiently large r, it holds

r2p

(5.1) V(r) < Clogr’

for some constant C > 0. Then M is LP-parabolic.
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Proof. From Theorems 3.6 and 3.11 it is sufficient to prove that G99 = oo for some
0<peCP(M),and pg =p+ q. Recall that the Green kernel is given by

o(z,y) = /Mpt<x,y>du<y>,

where p(z,y) is the heat kernel of M. By Jensen’s inequality and the semi-group
property of the heat kernel we obtain

6roto) = [Tar [ ( /Mg(y,Z)w(z)du(2)>q_lpt(o,y)du(y)

/OOO (/Mpt(O,y) /M 9(y, z)gp(z)du(z)du(y))q—l "
= /OOO (/OOO Pt+s<p(0)d8> " dt
= /OOO (/too PTSD(O)dT> " dt,

where P, is the heat operator acting on C2°(M) by

Prp(z) = /Mpt(w,y)w(y)dﬂ(y)-

To estimate Prp(0) from below we argue as in [9]: let supp ¢ C Br(0). It is proved in
[7] (see also [13, Thm.16.5]) that a polynomial volume estimate of the form V(r) < CrY,
for r > 7o implies that there exist constants to = to(rg) and K = K(o,rg, C,v) such
that the following heat kernel diagonal lower bound

pi(0,0) > i[V(\/Ktlogt)]’l

holds for every t > ty = to(rg). Together with the local parabolic Harnack inequality
in [23, 24] we obtain

Pro(o) = /B PRACNEVEE /B  plo0)pw

Y

(5.2)
1
> ol T (log 7)1 for T >,

where ¢ > 0 depends on r,, C, v, R and on the geometry of Br(o) C M. Inserting this
into the above inequality we conclude that

00 00 q—1
Glp(o) > c/ (/ thql(logT)qlldT) dt
T0 t

/OO dt
= =00
 tlogt

Remark 5.2. A sharp estimate in the range 1 < p < 2 can be obtained if we assume
that M satisfies the following heat kernel diagonal lower bound

c
(5.3) pi(0,0) > ——=,

V (V1)
for some ¢ > 0 and for all ¢ > 0. In this case, we can replace (5.1) by the sharp
inequality

O

Vir) < C’r2p(10g r)p_l,
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to obtain (5.2). Thus, the result follows as in the proof of Theorem 5.1. For instance,
(5.3) holds if M satisfies the volume doubling condition and a comparable diagonal

heat kernel upper estimate or, equivalently, the relative Faber-Krahn inequality (see
[13, Thm.15.21 and Cor.16.7]).

Let us now consider the class of geodesically complete Riemannian manifolds with
non-negative Ricci curvature. In this class, P. Li and S.-T. Yau [18] established the
following Green function estimate

* tdt *tdt
5.4 Cl/ —— < glz, <C/ T
(5.4) VD <g(z,y) < Ve
where r = d(z,y) and C' > 0. A characterization of LP-parabolicity in the whole range

1 < p < 0o can be deduced from Theorems 3.6 and 3.11.
To state the next results, fix some x € M and set V(r) = V(z,r).

Proposition 5.3. Let M be a complete Riemannian manifold with Ric > 0, and let
1 <p<oo. Then M is LP-parabolic if and only if

(5.5) /OO (/OO %) o V'(r)dr = cc.

Proof. By Theorem 3.6, M is L4-Liouville with ¢ = ]% if and only if for some/all € > 0

/ o, ) duly) = oo.
M\ Be(x)

Integrating the Li-Yau Green function estimate (5.4) we obtain

/M\Bs(x)g(a:,y)qdﬂ(y) = /:O (/TOO %)q V' (r)dr.

Finally, by Theorem 3.11, M is LP-parabolic if and only if M is L¢-Liouville. O

As a first consequence, we can obtain a sharp sufficient integral volume condition to
the validity of the LP-parabolicity.

Corollary 5.4. Let M be a complete Riemannian manifold with Ric > 0, and let
l<p<oo. If

1
0% tdt \ 1
. _— dr =
(56) [ ([ ) =
where V(t) =V (x,t) for some x € M, then M is LP-parabolic.

