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ABSTRACT. We consider a mixed finite element method combined with the implicit Eu-
ler scheme to approximate second-order semilinear parabolic stochastic partial differential
equations (SPDEs) with additive noise. The nonlinearity is of Nemytskii type, satisfies a
one-sided Lipschitz condition, exhibits polynomial growth, and includes irregular compo-
nents. Such SPDEs serve as suitable models for various phenomena, including advection-
reaction-diffusion processes. We prove the strong convergence of the fully discrete scheme
to the mild solution, achieving convergence rate in time approximatively 1. We obtain
a convergence rate in space that depends on the spatial dimension and the order of the
polynomial growth of the nonlinearity. The analysis is challenging due to the irregularities
of the nonlinear drift function and the absence of a global Lipschitz condition. Numerical
experiments are provided to illustrate the theoretical results.
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1. INTRODUCTION

We consider a mixed finite element approximation of the following SPDE
(1) dX(t) + AX(t)dt = F(X(¢t))dt + dW (t), X(0)=X,, te(0,T],

which is defined in the Hilbert space L?(A), where A C R? (d = 1,2,3) is bounded and has
smooth boundary or is a convex polygon. The final time T" > 0 is fixed. The unbounded
linear operator A is not necessarily self-adjoint. The noise W (t) = W (z,t) is a Q-Wiener
process defined in the filtered probability space (2, F, P, {F;}icpr), where Q : H — H
is a positive linear self-adjoint operator. The filtration {F;}icpr is assumed to be normal
(see [36, Definition 2.1.11]) . The noise can be represented as follows (see e.g., [9, 36])

(2) W(x,t) = Z Vaie(x)Bi(t), te0,T], x€A,

where the ¢; and the e;, i € N? are respectively the eigenvalues and the eigenfunctions
of the covariance operator Q). In (2), (3;); are independent identically distributed (i.i.d.)
standard Brownian motions. Equations of type (1) are used to model different real world

phenomena (such as phase separation in multi-component alloy) in different fields such as
1
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biology, chemistry and physics (see e.g., [38, 13, 39]). In many situations, explicit solutions
of SPDEs are unknown, therefore numerical methods are powerful tools to provide realistic
approximations. Numerical approximation of SPDEs is therefore an active research area
and has attracted a lot of attentions since two decades (see e.g., [30, 43, 45, 25, 19, 20,
46| and the references therein). The convergence analysis of many numerical schemes in
the literature are for SPDEs with global Lipschitz drift function F. However, for many
realistic problems, the nonlinear function F' does not satisfy the global Lipschitz condition.
A typical example is the stochastic Allen-Cahn equation with cubic nonlinearity (i.e.,
Equation (1) with F(u) = v — u?®). It is well known that the standard Euler-Maruyama
method for stochastic differential equations (SDEs) with non-global Lipschitz drift diverges
(cf. [17]). For SPDEs driven by non-global Lipschitz nonlinearity, exponential integrators
and linear implicit method are proved to be divergent (cf. [2]). For such SDEs and SPDEs,
implicit schemes were proved to converge to the mild solution (cf. [31, 22|). Recently,
explicit tamed methods were proved to be efficient for such SDEs (see e.g., [18, 40]). This
taming strategy is being extended to the case of SPDEs with non-global Lipschitz drift
(see e.g., [3, 44]). Numerical approximations of SPDEs with non-global Lipschitz drift is
currently a hot topic, see e.g., |5, 4, 6] for explicit schemes and [23, 22| for implicit schemes.
However, almost all the above-mentioned references on implicit scheme for SPDEs with
non-global Lipschitz drift are restricted to the stochastic Allen-Cahn equation. In this
paper, we extend the strong convergence of the implicit Euler scheme to SPDEs with more
general nonlinearities, see Assumption 2.3. We also consider the unbounded linear operator
not to be necessarily self-adjoint.

Another interesting feature of a numerical scheme is its convergence rate. In all the above
mentioned references as well as in many Euler-type schemes for SPDEs, the optimal con-
vergence rate in time is % For instance the optimal convergence rate in [5, 4] is %, providing

that ||AzQ2 | 2o(1) < 00 (which corresponds to Assumption 2.2 with 3 = 2). Note that the
restriction of convergence rate to 1 is due to the presence of terms like || F(X (s))—F (X (¢;))]|
in the error analysis, which by the global Lipschitz condition and temporal regularity

of the mild solution can be bounded as: ||F(X(s)) — F(X(t;))] < Cls — tﬂmin(%’g),
with § as in Assumption 2.2. This therefore leads to the optimal convergence rate %
There are recent results on Euler-type methods overcoming the barrier rate % (see e.g.,
[21, 20, 43, 44, 45, 15, 37| and the references therein). The main strategy there to overcome
the barrier rate 1 consists on applying Taylor’s formula of order 2 to F/(X(s)) — F(X(¢;)).
Therefore, one needs to require the drift function F' to be twice differentiable. This excludes
many nonlinearities, such as F'(u) = #Iu\ +u—u®, u € H, which is only once differentiable.
Such approach is no longer applicable when the nonlinear drift function is only once differ-
entiable. In this paper, we prove that when F satisfies the one-sided Lipschitz condition, is
polynomially growing and is only once differentiable, the implicit Euler method converges

strongly to the mild solution with rate exceeding % More precisely, we prove that the

fully discrete scheme achieves convergence rate O(h” + h5+01_d%| In(h)|” + Ats ¢ ), where
v, & > 0 are arbitrarily small real numbers and the parameter ¢; > 0 is such that ¢; + 1 is
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the order of the polynomial growth of the nonlinearity, see Assumption 2.3. In particular,
for § = 2 we achieve a convergence rate 1 — ¢ in time. The key idea is that, instead
of applying Taylor’s formula of order 2, we only apply Taylor’s formula of order 1. The
challenge when applying only first order Taylor’s formula is that the resulting stochastic
integrals are no longer adapted to the filtration generated by the corresponding Wiener
noise. Thus the resulting process is not a martingale, and one cannot directly apply the
stochastic Fubini theorem, the Burkholder-Davis-Gundy inequality and the Itd isometry.
To handle the lack of global Lipschitz condition of the nonlinearity, we introduce appro-
priate auxiliaries processes (X" (t)); and (X" ),, (see (28) and (52)) and analyze the errors
X(t) — XMt), X"(t) — X"(t), X"(t,,) — X" and X" — X" separately (see the proofs of
Theorems 3.1 and 4.1). Additional ingredients useful to handle the lack of global Lipschitz
condition of the nonlinearity are the inverse estimate in Lemma 3.3 and the regularity
estimates in Propositions 3.1 and 2.4. These inverse and regularity estimates lead to a
rate of convergence in space depending on the spatial dimension and the growth of the
nonlinearity. We remark that for d = 1, 2, we obtain a rate of convergence in space almost
B and for d = 3 we obtain a rate of convergence in space almost 5 — 4 (see Theorem 4.1).
If the nonlinearity satisfies the global Lipschitz condition (i.e., Assumption 2.3 is fulfilled
with ¢; = 0), it follows from Theorem 4.1 that we recover the well-known convergence rates

in the literature, that is, we achieve convergence rate O(h” + h?|In(h)|” + Ats~ ).
The novelties in our result can be summarized in the following points:

e In contrast to many existing results, we consider more general nonlinearities and
do not restrict ourself to cubic nonlinearity, see Assumption 2.3 and Remark 2.2.

e To achieve converge rate in time approximately 1, we assume the nonlinearity to
be only once differentiable, while in the literature the requirement is the twice
differentiability of the nonlinearity.

The rest of this paper is organized as follows: Section 2 deals with some preliminaries
and regularity estimates of the mild solution. Section 3 deals with the finite element
approximation and the error estimate in space. In Section 4, we investigate the error
estimate of the fully discrete scheme. We end the paper in Section 5 with some numerical
experiments illustrating the theoretical result.

