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1. INTRODUCTION

We study the behaviour at infinity of solutions (j):>s to the Cauchy problem for
the Fokker—Planck—Kolmogorov equation

at,ut = axzaxj (aij ($a t):ut) - axl (bl(x7 t):ut)a s =V,

where s € R, a” and b° are Borel functions on R, the matrix
Az, t) = <aw(x’t))1§i,j§d

is symmetric and nonnegative definite, v is a bounded Borel measure on R?. In
addition, throughout we assume summation over repeated indices. Set

Lyu(z,t) = trace(A(z, t) D*u(z)) + (b(z, t), Vu(z))
= a"(2,)0,,05,u(x) + b (2, )05, u(x).
The Cauchy problem is shortly written in the form

Ot = Lip, s = v. (1.1)

A solution to the Cauchy problem (1.1) is a family (u¢)¢>s of bounded Borel

measures on R? (possibly, signed) such that for every Borel set B the function

t — py(B) is Borel measurable, ¥, ' € LY(U x [s,T], us dt) for every T > s and
every ball U, and for every functlon ¢ € Cg°(R?) for almost all ¢ > s the equality

/sodutz/ sodV+// Lrodp, dr
Rd
holds.

A solution (p¢)¢>s is called a probability solution if for every ¢ > s the measure
p: is nonnegative and j;(R%) = 1. A survey of modern theory of Fokker—Planck—
Kolmogorov equations is given in [4] (see also [7]).

Throughout, unless the otherwise stated, we assume that the coefficients satisfy
the following conditions:

(Hap) for every ball U, there exist positive numbers A(U), A(U), and M (U) such
that for all ¢ € R we have

MU < Az, t) < AU \f(x,t) — Ay, )] < AMU) |z =y,
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[b(z, )] < M(U).
(Hy) there exists a function V € C?*(R?) along with positive numbers C; and C,
such that lim V(z) = 400 and

|z|—o0

LiV(z,t) <Oy — CV(x) VxeRYteR.

Such a function V' is called a Lyapunov function for the operator L;.
Let us give a typical example, where conditions (Ha ) and (Hy) are fulfilled. Let

Lyu(z,t) = Au(z) + (b(z, 1), Vu(z)),

where supcg .o [b(z,t)| < oo for every ball U C R? and there exists a number
C > 0 such that for all z € R%, ¢t € R we have

(b(x,t),r) < C — C|z|.

Then condition (Hy) is fulfilled with V(z) = |z]*/2 and C; = d + C, Cy = C.
Condition (Ha ) is obviously fulfilled.

According to [4, Corollary 6.6.6], under conditions (Ha 1) and (Hy), for every
s > 0 and every Borel probability measure v on R? there exists a unique probability
solution (p);>s to the Cauchy problem (1.1). The mapping ¢ +— pu; is continuous
in the weak topology on the space of probability measures. Recall (see [3]) that
convergence in the weak topology is convergence of the integrals of each bounded
continuous function. This topology on the space of probability measures is metriz-
able (for example, one can use the Kantorovich—-Rubinshtein metric). In addition,
for any t > s the measure yu,; has a density o(z,t) with respect to Lebesgue measure
that is continuous in (x,t) and strictly positive.

For every nonnegative Borel function W and a bounded Bore measure o set

lollw = [Wallzv,

where || ||y is the total variation of the measure y, i.e., |||y = put(RY) + p~ (RY),
where p = p* — = is the Jordan-Hahn decomposition.

The main result of this paper is as follows: under conditions (Ha 1) and (Hy), for
any two Borel probability measures v! and v? on R? the estimate

It — st hepy < Niem ™90t — 02| gy

holds, where Ny, Ny, 3 are positive numbers, u} and u? are probability solutions
to the Cauchy problem (1.1) with initial conditions v! and v?, respectively. In
addition, if the coefficients are periodic in ¢, then there exists a unique periodic
solution, to which any probability solution tends as ¢ — +4o00. If the coefficients do
not depend on t, then this periodic solution does not depend on ¢ and is a unique
stationary solution. Moreover, we discuss application of the obtained results to prove
convergence to a constant for the solution to the parabolic equation d,u + Lu = 0
as t — —o0.