Proof. Since every parabolic manifold is LP-parabolic for every 1 < p < oo, let us
assume that M is non-parabolic. By the Li-Yau estimate (5.4) the inner integral in
(5.6) is finite for any r > 0. Integration by parts yields

[ %) vz~ [“veog ([ %) N
—va) (Aw%y”l
)
_vQ) (%“%y”l,

and the conclusion follows by Proposition 5.3. O
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Remark 5.5. For example, if
V(r) < Cr? (logr)P~!

then (5.6) is satisfied. In particular, if M has dimension n > 2 and satisfies Ric > 0,
by the Bishop-Gromov volume comparison theorem V' (r) < Cr™, for some C' > 0, and
therefore M is LP-parabolic for every p > n/2.

Motivated by this result we make the following
Conjecture 5.6. Let M be a complete Riemannian manifold, and let p € (1,00). If

[ ([ ) =

We conclude this section by observing that Conjecture 5.6 holds also for the class of
model manifolds (M, ds?), where M, = R™ and, in polar coordinates (r, @),

ds? = dr* + o*(r)d6?

for a smooth, positive function o on (0,00). In this case, the Green kernel with pole at
o = 0 is radial and it is given by

then M 1is LP-parabolic.

g(o,x) = i %, if = (r,0),
where S(1) = ¢o™ 1(r) is the Riemannian volume of the sphere 0B,(0) centered at
the pole o with radius r > 0.
Similarly to Proposition 5.3, Theorems 3.6 and 3.11 give the following characteriza-
tion for the LP-parabolicity of model manifolds.

Proposition 5.7. Let M, be a model manifold as above and p € (1,00). Then M, is
LP-parabolic if and only if

67) (] %y’* S(r)dr = oo.

To show that Conjecture 5.6 holds for the class of model manifolds we will need the
next lemma.

Lemma 5.8. Let f be a continuously differentiable function on an interval (a,b) such
that f > 0 and f' > 0. Then

b b
dt 1 [P(t—a)dt
5.8 —_—— > = —_—
% wzal e
Proof. Changing t to t — a, we reduce (5.8) to

/b—@ dt 1 /b—a tdt
o [flt4+a) = 2)y flt+a)

Hence, renaming b — a into b and f(t + a) into f, we see that it suffices to prove that
bodat 1 [P tdt

(5:9) TOEY W10

that is, (5.8) in the case a = 0.
Multiplying and dividing by f’ (t)l/ % and using the Cauchy-Schwarz inequality we

get
/ob Ty < </b fi)Qf o) - (/b f’l(t)dt>1/2 '
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Integrating by parts in the first integral on the right hand side gives

b t2 , B ___93_ b _E;_ b _l;_
/0 Frepd 1t = f(b)+2/o f(t)dt<2/o G

whence inserting into the above inequality and simplifying yield (5.8). O

Corollary 5.9. Letp € (1,00). If

1
e  tdt \ T
5.10 — dr =
(510 [ ([ o) o=
then M, is LP-parabolic.

Proof. From a simple change of variables in the external integral we can rewrite (5.6)

as
foLy”
r r = 00.
2r ‘/(t)
By Lemma 5.8, we have

ot % (t — 1) dt o dt
/gr WSQ/T v -t s

Hence, (5.6) implies that

5.10) [ %fldrm.

Let us show that (5.11) implies (5.7). For that, consider the function

=[5

We may assume that M, is non-parabolic, and therefore f(r) > 0, for otherwise M, is
automatically LP-parabolic. It follows from (5.11) that

/100 . ;(3 T

©(r—1)dr Ooi
/1 =2 ey

whence also

By Lemma 5.8 we have

and, hence,

* dr
(5.12) 1 m:oo

=5 (%) st

Substituting this into (5.12) we obtain (5.7). Hence, M, is LP-parabolic by Proposi-
tion 5.7. 0

We clearly have

The next example shows the almost optimality of the pointwise volume condition
described in Theorem 5.1 and the optimality of the integral volume condition given in
Corollaries 5.4 and 5.9.
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Example 5.10. Let M, be a model manifold with

S(r) = cmo(r)m_1 = cmTa_l(log r)’g

for r > 2, with a > 2 and real 3. Note that in this case

V(r) < r%(log r)ﬁ.

Since S(r)~! is integrable at infinity, the manifold M, is non-parabolic and its Green
kernel with pole at o satisfies for all r > 1

oo dt —a _
g(r) = %xr2 (logr) ™"

It follows that

oo dt pfl ptl—a !
R ~ p—1 p—1
</r S(t)> S(r)y=r (log ) )

Therefore, the integral in (5.7) is divergent and, hence, M, is LP-parabolic by Propo-
sition 5.7, if and only if either @ < 2p, or « =2p and S <p — 1.
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