2. MATHEMATICAL SETTING

2.1. Notations and preliminaries. Let £ := C(A,R) be the space of continuous func-
tions on the closure of A, equipped with the norm |u||g = sup,x|u(z)|, u € E. Let
(H, (., .), |I-ID) and (U, (., ), ||-||v) be two separable Hilbert spaces. We denote by LP(2,U),
p > 2 the Banach space of all equivalence classes of p-integrable U-valued random variables.
The norm in the Sobolev space H"(A), r > 0 is denoted by ||.||,. By £(U,H), we denote
the space of bounded linear mappings from U to H endowed with the usual operator norm
|-l By Lo(U,H) == HS(U,H) we denote the space of Hilbert-Schmidt operators
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from U to H. We equip Lo(U, H) with the norm

(3) 112, w0 = > il 1€ Lo(UH),
=1

where (1;)22, is an orthonormal basis of U. We denote by £1(U, H) the space of nuclear
operators from U to H. The trace of [ € £,(U) is defined by

(4) Te(l) ==Y (I, i),

ieNd
Note that definitions (3) and (4) are independent of the orthonormal basis of U. For
simplicity, we write L(U,U) =: L(U), Lo(U,U) =: Lo(U), L1(U,U) =: L1(U) and when
U = Q32(H) we write £9 := L5(Q2 (H), H).

Proposition 2.1. (¢f. [8]) Let ,11,15 be linear operators in Hilbert spaces.
(i) Ifl € L(UH) and ly € Ly(U), then ll; € Lo(U, H) with
1l oy < Ulewanllleow)-
(11) If I, € £2(U,H) and ly € EQ(H, U), then 1yl € El(H) with

1l 2oy < ll o el 2oy

In the rest of this paper, we take H = L%(A).

From now we consider the linear operator A to be given by

d d
0 ou ou
ij=1"" J i=1 t
with D;j,¢; € L>(A). We assume that there exists a constant ¢; > 0 such that
d
> D& > aléf, ¢eRY zek
ij=1

As in [12, 13] we introduce two spaces H and V', such that H C V; the two spaces depend
on the boundary conditions and the domain of the operator A. For Dirichlet (or first-type)
boundary conditions we take

V—H=H(A) = oAy ™

For Robin (third-type) boundary condition and Neumann (second-type) boundary condi-
tion, which is a special case of Robin boundary condition, we take V = H'(A)

H={ve H*A):0v/0vs+apw =0, on IA}, ag € R,
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where 0v/0v 4 is the normal derivative of v and v is the exterior pointing normal n = (n;)
to the boundary of A, given by

d
ojovs =S ni(x)Dij(az)%, v € DA,
ij=1 J

Using Green’s formula and the boundary conditions, we obtain the following corresponding
bilinear form associated to A

d

Ou Ov L ou
a(u,v) = /A (Z Dzja—xla—xj + Zzl:q18—%v> de, wu,velV,

ij=1

for Dirichlet and Neumann boundary conditions, and

a(u )—/ i Ou Ov i da:—l—/oz vdr, u,v eV,
,U) = N = Zj8 a Q7, ] oA ou ) 3 9

for Robin boundary conditions. Using Garding’s inequality (see e.g., [39]), it holds that
there exist two constants ¢y > 0 and Ag > 0 such that

a(v,v) = Xollvlli — collvl®, veV.

By adding and substracting ¢y X dt in both sides of (1), we obtain a new linear operator still
denoted by A, and the corresponding bilinear form is also still denoted by a. Therefore,
the following coercivity property holds

(5) a(v,v) = Nollvlly, veEV.

Note that the expression of the nonlinear term F' has changed as we included the term
coX in a new nonlinear term that we still denote by F'. The coercivity property (5) implies
that A is sectorial in L?(A), i.e. there exist C; > 0, 0 € (37, m) such that

_ Gy
IAL = A) Ml nezaeay < o
where Sy :={A € C: A= pe'®, p>0, 0 < |¢| < 0} (see [16]). Then —A is the infinitesimal
generator of a bounded analytic semigroup S(t) =: e7*4 on L%(A) such that

1
S(t) = e_tA = 2_Z et’\()\f - A)_1d>\, t > 0,
™

A E Sy,

where 74 denotes a path that surrounds the spectrum of —A. The coercivity property (5)
also implies that A is a positive operator and its fractional powers are well defined for any
a >0, by

AT — / ta_le_tAdt, AY — (A—a)—l’
0
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where I'(«) is the Gamma function (see e.g., [16]). Following |28, 13, 12|, we characterize
the domain of the operator Az denoted by D(Az2), r € {1,2} with the following equivalence
of norms

D(A3) =HNH"(A), (for Dirichlet boundary conditions),
D(A) =H, D(Az)=H'(A), (for Robin boundary conditions).

r

Endowed with the norm ||Az.||, D (A%) is a Banach space, see e.g., [16]. The following
equivalence of norms holds ||v||g1(a) = ||A2v|| =: ||v]|, for any v € D(A?). The semigroup
S(t) satisfies the following properties (known as smoothing properties):

(6) |AYS ()| ey S CT7, |JATS()A% |2y S CT777 £>0, 7,0 20,
(7) AT X = Sl < O, AT = SE)A e < Ct*77, £ 20,
for0<n<a<l.

In addition, A7S(t) = S(t)A” on D(A") for any v > 0 (see e.g., [16, 11, 28]). The following
Sobolev embedding holds:

NI

(8) D(A2) — C(A,R), §> g, de{1,2,3}.

Remark 2.1. Let Ay and Ay be respectively the self-adjoint and the non-self-adjoint parts
of A. The following equivalence of norms hold (see e.g., [12, 28, 29]):

(i) ||A|| = ||ATv]|| for any v € [-1,1] and v € D(AY),

(ii) ||Azv|| ~ ||AJv]|| for any v € [-1,1] and v € D(AZ).

To ensure the existence of the unique mild solution to (1) and for the purpose of the
convergence analysis of the numerical solution, we make the following assumptions.

Assumption 2.1. The initial data is such that Xo € L*(Q, D(A%)) N L%(Q, C(A,R)), for
some [ € (max (1, g) ,2} and for all p € [1,00).
Assumption 2.2. The covariance operator Q) : H — H satisfies
B-1 1

A= Q2| ey < €
for some constant C > 0, where 8 is as in Assumption 2.1.
Assumption 2.3. The nonlinearity F' : H — H is a Nemytskii-type operator, that is,
there exists ¢ : A Xx R — R such that
9) F(u)(x)=¢(x,u(z)) YueH, zeA.

In addition, the real-valued function o satisfies:
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(i) For all z € A, p(x,.) € CY(A) and there exists Lz > 0 such that ‘%f(x, O)‘ < Ls,

where g—i 15 the partial derivative of ¢ w.r.t. the second variable.

(ii) There exists a positive constant Lo such that the following one-sided estimate holds:

(1 — 12) (p(z,91) — o(x, ) < Loy — 2> Vyr, 12 €R, x € A.

(iii) There exist constants Ly > 0 and ¢; > 0 if d € {1,2} and ¢; € (0,25) if d = 3,
such that the following polynomial growth estimate holds:

lo(x,y1) — o(z,y2)] < Lilyr — 2 (1 + [1a]™ + |12|)  Vir,12 €R, z € A

(iv) There exist positive constants Ly and co such that the following polynomial growth
estimate of the derivative of ¢ holds:

0 0 _
8_(5(937?/1) - @_(Z(x’?h) < Lolyr — w2l (1 + |y1]® + 12]?)  Vy,p2 €R, z € A

Remark 2.2. The choice of the range of the parameter c; in Assumption 2.3 is justified
in Remark 3.1 below. We observe that for d € {1,2} the nonlinearity is more general and
s not restricted to Allen-Cahn equation. For d = 3, our assumption cover the case of
Allen-Cahn equation (and even more) since € (0,20). The restriction ¢; € (0,28) for
d = 3 is only because one wishes the error estimates in Theorems 3.1 and 4.1 to converge
to 0 as h — 0. The proofs of the error estimates do not require any constraint on ¢y > 0.