A great number of papers is devoted to the study of solutions to parabolic equa-
tions as t — oco. A survey of the state-of-the-art in this area is given in [10]. One of
pioneering works was the paper [16], where the asymptotic behaviour of solutions
to parabolic equations with time dependent coefficients is studied, in particular,
for solutions to Fokker—Planck—Kolmogorov equations. The paper [16] deals with
classical solutions, the coefficients are assumed to be sufficiently smooth, and the
following restriction on the growth of coefficients is imposed: ||A(z,t)|| < C + C|z|?
and [b(z,t)] < C + Cl|z|. In this paper, we generalize some results from [16] to
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the case of unbounded and non-smooth coefficients. Since we establish exponential
convergence in the total variation with a weight, we employ some stronger condi-
tions with Lyapunov functions than in [16]. In the case of time periodic coefficients
(i.e., periodic in t) the existence and uniqueness of a time periodic probability solu-
tion to the Fokker—Planck—Kolmogorov equation and also convergence to it of other
probability solutions as ¢ — +oo are justified in [17]. Below we give a short proof
of these results under more restrictive assumptions about the coefficients, but we
obtain a stronger assertion about the mode of convergence to the periodic solu-
tion. Below we also recall one of the main results of [17]. Merging of solutions
to Fokker—Planck-Kolmogorov equations as ¢ — +o0 is established in [20] under
the condition of monotonicity and dissipativity of the drift coefficient b. The latter
condition implies the existence of a radial Lyapunov function V for the operator L;.
In [20], a new definition of a solution to the Fokker—Planck-Kolmogorov equation is
employed and a new approach to the study of the behaviour of solutions as t — +o0
is suggested, based on the theory of viscosity solutions. In addition, the Ishii-Jensen
lemma is substantially used along with the method of doubling variables. Our re-
sults presented below are analogues of some assertions from [20], but without the
assumption of monotonicity of b and with a general Lyapunov function V. One of
the main results of [20] is also formulated below.

When the coefficients are independent of time, the classical problem consists in
constructing a stationary solution, which is an invariant measure for the correspond-
ing diffusion process. Existence of an invariant measure and convergence to it of
transition probabilities was first investigated by Hasminskii [19] and [15]. There are
several approaches to justification of convergence of transition probabilities to invari-
ant measures, among which we mention the following three ones: 1) application of
Harris’s theorem and the method of Lyapunov functions (see, for example, [19], [14],
[11], and [18]), 2) application of entropy estimates and the Sobolev and Poincaré
inequalities (see, for example, [1], and [9]), 3) a probabilistic approach based on the
method of coupling (see, for example, [12] and [13]). The results presented below are
based on Harris’s theorem, i.e., belong to the first group. Finally, note that active
research is conducted on convergence to stationary solutions for probability solutions
to nonlinear Fokker—Planck—Kolmogorov equations (see [8], [5], [6], and [2]).

2. MAIN RESULTS

Recall that throughout we assume conditions (Ha 1) and (Hy). Let s € R. A prob-
ability solution to the Cauchy problem (1.1) with initial condition v = §, at t = s
possesses a positive density o(s,y,t, z) that is continuous in (¢, x) and jointly Borel
measurable (which can be derived from its construction as a limit of classical solu-
tions to initial boundary value problems, see [4, Section 6.6]).