We derive in the following lemmas some useful properties of the nonlinearity F'.

Lemma 2.1. [One-sided Lipschitz] Under Assumption 2.3 (ii), there exists a positive con-
stant C'r > 0 such that the nonlinearity F' satisfies

(u—v, F(u) — F(v)) < Cpllu—v||* Yu,v € H.
Proof. The proof follows easily by using Assumption 2.3 (ii). O
Using Assumption 2.3 (iii), one can easily proves the following lemma.

Lemma 2.2. [Polynomial growth estimates| Under Assumption 2.3 (iii) there exists a
constant L > 0 such that the nonlinear function F satisfies:

IFl < L+ Lijull 1+ [lulz), [[F(ulle < L+ Lijulg VueHNE,
[ (1) = Fug)|| < Lljur = ol (1 + [Jua ||z + llusllz)  Yur,us € HNE,
[1F(u) = F(u)lle < Liju = vllp (1 + [Jullg + llvllg)  Yu,0 e HNE,
where we recall that E = C(A, R).
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Lemma 2.3. Under Assumption 2.3 the nonlinear function F is Gateaux differentiable
and there exist n € (%, 1) and L > 0 such that

(10) JATTE (w)l| ey < Llull (L4 flullE) + L Yu e HNE.
In addition, there exists a constant Lz > 0 such that
(11) AT (F'(u) = F'(v) lego) < Lallu = ol (L+[Jul|g + l0[|Z)  Yu,0 € HNE.

Proof. From [14, Theorem §|, it follows that F' is Gateaux differentiable and its Gateaux
derivative is given by

(F'(u)(v)) (z) = g—i(:v,u(x))v(x) Ve € A, u,v € H.

Using the triangle inequality, Assumption 2.3 and Cauchy-Schwarz’s inequality, we obtain

| F" (u)v]| prar) = /|F' |dx—/‘ (z,u(z))v(z)

_A‘Qf@WWD—5§x®)() (1% (.00t
SO/MﬂM+MM%MMM+CAM@W

dx

dr + dz

1
<0 ([ WP+ fu@P)de) ol + el
< Cllull (X + lullZ) ol + ol
Using Hélder’s inequality and the embedding D(A°%) < L*=(A,R) for § > 4, we obtain

AT F (wpv|| = sup [(A7"F (w)v,w)| = sup |[(F'(u)v, (A")"w)]

[wl<1 lwll<1

< F'(w)olloram) Sup, ICA™) ™" w]l ow (a. )

wl|<

< Ol Jull)llol + Jlolly sup [A7(AT) ™l

[[wll<
Using [42, Lemma 3.1, it follows from the preceding estimate that
JATTF (wp[| < Cllull (1 + lull@) vl + (o]
Using the definition of the operator norm and the preceding estimate, it follows that

|ATF (u)|| 220y = ”31”151 |ATF (w)o]| < Cllul|(1+ [|u]|2) + C

This proves (10). The proof of (11) goes follows the same steps as those of (10). O



IMPLICIT SCHEME FOR SEMILINEAR SPDEs WITH NON-GLOBAL LIPSCHITZ DRIFT 9

2.2. Existence and regularity. We introduce the following stochastic convolution

Wu(t) = /Ot e~ DWW (), te[0,T).

Proposition 2.2. Let Assumption 2.2 be fulfilled. Then for any p > 2, Wy satisfies

E

wpwmm430<m.
]

tel0,T
Proof. Using the Sobolev embedding (8), the Doob’s martingale inequality (cf. [35, Theo-

rem 3.9]), the Burkholder-Davis-Gundy inequality (cf. [35, Theorem 4.36]), the smoothing
properties of the semigroup (6) and Assumption 2.2, we obtain

E

sup HWA(??)II%] < CE

te[0,7)

mwﬂmwwdsmmﬂﬁwmw
]

te[0,T
T P
/ ATt T=9)Aq17(s) }
P
2 2
ds)
Lo(H)

0
T
C (/ A%Jré‘ef(Tfs)AQ%
0
T d 1-8 g-1 1|2
(/ ATHAT e T=94 45 (2
0
T d+2—28 2 B—1 __1]|2
U e N T
0 L(H)
T . L 5
<C (/ (T — s)m‘n(o’_lw_?_?)ds) <,
0

for any arbitrarily small £ > 0, where at the last step we used the fact that 5 >

<cE|

IN

IN
Q

NS

IN
Q

d+¢
e

Proposition 2.3. Let Assumptions 2.1, 2.3 and 2.2 be fulfilled. Then the SPDE (1) has
a unique mild solution X, satisfying P-a.s.

(12) X(t) =S(t) Xy + /t S(t—s)F(X(s))ds + /t S(t—s)dW(s), te]l0,T].
Moreover, X € C ([0,T],C(A,R)) P-a.s. and X € L (Q;C ([0,T],C(A,R))) Vp > 2.

Proof. The proof is an application of [9, Theorem 7.14] with £ = C(A,R). One can readily
check that the requirements of [9, Theorem 7.14| are fulfilled. Indeed, from Section 2.1, — A
generates an analytic semigroup on H = L*(A). From [9, Appendix A.5.2], we know that

— A generates a strongly continuous semigroup on C(A,R). Since d < 3, it follows from [7,
Remark 6.1.1 (2)] that [7, Hypothesis 6.1] is fulfilled. Note that from (5) it follows that
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—A is dissipative, see also |7, (6.1.2)]. The operator —A + F' is then dissipative. Hence
[9, Hypothesis 7.7] is fulfilled. Finally applying [9, Theorem 7.14| proves the existence
of the unique mild solution X to (1), with X € C([0,T],C(A,R)) P-a.s. The fact that
X € L? (€ ([0,T],C(A,R))) follows therefore immediately. O

Lemma 2.4. The following sharp stability estimates of the semigroup hold*
(i) Let 0 < p < 1. Then the following estimate holds

t2
/ ‘|A§S(t2 — 7“)H%(H)dr S C(tg — tl)l_p, 0 S tl S tg S T.

t1

(ii) Let 0 < p <1 and u € H. The following estimate holds

to
HA’)/ S(te — r)udr
t1

< Cty—t1) " Plull, 0<t <ty <T.

Proof. The proof of (i) for self-adjoint operator can be found in |26, Lemma 3.2 (iii)|]. The
proof in the case of non self-adjoint operator can be found in [33, Lemma 2.1, (16)]. The
proof of (ii) can be found in |26, Lemma 3.2 (iv)]. O

Proposition 2.4. [Regularity of the mild solution| For any p > 1, there exists a constant
C =C(p,T,Xq) >0 such that the following space reqularity estimates hold

s
(13) I X2 e@ry <O X Ol <O, [[A2X (@) |12 @) < C.
In addition | F(X(t))| z2r,2) < C and for any v € [0,1], the following estimate holds
(14) 1X(0) = X()llpao iy < Ct =)™ (2F), 0<s<t<T.

Proof. The estimate || X ()|l 2@ c@p)y < C follows from Proposition 2.3. Since A is
bounded, using the embedding C(A, R) < # = L*(A) and the estimate || X ()| ;20 c(x 7)) <
C' (cf. Proposition 2.3), it follows that

(15) I X ()20 < C VEE€[0,T].
Using Lemma 2.2, the estimate || X ()| 20 c@ry < C and (15), we obtain

(16)  IFCXO) o < CIX @l (141X O e qony ) < C-

It remains now to prove ||A§X(t)||L2P(Q7’H) < C and (14). To this end, we use a cir-

cular argument, which consists of proving HAgX )]l r2em) < C for B € (£,2), prov-
ing (14) and using the later to prove ||[AX(t)| 2@ < C. We start with the proof of

Lemma 2.4 still holds if A and S are replaced by their discrete versions Ay, and S}, respectively; defined
in Section 4.
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HAgX(t)Hsz(Q,H) < C for B € (£,2). From the mild solution (12), it follows that

t
B B B
LARX () v < [1SE)AS Xollomarg + H [ Akt = s pex s
0

L2P(Q,H)

t
0 L2P(Q,H)
Using Assumption 2.1, it follows that
8
(18) L < ISzl A= Xoll2r@m) <

C.
Using (16) and the smoothing properties of the semigroup (cf. (6)), we obtain

t t
(19) L<C / |A%5(t = 8) el (X ()l 2o pds < C / (t—s)"2ds < C.
0 0

Using the Burkholder-Davis-Gundy inequality (cf. [35, Theorem 4.37]), Assumption 2.2
and Lemma 2.4 (i), it holds that

t B8 1 %
I < ( [ st - 45! ||%2p(n,c2(7{))d5)
t 1 B—1 1 %
(20) < ( / ||A2S(t—8)lli(mHA2Q2|1%2<H>d8>

¢ 3
<C (/ |A2S(t — s)||§(H)ds) <C.
0

Substituting (20), (19) and (18) into (17) yields ||A§X(t)||L2p(Q7’H) < Cfor B € (£,2).

Let us now prove (14). We start by proving it for 5 € (g, 2). Using the mild representation
(12) and the triangle inequality, it follows that

1X(#) = X ()l 2w,y = 15t = 5) = DX ()] 202307

/ S(t—o)F(X(0))do

‘

L2p(Q,HY)

=. IIl -+ IIQ -+ IIg

(21) + ’
L2p(Q,HY

/S t S(t — o)dW (o)

B—=vy

Ct—s) 2.
), it holds that

)
Using the smoothing properties of the semigroup ((6)-(7)) and (13) for 3 € (£,2), yields
ol _8 B
I < [[A2 (S(t = 5) =) A7 |l [ A2 X (5) | L2r @) <

Using the smoothing properties of the semigroup (cf. (6)) and (16

t t
(22) < / 1AZ5(t — o) F(X(0) | 2w do < O/ (t—s)"Fds < Ot — )\ 2.
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Using the Burkholder-Davis-Gundy inequality (cf. [35, Theorem 4.37]), Assumption 2.2
and Lemma 2.4 (i), we obtain

t 1 %
I, < ( / |AZS(t — o—)Q2H%zp(Q,c2<H>>d0)

L s f=1 1 2 min(1 =3
(23) < (/ A S(t_U)H%(H)”A 2 QZH%Q(H)CZJ) < C(t—s) (z.37).

Substituting (23), (22) and (21) into (21) completes the proof of (14) for 8 € (£,2).

Now we prove ||AX ()| r2r,2) < C. From the mild representation (12), we have

AX(t) = S(t)AX, + / t AS(t — s)F(X(t))ds + / t AS(t — ) (F(X(s) — F(X(¢))ds

(24) + /t AS(t — s)dW (s).

Taking the norm in both sides of (24) and using Assumption 2.1, Lemma 2.4 (ii) and the
smoothing properties of the semi-group (cf. (6)), yields

t
LAX ()@ < [SE) AXoll s + H [ asti—srcenas
0

L2r(Q,H)

n / JAS(t — )i | FCX () — FCX) |y ds

+

¢
/ AS(t — s)dW(s)
0 L2P(QH)

< CY|AXo|| p2r @30 + CF (X (1)) L2r (2,70

(25) +C [ (6= X0 = X luviads + | [ A5 - 9w ()

L2r(Q,H)

Using the Burkholder-Davis-Gundy inequality (cf. [35, Theorem 4.37]), Assumption 2.2
and Lemma 2.4 (i), we obtain

1
t 2
(26) s( / r|A2s<t—s>r|%<muA2@2u%2<mds) <c

Substituting (26) into (25) and using (14) with f =2 and v = 1, yields

1
2

t t
/O AS(t — S)dW(S) S </0‘ HAS(t — S)Q§ H%2P(Q,£2(’H))d8>

L2P(Q,H)

|AX(t)]| < C + C’/t(t —s) 7t — s)%ds <C.
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This completes the proof of the last estimate of (13) for § = 2. Since we have proved

|AX(t)] 22,2y < C, the proof of (14) for § = 2 goes along the same lines as those in the

case 3 € [0,2). This ends the proof of the lemma. O
3. FINITE ELEMENT APPROXIMATION

We now perform the space approximation of the SPDE (1). We start by splitting the
domain A in finite triangles. Let T, be a triangulation with maximal length h. Let V}, C V
be the space of continuous functions that are piecewise linear over the triangulation 7.
We define the projection Py, : L*(A) — V}, and the discrete operator Ay : Vi, — Vj, by

<Phu7 X) = <U, X>a X € Vha u € Ha and <Ah¢7 X> - a(¢a X)7 Qb, X € Vh-

The discrete operator — Ay, is also a generator of an analytic semigroup S, (t) =: e~*4» on
L*(A) (cf. [28]). The semi-discrete version of (1) is: find X"(t) € V}, such that

(27)  dX"M(t) + A X" (t)dt = P, F(X"(t))dt + P,dW (t), X"(0) = P,X,, t € (0,T).

Note that S, (t) and P, F satisfy the same properties as S(t) and F' respectively, therefore
as in Proposition 2.3, it is easy to check that the semi-discrete problem (27) has a unique
mild solution X”(¢) in V;, NC(A,R), given by X"(0) = P, X, and for all t € (0, 7]

X"(t) = Sp(t)X"(0) + /t Syt — 8) P F(X"(s))ds + /t Sp(t — s)PrdW(s) P-a.s.
Let us introduce the followir(l)g semi-discrete auxiliary procoess
(28) X"(t) := Sp(t) P Xy + /t St — 8)PyF (X (s))ds + Wa, (1), te][0,T],
where the semi-discrete stochastico convolution Wy, (¢) is given by

(29) W (£) = /O CSu(t— )P (s), te[0.T].

The proof of the following lemma can be found in [34, Lemma 11].

Lemma 3.1. Under Assumption 2.2, there exists C' > 0, independent of h such that
1 1
1A, PrQ7 |l cop0) < C.

We prove in Lemma 3.4 below some regularity estimates of the semi-discrete convolution
W, (t). In particular we prove an estimate of |[Wa, (t)| r(q:zoc(a))- Note that the approach
of Proposition 2.2 cannot be used here, since the estimate

1
A A Pyl zony < C, 5 <a <1

is not true, because of Vj, ¢ D(A*). Therefore we need a difference appraoch. The approach
used here is based on the inverse estimates in Lemmas 3.2 and 3.3 below. The proof of the
inverse estimate in Lemma 3.2 below can be found in |1, Lemma 3.5]|.
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Lemma 3.2. Let 1 <r < o0, 1< p<o0. Then it holds that

”Uh“[,p(A) < Chmin{o’d(r_p)/(pr)} ||Uh||Lr(A), v € V).
The following lemma (which is a slight modification of [1, Remark 3.8]) will be useful.

Lemma 3.3. For any ¢ > 0 the following inverse estimate holds

[vnlleay < Ch'"2| In(h)

1
c

Uh”le?(A) V’Uh € Vh,

where C' > 0 s independent of h and c.

Proof. The proof goes along the same lines as those of [1, Remark 3.8]. For the sake of
completness we provide some details. Using Lemma 3.2 with p = oo, it follows that

_d
HUhHLOO(A) < Ch TH'UhHLT(A)y Vr € [1,00], vy, € V).

Using the Sobolev estimate |[u||zr(a) < Crljullwra for 1 < ¢ < dand r = dquq, we obtain
_d
thHLoo(A) < crh™r thHWI«q(A)a vp, € Vh.
Noting that for r = dquq we have —C;l =1- %l. It follows from the preceding estimate that
_d
(30) ||Uh||L°°(A) S OThl q ||’Uh|lwl,q(A), Up, - Vh.