Proposition 2.1. Under the stated assumptions the Chapman—Kolmogorov equa-
tions hold:

o(s,y,t,x) = / o(v, 2, t,x)o(s,y,v,2)dz  for allt > s,x,y € R%
Rd

Proof. Observe that the right-hand side is a probability density in x and the cor-
responding family of probability measures satisfies the Fokker—Planck—Kolmogorov
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equation. Indeed, for any ¢ € C5°(R?) we have the equality

/Rdsﬁ(as) </Rd o(v, z,t,x)o(s,y,v, 2) dz) d
=(v) + /St /Rd Lyp(z,t) (/Rd o(v, z,t,x)0(s,y, v, 2) dz) de dr

Now our assertion follows from the uniqueness of a probability solution to the Cauchy
problem 1.1 with initial condition v = ¢, at t = s. 0

Proposition 2.2. For every bounded Borel measure v on R? (possibly, signed) the

formula
B) = /B/]Rd o(s,y,t,x)v(dy) dx

defines a family of bounded Borel measures (fi:)i>s that is a solution to the Cauchy
problem (1.1) with initial condition v at t = s.

Proof. Let ¢ € C5°(R?). Then

/Rdwdut - /Rdgoda . /Rd (/Rdgo(x)g(s,y,t,x) dr — ¢(y)) o(dy)
— /Rd (/St /Rd Lro(z,7)o(s,y, 7, x) dx dT) o(dy) = /: /Rd Loo(x,7) po(d) dr,

which completes the proof. O

For every s € R we consider the mapping (), associating to a bounded Borel
measure ¢ on R? the measure Q,o defined by the formula

Q.0(B) :/B(/R Q(s,y,s—i-l,x)a(dy)) dz.

Note that ), depends on s, since the coefficients of the operator depend on time.

Recall Harris’s ergodic theorem (see, for example, [14]). Suppose that on a mea-
surable space (X, B) we are given a Markov transition kernel P(-, -), i.e., for every
x € X the function B — P(z, B) is a probability measure on B and for every B € B
the function x — P(z, B) is measurable with respect to the o-algebra B. Set

0= [ F@ Py o). Pa(B) = [ Pl B)alay)

Suppose that
(i) there exists a measurable function ®: X — [0, +00) along with numbers 6 €
(0,1) and K > 0 such that

Po(y) <éP(y) + K Vy e X;
(ii) there exists a probability measure o along with a number ¢ € (0,1) such that

inf Py, ) >qol(-
it P() a0l

for some R > 2K /(1 — ).
Then according to [14, Theorem 3.1] there exist two numbers §y € (0,1) and
(£ > 1 such that

|Po1 — Posllirse < Bollor — o214 se,
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moreover, 3y and 3 can be explicitly expressed through d, K, R and ¢ in the following
way:

5_@ By = max{1 — (¢ — q),2 + RBro}

KT 2+ Rj3 ’
where ¢ is an arbitrary number from the interval (0, ¢) and 7 is an arbitrary number
from the interval (6 +2K/R, 1).

The next result plays the key role in our subsequent reasoning.

Theorem 2.3. There exist two numbers 0 < By < 1 and 3 > 0 such that for any
two Borel probability measures oy and oo on R? the estimate
1Qs01 — Qs02|l148v < Bollor — o2ll14sv

holds, moreover, By and ( depend only on the dimension d, the constants Cy and
Cy from condition (Hy) and the constants A(U), A(U) and M(U) from condition
(Hap), but do not depend on s.

Proof. Let us verify conditions (i) and (ii) from Harris’s ergodic theorem for
P(y, dz) = o(s,y,s + 1,z)dx, ®(x)="V(x).
Let us verify condition (i). Since L,V (z,t) < C; — CyV(x), we have
Oy (e~ 2U=IV) 4 Ly (e=2=9)V) < Cpe209)

and according to [4, Theorem 7.1.1] the estimate

g V(z)o(s,y,s +1,2)dx < e 2V (y) + %(1 — 6702)
holds. Setting
— Cl

§=e K= _—
e , ,

(1—e),
we rewrite this estimate in the form
/ V(z)o(s,y,s+ 1,x)de <6V (x) + K.
Rd

For the verification of condition (ii) we apply Harnack’s inequality from [4, The-
orem 8.2.1]. Let o, n and «y be positive continuous functions on [0, +00) such that

o, t) = 3 0n,a8 ,6)] < o),

sup
|z|<2r

sup [|A(z,t) '] < a(r),  sup [|A(z,t)]| < y(r).

|z|<2r |z|<2r

Then there exists a positive number K (d), depending only on the dimension d, such
that for every 7 € (0,1) we have

o(s,y, s +1,2) > o(s,y,s +7,0) exp<—K(d)!1 + a(|z|)

+ (alle)'” + alaD) () [*(1 + iw

-7

1
() + ~lal?) ).
Observe that ;r;: < 1;—7 Set
1—

W(e,m) = K1+ o)) + (o) + ale)) 1 (D (14 -V ([al)? + HaP).
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Then

o(s,y,s+1,2) > o(s,y, s+ 7,0)e KOW@),
Let us fix R > 2K/(1—0) and estimate the function o(s,y, s+ 7,0) from below. Set
U(0,7) ={z: |z| <r}. Let us fix R > 0 such that {z: V(z) < R} C U(0, R’). Let
P € CPMRY, 0< 1y <1,¢(x)=1if z € UO,R) and (z) = 0 if = ¢ U(0,3R').
We have

s+7/2
vlles.ys /20 =0+ [ [ Lot velspoe) dode
R4 s R4
Therefore, for any y € U(0, R’) the following estimate holds:

sup  o(s,y,s+7/2,2) > 1— r sup | Lp(z, ).
2€U(0,3R’) 2€U(0,3R),t>0
There is 7 € (0, 1), depending only on A(U(0,3R’)), M(U(0,3R')) and %, such that

sup  o(s,y, s +7/2,2) >
2€U(0,3R’)

N | =

According to [4, Theorem 8.1.3], there exists a number Cg, depending only on d,
AU(0,4R")), A(U(0,4R")), M(U(0,4R’)) and 7, such that for all y € U(0, R') we
have o
o(s,y,5+7,0)>Cp sup  o(s,y,5+7/2,2) > —°.
2€U(0,3R") 2
Hence we obtain the inequality
. CR -K
> ZB —K(dW(z,7)
y: ér(lyf)gbzg(s’y’%L L)z 9 © ’
which yields the estimate

inf  P(y,dx) > qo(dz),

y: V(y)<R
where
o(dr) = C7le  KOWED g O = /e—K(d)W(m,r) de, q= CrC
Y Y 2 *
Thus, all conditions in Harris’s theorem are fulfilled, moreover, the constants ¢, §, K
do not depend on s. O]

Corollary 2.4. There exist positive numbers Ny, Ny and (3 such that for every s
and for any two probability solutions p; and p? to the Cauchy problem (1.1) with
initial conditions v' and v* at t = s the estimate

it = i hvpy < Naem ™[t — 021 gy
holds.

Proof. Let t — s = m + 1, where m € NU {0} and n € (0,1). Then due to the
Chapman—Kolmogorov equations (see Proposition 2.1) the equalities

M% = Qm-10Qm—2. .. Qouiw Mf = Qm-1Qm—2 . .. Qoﬂim
are valid. According to Theorem 2.3 we have

s = 11z sy < B tagy — 12inlliesv, (2.1)
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where 3y € (0,1) and 8 > 0 are the constants from Theorem 2.3. Observe that
for every function ¢ € C§°(R?) satisfying the inequality || < 1+ SV we have the
estimate

/ Y d(pgyy — pigy) < / </ (1+BV(x))e(s,y,s +n,x )drr> ! = v|(dy).
RY Re \JRA
The assumption L,V (z,t) < Cy — CoV (z) yields the inequality

Oy(e” V) + L(emUIV) < Cre® 9,

which according to [4, Theorem 7.1.1] ensures the inequality

C
/ V()o(s,y, s +n,x)de < eV (y) + = (1 — 7).
R4 02
Taking into account that n € (0, 1), we arrive at the inequality

HH;M - H§+n‘|1+ﬂv < C3HV1 - VQHHWa (2.2)

where C3 depends on Cp, Cy and (. Combining (2.1) and (2.2), we obtain our
assertion. O