Taking ¢ = d — |In(h) —¢, one can easily check that 1 < ¢ < d and for h small enough we
have ¢ < 2. This implies that 1 —¢ <1—¢ and W"?(A) — W"4(A). One also proves that

1) 7= = daf ) -4

where at the last step we used the fact that d € {1, 2, 3}.

1 1
c c

= (& = d|In(h)|”)|In(h)|* < d®|In(h)|* < 9|In(h)|:

Y

Substituting (31) into (30) and using the embedding W2(A) — Wh(A), it follows that
1

lonllzo=(a) < Ch'~%|In(h)
which ends the proof. U

vnllwizy, vk € Vi,

In the next lemma, we provide regularity estimates of the stochastic convolution Wy, (t).

Lemma 3.4. Let Assumptions 2.3 and 2.2 hold. Let t € [0,T], p> 1 and ¢ > 0. Then
_d 1
IWar Ol 2@y < C IWa, (Dllr@iz=ay < Ch 2 In(h)[<,
a1 1
IWa,, ()l < 0 IFWa,, ()l p2n(py < €+ CRO™ = [ In()]

where C' is a positive constant independent of h, t and ¢ and Wy, (t) is given by (29).
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Proof. Note that the following equivalence of norms holds (see e.g., [28, (2.3)])

1
(32) [Apvll = flvlls - Vv € Vi
Using (32), the BDG inequality (cf. [35, Theorem 4.37]), Lemmas 3.1 and 2.4 (i), we obtain

' 2
IWan (Dl 2o @311y < NAZWa, (D)l z2r @30 < (/ JAZ Sa(t — ) P2 [Zas(e om0y ls )

2

' 5 2 & 1112
< ; [AL2 St — )z l4n® Pr@2(z,¢0)ds

t o ,p 3
Using the embedding H' < H and the preceding estimate, it follows that
[Wa,, (Ol z2v@p) < ClUIWa, (Ol 2050y < € L €[0,T].
Using Lemma 3.4 and the preceding estimate, we obtain for any ¢ € [0, 7]
_d 1
IWan @)@z < CR2 () [£]Woa, (1) | n@z20ay) < CR'2[In(R)] <.
Using Lemma 2.2, Holder’s inequality and the preceding estimates, it follows that
[EWa, ()llr@r < C+ ClIWa, ()l e + ClIWa, ()l 2r @20 W, (O] Faver (oo ()
< O+ ChO~F | In(h)|* < €+ Cho=F |In(h)|T  Vt € [0,T).
O
The following proposition provides regularity of the auxiliary process X" (t) (cf. (28)).

Proposition 3.1. For any p > 1 and ¢ > 0, there ezists C = C(p, T, Xo) > 0 such that
IX" Ol vy < 01X Ol zrgs=amy < OB 2 (h)|,
IX" Ol < Co IFEX W)l < €+ Ch=F n(m)|?
for allt € [0,T). Moreover, for any v € [0,1], the following reqularity estimate holds
(33) IX*(t) = X4(65)l| vy < Ol = 5™, 1,5 € [0,7].

Proof. Using the equivalence of norms (32) and the triangle inequality, it follows that
IX* (Ol vy < NAR X" Ol z2n0
1 by
(34) < [|AR Sn(t) PaXol| L2v (e, +/ AR Sn(t = s)F (X (5)l| L2020 ds
0

1
+ | A Wa, ()| 220 (.20)-
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Using [34, Lemma 1|, Assumption 2.1 and the boundedness of S, (t) in L£(H), we obtain

1 1 1
1A Sh (@) PruXoll2r@20) < [[h ()AL PruXoll2e020) < CISK(E) || 2 [[AZ Xoll L2y < C-
Using the smoothing property of the semigroup (6) and Proposition 2.4, we obtain

t 1 t
/ | Ap Skt — s)F(X(5))] L2r(,20)ds < C/ (t— s)’%ds < C.
0 0
Using the equivalence of norms (32) and Lemma 3.1, it follows that
1
[ARWa, ()l 2p@0) < ClIWa, ()l p2r @701y < C-

Substituting the preceding estimates into (34) yields ||)A(/h(t)||L2p(Q,7;[1) < C. Using the
embedding H* < H and the preceding estimate, it follows that ||)A(i ") z2e ) < C.

Using Lemma 3.4 and the preceding estimates, it follows that
1X* () lz2n@zm ) < CR 2 ()| | X (1) v gy < OB~ 2| In(h) .
Using Lemma 2.2, Holder’s inequality and the preceding estimates, it follows that
HF()N(h(t))HL?P(Q,H) <C+ CH)?h(t)HL%(Q,H) + O||)?h(7f)\|L4P(Q,H)||)~(h( )||L41m1 Q.15 (A))
< O+ Cho=F | In(h)| 2.

Using the mild representation and the triangle inequality, it follows that

/Sht—aPh (X (0))do

X" (1) = X" ()l g2y <

L2P(Q,HY)

=: [II; + III,.

(35) + ‘
L2P(Q,H7)

/ S(t — o)dW (o)

S

Using the smoothing property of the semigroup (6) and the estimate (16), it holds that

t t
(36) I < / |AZ S)(t — 0) PuF (X (0)) || 2wy do < C/ (t—s)"2ds < C(t —s)'"3.

Using the Burkholder-Davis-Gundy inequality (cf. [35, Theorem 4.37]), Lemma 3.1 and
the smoothing property of the semigroup (6), yields

111, < (/ |AZS,(t — o) P,Q? [y da)

71+;7ﬁ 2 % 19 % min(l 7)
(37) HSh (t=0)A, * zapllAn® PuQzlz,apdo ) < C(t =)™ 22
Substituting ( 37 and (36) into (35) completes the proof of (33). O

The following lemma provides error estimate for the approximation of the semigroup.
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Lemma 3.5.

(i) For any r € [0,2] and o € [0,7], it holds that

(r—

“olla, veD(4%), t>0,

| (S(t) — Sp(t)Py)v|| < Ch't~

(ii) For any 0 <~ <2, it holds that

t 3 i
(/ Il (S(t) — Sh(t)Pr) v||2ds> < Ch'||vlly=1, veE D(A%), t > 0.
0

(iii) Let 0 < p < 1. Then it holds that

t
/ (S(t) — Su(t)Py) vds|| < CR* o]y v ED(AP), t>0.
0

17

Proof. The proof of (i)-(ii) can be found in [42, Lemma 6.1]. The proof of (iii) can be found

in [41, Lemma 3.2 (iv)].

g

Theorem 3.1. [Space error| Let X (t) and X"(t) be solution of (1) and (27) respectively.

Let Assumptions 2.1, 2.3 and 2.2 be fulfilled. Then for any p > 1, it holds that
I X(t) — Xh(t)||L2p(Q7’H) <C <hﬁ + hf8+cl_d%| ln(h)|”> , te€l0,7T],

where v > 0 s any arbitrarily positive real number, small enough.

Proof. Using the triangle inequality, we split the error as follows

(33)  IIX(6) = X (Ol zvozn) < X (E) = X (@)l zzvaz + 1X" () = X ()| 20220

Subtracting (28) from (12) and using the triangle inequality, it holds that

1X (1) = X (Ol 20030 < 1(S() = Su(t)Pa) Xoll 2nr0

+ ‘ / (S(t—s) — Sp(t —s)P,) F(X(s))ds
0 L2p(QH)
. ‘ / (S(t — 5) — Su(t — 5)P) AW (s)
0 L2P(Q,H)
(39) = IV1 + IV2 + Iv3-

Using Lemma 3.5 (i) with r = o« = 8 and Assumption 2.1, yields

(40) IV, < ChP||A% Xo|| 12y < CHE.
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Using the triangle inequality, we split IV, as follows

IVy < ‘ /0 (S(t = 5) = Su(t — s)Pu) [F(X(s)) = F(X(1))] ds

L2r(Q,H)
(41) + = IV21 + IVQQ.

/ (S(t — 8) — Sa(t — 5)P) F(X(1))ds
0 L2P(Q,H)

Using Lemma 3.5 (i) with » =  and v = 0, the triangle inequality, Lemma 2.2 and
Proposition 2.4, we obtain

ngcwlﬁwwr%Fu@»—mxwmmmm@

<cw [ {(e=s X0 - XOlan
(1) X (L4 IX O 5er )+ 1K) [ .) }

t
< Chﬂ/ (t—s)"2T2ds < CRP.
0

Using Lemma 3.5 (iii) with p = 0 and estimate (16), yields
(43) Vo, < CRP||F(X (1)) ||l p2v 030 < CR®.
Substituting (43) and (42) into (41), we obtain
(44) IV, < Ch°.
Using the Burkhoélder-Davis-Gundy inequality (cf. [35, Theorem 4.37]), Lemma 3.5 (ii)
and Assumption 2.2, we obtain
t ) 1/2

Vi < ([ IS0 =9) = 5u(t = 9 PIQ i)
(45) < CW| AT Q|| ey < CHP.
Substituting (45), (44) and (40) into (39), yields
(46) 1X(t) = R2(8)loay < Ch® it € 0,7

Let us introduce the followmg error representation &"(t) := X" (t) — X"(t), where X"(t) is
given by (28). Obviously ¢"(t) is differentiable with repect to time and satisfies

L) + 42 (1) = P (FX(0) - FX'0)), te (0,7, &(0)=0.

(47) 0
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Testing (47) with ¢"(¢), using Lemma 2.1 and Cauchy-Schwarz’s inequality, yields
1%”6 (s)[I> + (Ane"(s),€"(s))

= (F(X"(5)) = F(X"(s)),8(s) ) + (F(X(s)) = F(X"(s)),8"(s))
(48) < Clle"(s)|I* + CIIF(X(s)) — F(Xh(S))ll 1" (s)]

< Ol (9)|* + CIF(X(s)) = F(X"(s)]
Using the coercivity estimate (5) and the fact that €"(s) € V;, yields

Mol ()17 < a (€"(s),€"(s)) = (Ane"(s). " (s)).

Substituting the preceding estimate into (48), we obtain

1d
2ds

Integrating the preceding estimate over [0, ¢], yields

ISP + Aolle" ()1 < Cl" ()P + CIF(X () = F(X"(s))]I*.

(49) [ < C/O II?B*‘(S)IIQCLHC/0 |IF(X(s)) = F(X"(s))|ds.

Taking the LP(€), H)-norm in (49), using Holder’s inequality, Proposition 2.4, the estimate
(46) and Proposition 3.1 with ¢ = = for an arbitrarily small v > 0, we obtain

1" () Z2e (0,30

t t _
SCAWﬁﬂ@mm®+0AHﬂX®%J%W®M%@m%
t
sc/nwmeﬂw
+C/HX R4 Bawag (11X er g+ 1K) ) s
P L3¢1(Q,E) L3P¢1(Q,E)
<c / 12 (5) 2 eipeyds + CH2P 267008 In(h) 2
0

Applying Gronwall’s lemma to the preceding estimate and taking the square root, yields
de
18" () || 2020 < CRPT 72" [ In(R)|".

Substituting the preceding estimate and (46) into (38) ends the proof. O

Below, we discuss the range of the parameter ¢; necessary for the semi-discrete approxima-
tion X"(t) converges to X (¢). This justifies the requirements on ¢; in Assumption 2.3.
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Remark 3.1. In order to have convergence to 0 of the upper bound of the error estimate
dc
in Theorem 3.1, one can require h®T~=2 " — 0 as h — 0, since }llin%) hlIn(h)| = 0. It is
—

therefore enough to require 8+ c¢; — % —v>0.

(i) Ford e {1,2}, B+c1— % —v > 0 holds for all¢; >0 and 0 < v < 1, since 8 > 1.

(ii) Ford=3,5+61—%—V>Oholdsfo7"allv>0and0<cl<25—y. The

restriction on ¢y in Assumption 2.3 for d = 3 is only due to the fact one whishes
the error estimate in Theorem 3.1 to converges to 0 as h — 0.

Remark 3.2. We observe from Theorem 3.1 that the rate of convergence depends on the
polynomial growth of the nonlinearity. For d = 1,2, since ¢; — gcl > 0, the rate of

convergence in space is O (hﬁ + hP| ln(h)\”), which is independent of the growth ¢, and is

almost 8. For d = 3, a reduction of the order of convergence occurs. In particular, we
1

obtain convergence rate O <h6_7|ln(h)|”

wn space. In the case of Lipschitz nonlinearity

(i.e., Assumption 2.3 with c; = 0) it follows from Theorem 3.1 that the rate of convergence
in space is O(hP + hP|In(h)|") for d € {1,2,3}, which is in agreement with existing results
in the literature.

4. FULLY DISCRETE SCHEME AND MAIN RESULT

Let t,, = mAt € [0,T], where At = T/M and M € N. Applying the backward Euler
method to (27) yields the following fully discrete scheme

XﬁLH = Spac X + AtShAtPhF(X?’?‘ZH) + SpatPh AWy, m=0,1,--- M —1,

where AW,,, and Sj, A; are given respectively by
AW, =W (tm1) — Wi(t,) and  Spa = (I+ AtA,)"L
The fully discrete scheme (50) can be equivalently written as
(51)  (Xps on) + AUARX @) = (X1, on) + AUPLF(X)), on) + (PhAW_1, )
forall o € Vyand m=1,---, M.

In the next lemma, we prove the solvability and the measurability of the scheme (51).

Lemma 4.1. Let the step-size be such that At < C—lF (where Cr > 0 is the constant in

Lemma 2.1). Then the numerical scheme (51) has a unique solution {X"}M_, in V.
Furthermore, the Vi-valued random variable X} is F, -measurable, form =1,--- M.

Proof. We use an induction argument. We assume that for X = P, X, € LP(Q, Fo,P; H)
there exist Vj-valued random variables {X"}" " that satisfy (51) and that X! are F, -
measurable for j = 1,--- ;m — 1. We aim to prove the existence of an F; -measurable
random variable X satisfying (51).
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For each w € ) the scheme (51) defines a canonical mapping h,, : Vj, — V}, for which it
holds h,, (X" (w)) = 0. Consequently for each U € V}, we write
1

b, (U) : Al

— 1 (
At
Using Cauchy-Schwarz’s inequality, it follows that

(X1 (@), U) = = [IX5 5 (@)[[IU] and — (AW, (w), U) = AWt (w)[[[|U])-

U— X" (w) + AU — BF(U) AWt (w).

Using the coercivity estimate (5), Lemma 2.1 and the preceding estimates, we obtain
1
(ho(U),0) 2 U (1 = CoA) U] = 1 Xy @) = [AWma(@)]1} -
Let R, be a real number such that
(1 = CrAR, — [ Xp 1 (@) = [AWp 1 (@)]-

Choosing U € V}, such that |[U]| = Ry, it follows from above that (h,(U),U) > 0.
Consequently, applying [10, Lemma 3.1|, it follows that for each w € € there exists an
Vi,-valued random variable X" (w) satisfying (51).

To show the uniqueness, we consider U, U € Vj,, such that h,(U) = h,(U) = 0. Then

0= hy(U) — hy(T) = Ait(U _ ) 4+ AU — ) — (PP (U) — PuF (D).
Testing the preceding estimate with U — U, using (5) and Lemma 2.1, we obtain

0= (ho(U) ~ b (D), U = ) > (1 — Cpad) U ~ T

For At < CLF, it follows that || — U||2 < 0, which yields the uniqueness.
Finally, the F;, -measurability of X" follows by applying [10, Lemma 3.2|. O
In the rest of this paper, C is a positive constant independent of h, m, M and At; that
may change from one place to another.
We state in the next theorem the convergence of the fully discrete scheme.