It is shown in Proposition 4.1 below that there exists a family of probability
measures (7)cr ON R? such that the mapping ¢t — ; is continuous and satisfies the
Fokker—Planck—Kolmogorov equation

Oppiy = L: 22

on R¥! ie., whenever t; < ty, for every function ¢ € C°(R?) we have

/ pdmy, — / pdmy, = / / Lyp dmy dt.
]Rd

Using (m;)er, Corollary 2.4 can be reformulated as follows. For every s € R and
every probability measure v on R?, the probability solution p; to the Cauchy (1.1)
problem with initial condition v at t = s tends to 7; as t — +o00 and

—Ni(t—s) H7Ts

|11e — 7el[148v < Nie — V|l14pv-

Note that the probability solution m; does not depend on s and v. In this form
Corollary 2.4 generalizes [16, Theorem 5] to the case of non-smooth and unbounded
coefficients.

3. APPLICATIONS TO PERIODIC SOLUTIONS AND NON PROBABILITY SOLUTIONS

It should be noted that in the assertions above the equation’s coefficients depend
on time in an arbitrary way. We now consider the case of periodic coefficients.

Let Py (R?) denote the set of all Borel probability measures p on R? satisfying
the condition V' € L'(p).

Corollary 3.1. Suppose that in addition to conditions (Ha ) and (Hy) the coef-
ficients A and b are periodic in t with a period T > 0, i.e., for allt € R and all
r € R? we have

Az, t+T) = A(x,t), blx,t+T)="0b(z,t).
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Then there exists a unique family of probability measures (m;)icr on R such that
the equality T 0 = m holds for all t € R and (m)er satisfies the Fokker—Planck-
Kolmogorov equation on R4, Moreover, for every s and for every probability solu-
tion uy to the Cauchy problem (1.1) with initial condition v at t = s one has

e — 7l 1py < Noe ™y — 7 l14v,

where N1 and Ny are the constants from Corollary 2.4. If the coefficients do not
depend on t, then m, = mo for all t and my is a stationary solution.

Proof. Let T = 1. The general case reduces to this by scaling. The space Py (R%)
with the metric ||u! — 1|14 v is complete. According to Theorem 2.3 the mapping
1 — Qop is contracting with the coefficient 3. By the Banach contracting mapping
theorem there exists a unique fixed point 7y for which 7y = Qomy. Let 7 be a
probability solution to the Cauchy problem (1.1) with initial condition v = 7y at
t = 0. Then m = my. By the uniqueness of a probability solution and periodicity of
the coefficients the equality 7,1 = m; holds for all ¢ > 0. Defining 7; for ¢ < 0 by
the equality m; = m_;, we obtain the desired periodic solution. Convergence of every
probability solution to m; as ¢ — +o0o and the estimate for the rate of convergence
follow from Corollary 2.4.

If the coefficients do not depend on ¢, then they are periodic with any period
T > 0. In addition, the mapping ¢t — m; is continuous in the weak topology.
Therefore, m; = m for all t > 0. ]

Note that in [17] an analogous assertion about existence and uniqueness of a
periodic probability solution is obtained under weaker assumptions about the coeffi-
cients and a weaker condition on the Lyapunov function. However, our justification
of the existence of a periodic solution is shorter and convergence to it is established
in a stronger mode, namely, in place of the total variation we use the total variation
with a growing weight.

Let us also mention a result on the existence of a periodic solution from [17],
which we formulate in the case of R%. 1In [17], an arbitrary open subset of R? is
considered and a more general time-dependent Lyapunov function is used.

Theorem 3.2. Let p > d+2. Suppose that the coefficients are periodic with a period
T > 0 and for every ball U C R* we have
a’ € L®°(R,W"(U)), b € LP(U x R),
MUY < Az, t) < MU)I, VzeUteR.
Suppose also that there is a nonnegative function V€ C*(R?) such that |x\li>n+loo V(z) =
+o0 and for some R > 0 and C' > 0 one has
LV (x,t) < -C if |z|>R,teR.
Then there exists a unique time periodic probability solution to the Fokker—Planck—
Kolmogorov equation Oypiy = L ;.

Recall that it is proved in Proposition 2.2 above that the formula

i) = [ ([ o0t vta) ) d 1)

defines a solution (possibly, signed) to the Cauchy (1.1) problem with initial condi-
tion v at t = 0.
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Corollary 3.3. Suppose that conditions (Ha 1) and (Hy) are fulfilled and the family
of bounded Borel measures (u)i>o is defined by formula (3.1), where v is a bounded
Borel measure on R® and v(R?) = 0. Then

|

‘|Mtl|1+BV < N1€ V”1+5\/.

Proof. First we consider the case where v # 0. Let v = v —v~ be the Jordan—-Hahn
decomposition, where vt and v~ are nonnegative bounded measures. Then

vH(RY = v~ (RY) > 0.

After normalization we can assume that v and v~! are probability measures (this
does not affect the constants in our estimate, because it is homogeneous). According
to Corollary 2.4 we have

i = py ey < Nie™ ™" — v gy,
where
i) = [ ([ et de )= [ ([ o0t @)
B \JRd B \JRrd
It remains to use the equality pu; = p — iy - UJ

Note that for an arbitrary solution to the Cauchy problem (1.1) given by a family
of bounded Borel measures p; this assertion is false. Let us consider the following

example (see [4, Problem 9.8.47]). Let d =1, A =1 and
2z 9 1
b(x) = i (14 z%)arctgz, v(dx)= w0129 d.

Let V(z) = 1+ x?. Observe that

472

o 22(1 + 2?)arctg x.
x

LV (z,t) =242b(z)r =2 — .

Since 2zarctgr > 7/2 if |x| > 1, we have L,V (z,t) < C; — CyV(x) for some
positive numbers C; and C5. Therefore, in this situation Corollary 2.4 is applicable.
However, the Cauchy problem (1.1) with the same initial condition has also the

solution

et

pi(dx) = 1122

which is not a probability solution and which does not satisfy the estimate from
Corollary 2.4 (valid for probability solutions).

In [20], the assertion of Corollary 3.3 is obtained under other conditions. Let us
formulate the corresponding result.

Suppose that A = I, b is continuous and there exist positive numbers «, v, R and
¢p such that

dx,

(b(x,t),x) < —alx|” if |z| >R, t>0,
(b(z,t) = bly,t),x —y) < colw —y| Va,y eR%E>0.
The next result is a particular case of [20, Theorem 4.1].

Theorem 3.4. Let k > 0, W(z) = (1 + |z|*)*/2, and let v be a bounded measure
given by a density o with respect to Lebesque measure such that W|o| € L*(RY) and
v(RY) = 0. Assume that the two conditions stated above hold. Let p; be a solution
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to the Cauchy problem (1.1) with initial condition v given by formula (3.1). Then,
whenever v > 2, we have

lpllw < Mye M|l lw,
and if v € (0,2) and v > k is such that W/*|o| € L*(R?) we have
r—k
2—v
where the numbers My and My depend only on o, v, R, co, k, 7, and d.

Y

lpellw < My (L + )" wllyrss, g =

The condition
(b(x,t),z) < —alz|" if |z| > R, t>0,
implies the estimate L;(|z|?) < 2d — 2a]z|’. If v > 2, then for suitable positive
numbers C and Cy we have L;(|z]*) < C; — Cy|z|?. In Theorem 3.4 we also assume
the monotonicity condition