Theorem 4.1. Let X be the mild solution of (1) and X" be the numerical solution defined
in (50). Let Assumptions 2.1, 2.8 and 2.2 be fulfilled. Let At < C—IF (where Cp > 0 is the

constant in Lemma 2.1). Then for any p > 1 the following error estimate holds
1 X (tm) — X} || L2n0) < C <h5 + hﬁ+cl—d%| In(h)|” + At§_5> . m=0,1,---, M.

where ¢, 1s as in Assumption 2.3, (B is as in Assumption 2.1, v,& > 0 are arbitrarily small
real numbers and the constant C' is independent of m, M, h, At, v and §.
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Proof. As in the semi-discrete case, we introduce the following intermediate process

(52) XM~ XM+ AtALXE = AP F(X (tn)) + PAAW,,, X! = P,X,.
Using the triangle inequality we split the error as follows
(53) 1X (tm) = Xtz < 11X (tn) = Xhll2eio0) + 11X0 = Xl 20000

The numerical scheme (52) can be written in the following equivalent form

Iterating the precedlng numerical solutlon, yields

m—1

= SpacbnXo + At Z Spal Pl (X (tj41)) + Wi .

7=0
[terating the numerical scheme (50), yields

m—1

= SpacbrnXo + At Z Spat P W F (X 0) + WL

7=0

Subtracting the two preceding identities, taking the L* (), H)-norm, we obtain

1 X (tm) — X2 Nl 220 (0,20)
< | (S(tm) — Sp'acPr) Xollr2r 0,30

m—1

(54) > / ‘”1 (St — $)F(X(5)) — SI5I P F(X (t51))] ds

J=0

L2pP(Q,H)

mol i .
S [ St =9 = ssin) awe

j=0

L2P(Q,H)
= Jl + JQ + J3.

Using Lemma 3.5 (i) with r = a = 3, [41, Lemma 3.3 (iv)| and Assumption 2.1, yields
Ji < (1(S(tm) = Sultm) Pa) Xollzzrizo) + | (Su(tm) — SiarPn) Xoll zanm)
(55) <C (hﬁ + Atg) .

In order to estimate Jo, we use the triangle inequality to decompose it as follows:

1|3 [ (= 9 (PO~ FOX(100))
7=0 't L29(Q,H)
0 S [ S - S | et

L2P(Q,H)
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Let us start by estimating Jos. Using the triangle inequality, we split Joo as follows

mol et
T < (1D / (S(tm — 5) = Sh(tm — 8)Py) F(X (t;41))ds
=07t L2 (Q,H)
m—1 tit1 )
#3 [ NSt~ 5) = STEDAF X () oo ds
j=0 1

1 2
(57) = Jg2) + JgQ)'
Using [41, Lemma 3.3 (ii)], the estimates (16) and At ) tj_H“ < C, for a > 0, we obtain

j=1
) m—1 it m—1

(58) 15 <oA=ty / b I PLE(X (t41)) | v ds < CALRE ST 1 10 < oA,

j=0 7t 5=0
Using the triangle inequality we split J 512) as follows

1 m—l ety
W< / (S(bm — 5) — Su(tm — 5)Py) F(X (t))ds
j=0 71 L20(Q,H)
mol et
59 X [ ISt = 9) = Sultn = 9P (FX (1) = O b))y
j=0 7t

Using Lemma 3.5 (iii) with p = 0 and the estimate (16), it follows that
(60) = <Ch
L2P(Q,H)

/0 (St = 5) = St — ) P) F(X(t))ds

Using Lemma 3.5 (i) with » = 2, @ = 0 and Proposition 2.4, it holds that

m=2 i
) <on?y” / (tm = 8) N E (X (tj41) = F(X (tm)ll 200,30 ds
j=0 1

m=2 i
(61) <Oy / (tm — 8) X (t541) — X (t) | w200 ds
=0 7t
m—2 tit1 51
< Ch? / (tm — tjo1) "t — tj11) 2 ds
j=0 7t
2

m— ti+1 B
< Ch? / (tm — t;41) 772 ds < CH2.
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Substituting (61) and (60) into (59) yields

(62) I < cn.
Substituting (62) and (58) into (57) yields
(63) Joa < C (R* 4+ A7)

To estimate Jo;, we first use Taylor’s formula in Banach space. This gives
F(X(s)) = F(X(tj41))
60 = ([ PO A - X)) (6) - X))
Let s € [t;,tj4+1]. The mild solution X(¢;41) can be written as follows
) Xty =S = 9X6)+ [ St~ P KNdo+ [ S(ty01 - i o),
Substituting (65) into (64) yields
F(X(s)) = F(X(t41)) = =Tij00s (S(tj42 — 8) = 1) X(s)

]+1
T, / (ty1 — o) F(X(0))do

y+1
(00 A L )
where the remainder Z;, , is given by
1
67 T, ::/ F (X (h) + A (X(5) = X(b))d\, ke {01, M—1}.
0

Using Lemma 2.3 and Proposition 2.4 one can easily check that for any p > 1
(68) ||Itk,s||L2p(Q,'H) S Cu ke {07 e 7M - 1}7 ERS [tkytk+l]~
Substituting (66) into the expression of Jo; in (56) and using the triangle inequality, yields

ml ety
T < (1D / S(tm — 8)L1, s (S(tjp1 — 8) — 1) X (5)

j=0 "% L2P(Q,H)

mol et tit1
(69) + / Sty — s)ZtHhs/ S(tjz1 —o)F(X(o))dods

=0 7% i L2P(Q,H)
m—l et Lit1

S T St - T / S(tsr — 0)dW (0)ds
j=0 "'t 3 L22(Q,H)

(
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Using the smoothing properties of the semigroup (cf. (6)), (68) and Proposition 2.4, yields

oy R B B
Iy < / 1S (tm — 8) T4, o1 sl e 1 (S (tj41 — 5) — D) A2 AZX(8) || 20 (0.
t

j=0 Yt

[l 8 8
(70)  <C ,/‘ 1511 = 8) = DA™= | A2 X (5) || L2v (20 ds

J=0 "%

sl ayias 5 5
S C / (tj+1 - 3)5d3 S CAtz.

j=0 Yt

Using the smoothing properties of the semi-group (cf. (6)), (68) and (16), we obtain

j+1 j+1
(2) < Z / / 1S (tm — $)T4, 0,55 (tj1 — U)F(X(a))”LQp(Q’H) dods

ti+1
(71) < C’ / (tj41 — s)ds < CAt.
tj

j=0

Using the triangle inequality, we split J g?i) as follows

J+1 tit1
(3) S Z / It]+1, tit1 / S(tj+1 — O')dW(O')dS
® L2 (Q,H)
m—1 . ti1
—%}j/ St — ) (o1 zmmﬂx/ S(t; 11 — o)W (0)ds
j=0 Yt 5 L2 (Q,H)

(72) = J5Y + 352,
Let us start with the estimate of Jé?f). Using triangle and Holder’s inequalities, yields

32
1352 e (220

m—1 tit1 tit1

<> / <S(tm —8) (Tt 0 — Tijartyen) / S(tjs1 — r)dW(r)> ds
j=1 |7t s L2p(Q,H)
ml i tj+1

< / S(tm - 3) (Itj+1,8 - Itj+1,tj+1) / S(tj-H - 7'>dW(T> ds
j=1 "1 s L2P(Q,H)

m—1 ti+1 ) 2 ti+1 tj+1 2 2
< / 1%ds / S(tm — s) (Itjﬂ,s —Itj+1,tj+1) / S(tjr1 —r)dW(r) ds
j=1 t; t; s LQP(Q,H)
,ml L1 L1 2 2
S CAt§ Z / / S(tm - S) (Itj+175 - Ij—f—l,j—i—l) S(t]’+1 - T‘)ClW(T) ds

j=1 L/t s L2P(Q,H)
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Using the Burkholder-Davis-Gundy inequality (cf. |35, Theorem 4.37| or 24, Proposition
2.6]), we obtain from the preceding estimate that