(b(w,t) = b(y,t),r —y) < colo —yl,

and in Corollary 2.4 this condition is absent, but it is assumed instead that for every
ball U one has sup,cp >0 [b(,t)] < co. If v € (0,2), then the inequality Ly(|z]?) <
Cy — Cs|z|? is not fulfilled, so Corollary 2.4 does not enable us to estimate |[f[|11z2-
In [20], another definition of a solution to the Cauchy problem for the Fokker-
Planck-Kolmogorov equation is used. Namely, a continuous mapping ¢ — m; on
[0,7) with values in the space of bounded Borel measures on R? equipped with the
weak topology is called a solution to the Cauchy problem for the Fokker—Planck—
Kolmogorov equation with initial condition mg, which is a bounded Borel measure
on R?, provided that

t
§dmy + / fdmsds = / o(x,0) mo(dx)
R 0 Jrd R

for all t € (0,7), £ € Cy(R?), f € Cp(RY x [0,T]) and ¢ € Cy(R? x [0,7]) such
that ¢ is a viscosity solution to the equation —dyp + Lryp = f in R? x (0,¢) with
o(x,t) = (). However, according to [20, Theorem 2.5], one has the uniqueness of a
solution and the property that the mapping v — p; preserves the nonnegativity and
the total mass of RY. Since a solution in the sense of [20] is a solution in our sense
and a probability solution is unique under the considered conditions, the solution
in the sense of [20] is given by formula (3.1). Note also that in [20] the Fokker—
Planck—Kolmogorov equation with a nonconstant diffusion matrix and a nonlocal
Lévy operator is considered.

4. STABILIZATION OF SOLUTIONS TO PARABOLIC EQUATIONS

In this section we discuss connections between Corollary 2.4 and stabilization as
t — —oo of the solution u to the Cauchy problem

Ou+ Liu=0, wu(x,0)=1(z). (4.1)

Here 1 € C(R?) and a solution is a function u € C(R? x (—o0,0]) with Sobolev
derivatives Oyu, 0,,u, 0,,0,;u belonging to LP (R?x (—o0,0]), where p > 1, and the
equation is understood in the sense of equality almost everywhere.

We need an auxiliary assertion of independent interest. Recall that we assume

conditions (Ha 1) and (Hy).
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Proposition 4.1. There ezists a family of probability measures (m;)ier on R such
that the mapping t — m; 18 continuous in the weak topology, the measure 7 has a
density o(x,t) with respect to Lebesque measure that is jointly continuous in (x,t),
and (7¢)ier 18 a solution to the Fokker—Planck—Kolmogorov equation on R More-
over,

Cy

Cy’

where Cy and Cy are the constants from condition (Hy).

sup /le V(z)m(de) < V(0) +

teR

Proof. Let (7]')i>_n be the probability solution to the Cauchy problem (1.1) with
initial condition p_,, = &y, i.e., 7}(dzx) = o(—n,0,t,x) dz. Then
Cy

V(z)o(—n,0,t,2) de < e" MV (0) + (1 — e” @) <V(0) + 1.
R4 02 02

According to [4, Corollary 6.4.3], for every ball U C R? and every bounded interval
J C R we can find a number C(U, J) > 0 and a number ng such that for all n > ny
the Holder norm of the density o(—n,0,z,t) is bounded by C(U,J). Therefore,
there exists a subsequence o(—ny,0,x,t) that converges locally uniformly on R+
to a nonnegative continuous function o(x,t)). Since

V(x)o(—n,0,t,2) dz < V(0) + ﬁ)
R4 02

for every t the function = +— p(x,t) is a probability density and

/Rd V(z)o(x,t)dx <V(0)+ %

Whenever —ny, < t; < ty, for every function ¢ € C5°(R?) we have

/ QO(I')Q(—nk,O,tQ,l') d.%'—/ 90(37>Q(—nk,0,t1,$) dx
R4

Rd
to
= / / Lip(z,t)o(—ng, 0,t, z) dx dt.
t1 R4

Letting £ — 0o, we obtain

/Rd o(z)o(x,t) dr — /Rd o(x)o(x,t) dr = /: /Rd Lop(z,t)o(x, t) dz dt.

Thus, m; = o(z,t) dz is the desired probability solution. O

Proposition 4.2. Let m; = o(z,t) dx be the probability solution on R constructed
in Proposition 4.1. For all s,y and t > s we have

501>
Cy /)’
where 3, N1 and No are the constants from Corollary 2.4 and Cy and Cs are the
constants from condition (Hy). Hence, as s — —oo, the density o(s,y,t, -) con-

verges to o( -, t) in the weighted L' space, and the probability solution constructed in
Proposition 4.1 is unique.

[ et = ol 011+ 8V (@) do < Nie™0 (24 5V(0)+ V() +
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Proof. Since (m;);>5 is a probability solution to the Cauchy problem (1.1) with initial
condition v = 7, at t = s, by Corollary 2.4 we have the estimate

/d lo(s,y. t,2) — o(z,O)|(1+ BV (2)) dz < Nye™ ™18, — 7|14 pv-.
R

It remains to observe that

s
Oy’
which completes the proof. O

10y = msllivpvy <2+ B(V(0) + V(y)) +

Our next theorem generalizes [16, Theorem 3’] and is an analogue of [20, Theorem
3.5].

Theorem 4.3. Suppose that u is a solution to the Cauchy problem (4.1) such that
for every T > 0 the functions

y (L [2) 2 la ful, (0], (L J) 7O Jul, [

a7 [y, |, (14 12]) " a”]|ug,

are majorized on R x [T, 0] from above by a function of the form Cp+CrV , where
Cr 1is a positive number. Then the equality

uly,s) = | $(@)e(s,y,0,2) de
R
holds. In addition, for all y,s the estimate

< M1+ V(y))e™

u(y,s) — » Y(x)mo(x) de

holds, where 7 1s the probability solution constructed in Proposition 4.1, the constant
N is expressed through Ny, 5, Cr, V(0), Cy, Cy, the numbers Ny and Ny are the
constants from Corollary 2.4, and the numbers Cy and Cy are the constants from
condition (Hvy). In particular, for all y the equality

lim wu(y,s) = » Y(x)mo(x) de

holds.
Proof. 1t suffices to justify the equality
uly,s) = [ d(@)e(s,y,0,2)dz,
R
because the remaining assertions will then follow from Proposition 4.2.

Let ¢ € C°(RY), 0 < ¢ <1, ¢(z) = 1if |z| <1 and C(z) = 0if |2| > 2. Set
(n(x) =((z/N). For s < 0 we have

o CN(JT)U(.’L', O)Q(Sv Y, 07 37) dx — CN(y)U(y, S)

— / /Rd (CN(x)atu(x, t) + L (Cvu) (z, t)) o(s,y,t,x) dx dt.
Due to the equality
Ly (Cnvu) (z,t) = (v () Lyu(z, t) + 2(A(z, 6) Vi (2), Vu(z, ) + u(z, t) Ly (2, t)
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we have

R CN(‘T)u<m7 0)9(‘97 Y, 07 ZE) dx — CN(y)u(yv S)

— /SO /Rd (2<A(I, HOV{n(z), Vu(z,t)) + u(z,t) Ly (x, t))g(s, Y, t, x)) dr dt.
Since

Vin(x) = N nciajconVE(2/N),  D*(y(z) = N2 Incja)<an D*¢(z/N),

taking into account our conditions on u and the estimate

/ V(z)o(s,y,t,x)de < eV (y) + @
Rd

Tl _ o Calt—s)
(1 — et

we obtain the equality

N—+o0

Jim / ’ /R (204G, VCu(w), Vsl )+ o, D Lo, ) s, .. ) ) d b = 0.

Using that (x(z) — 1 as M — oo and letting N — oo, we obtain

/ u(z,0)0(s,y,0,z)dx —u(y,s) =0,
Rd
which completes the proof. O

It would be interesting to obtain analogues of Corollaries 2.4 and 3.1 and also
Propositions 4.1 and 4.2 for solutions to nonlinear Fokker—Planck—Kolmogorov equa-
tions.

This paper is supported by Project 23-S05-16 in the framework of Interdisci-
plinary Scientific Schools of Moscow Lomonosov University. T.I. Krasovitskii is a

holder of scholarship from the Theoretical Physics and Mathematics Advancement
Foundation “BASIS”.
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