32
1352 e 20

1 m—1 ti+1 fti+1 9 3
(73) < CAt2 Z / / HS(tm —3) (Itjﬂ,s — Itjﬂ’tjﬂ) S(tjy1 — T)HLQP(W:S) drds| .
N . s

Using the smoothing properties of the semigroup (cf. (6)) and Assumption 2.2, we have

E[|S(tm = s) (Itj+1a5 - Itj+1’tj+1) S(tj+1 — T)Q% ”41:7;(7{)

< ATS (b — N EIA Ty 16— Doyt Fangg 1S (i1 — 1) AS AT Q3|2
(74) < [ATS (b — tan ) 30 IS (s — )| 0y
XE[A™ Ty = Tyt g |42 S0 = D) 1A QF |2

—4 _ 4
< Ctm p_;7 1E”A 77<I75j+1,8 - Itj+1,tj+1>H£IE7-[)

From the definition of Z; ,, , in (67), using Lemma 2.3 and Proposition 2.4 we estimate

HAJ] (Itj+1,s - Itj+1¢j+1) ”L(H)

< / [AT [P (X (£41) + A (X (5) = X (41))) = F* (X )| o gy @0

(75) < C/ M[X(s) = Xt T+ [1X () + 1K (E40) 1) dA
< ClIX(s) = X ()| A+ 11X () + 11X EG)lE) -

Substituting (75) into (74) and using Proposition 2.4, we obtain

1|4
E HS(tm =) (Tyin = Toan) SG =R
(76) < Ot 1X(s) = X (80| o arng)

4dpc 4dpc
x (1 IX Ok )+ I1X ) 1 )

< OO (11— )7
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Substituting (76) into (73), yields

32 L2 gt i ) 2
HJ51 )”LQP(Q,H) < CAt+ CAtz Z / / t;l_nj_1<tj+1 — s)drds
j=0 LYt s
1 w2t . 2
(77) < CAt+CAE2 ) / to(ti — s)mln(QB’Q)ds]
j=0 L7t
L m2 tit1 2
< CAt+CAtAL2 Y / t2_ids
j=0 [V
m—2
< CAt+CALY Att,", | < CAL
=0

Now let us estimate Jz(i’l). Using triangle inequality, we split J gl) as follows

m=1 . tir1
< | $ / St — ) (Tororions — o) / S(ts1 — 0)dW (o) ds
=0 "'t B L2P(,H)
mol ot ti+1
> / St — )T, / S(t;r — 0)dW (o) ds
j=0 71 ° L2 (Q,H)
(78) =G 4 35

For a set A C R, let x4 be its characteristic function. We can rewrite JSH) as follows

311
ng )=

molo et i
3 / / ot (0)S(tm — )T, ¢ S(ty41 — 0)dW (0)ds
=0 7 t

L2P(QH)

27

Using the stochastic Fubini’s Theorem (cf. [9, 36]) and the Burkholder-Davis-Gundy in-

equality [35, Theorem 4.37], yields

m—1l etig o ptia
311
ng ) — Z / / X[s’t].+l)(0')5(tm — S)Itj,tjs(tj+l — U)deW(U)
j=0 Yt ty L2P(Q,H)
m—l ot tj+1 1 2
S C / / X[s,tj+1)(0)s(tm - S)Itj7tj5(tj+1 - O—)Q§d3 da
7=0 71 ti L29(Q,L2(H))

N |=
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Using Holder’s inequality, we estimate

311
g5t

D=

= _ 2
e ti+1 ti+1 )
<C st S(tm — )Lt +,S(tj1 — 2 dsd
N jo/tj /ta Mot ()51 e, Sl = 0)Q e
[ tit1
e[S ( / d)
L j=0 7t t

(S

Xisty ) (@)S (b — 8)T1,4, S (tj1 — 0)Q?

2
ds) do]
L2P(Q,L2(H))

) 3
ds | do| .
L2P(Q,L2(H))

Using Proposition 2.1, the estimate (68), Assumption 2.2 the smoothing properties of the
semigroup (cf. (6)), we obtain

tjr1
>< /

tj
mz_l /tj+1 /tj+1

J=0 "%

N|=

< CAt:

X[Sﬂfjﬂ)(U)S(tm - S)Itj,tjs(tj+1 —0)Q

1
2

m—1 .. ts
311 1 Jj+1 J+1 1
JGM < oAt ( ) /t /t IX[s,541) (@) S (Em — 8)Lt;.1; S (Ej41 — 0) Q2 %2p(9,z:2(7{))d5d0')
j=0 7t

2

m—1 t. t.
1 Y R | B=1 1
(7199 < CAt (Z / / A2 S(tja1 — 0) [0 A2 QQ%Q(mdsda)
j=0 Y1 3

L[l i ptin :
<CAtz [ > / / dods | < CAt.
j=0 /% tj

Along the same lines as in the estimate of JSQ) (cf. (73)—(77)), one gets
(80) I8P < OAt < CAtE.

Substituting (79) and (80) into (78) yields

(81) I8V < OALS.

Substituting (77) and (81) into (72), we obtain

(82) I < CAt.
Substituting (82), (71) and (70) into (69), yields
(83) Jp < CAtz ¢
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Substituting (83) and (63) into (56), leads to
(84) J, < C <h2 + At§—€> .

Using the Burkhoélder-Davis-Gundy inequality (cf. [35, Theorem 4.37]), the triangle in-
equality and the elementary inequality (a + b)? < 2a? + 2b%, a,b € R, we get

2

m—1 tit1 ) )
I<C (Z / | (S(tn — 5) — S5 P) @ Hizmw»ds)
j:O J

N

ml et L
(85 <C (Z /t 1 (S(tm — 5) = Sultm — 5)F3) Q2||%2p<9,g2(m)d$>

j=0 Y1

N

ti+1

m—1
+ C (Z/ || (Sh(tm — S) - S;T:;i) PhQ§||%2p(Q7£2(H))ds> = J31 + J32.
j=0 7t

Using Proposition 2.1, Lemma 3.5 (ii) and Assumption 2.2, it holds that

2

tm 1
I =C ( / | (S(tm = 5) = Shltm — 5)Pa) @2!!%2<H>ds)
0
(6) < CHP|IA™ Q¥|| e, < OB,

Using Proposition 2.1, the estimate (68), Lemma 3.1 and [41, Lemma 3.3 (iii)], yields

mol et p-1 1
Jao < C <Z/ Atﬁtr_nl—jHAhz PhQQH%z(H)“)
j=0 7t

1
2

m—1 tit1 2
B_ - B_
(87) < COAt>¢ (§ : / tmljfds> < CAt>¢,
j=0 7
for any arbitrarily small £ > 0.

Substituting (87) and (86) into (85), yields

(88) J; < C (hﬁ N ) .
Substituting (88), (84) and (55) into (54), we obtain

(89) 1X () = X" (t) 2nco0) < C (P + ALEE)

It remains to estimate || X" (¢,,) — XM o). Set el = X"(t ) — X" Tt is easy to check
that e” satisfies the following equation

e — et + AtAyel = AP, (F(X(t,)) — F(X!)), e =0, m=1,--

m Y Y

M.
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Taking the inner product with " in the preceding identity, yields

(= s ) + At €)= AL ((F(X (t)) — F(X},)) . €5,) -
Using the identity (a — b)a = 3[a® — b* + (a — b)?] and Lemma 2.1, it follows that

(CA uem %) + At )
< At((F(X(tn)) = F(X})) . €0)
0)  =ar((F(x <tm>> PR (1)) 2 ) + At ((FR (1)~ F(X)) 28
< AL((F(X(tn) = F(X" () ) &) + AU
Using the estimate (5) and Cauchy-Schwarz’s inequality, it follows from (90) that

([l 11 = 1l 11?) + AoAtfen |13
< CA|F(X (tn)) — F(X"(tn)]]? + CAte" |12

DO | —

Summing the preceding estimate and noting that €9 = 0, we obtain

e |1* < CALY ||E° + CALY ||F(X(t;) — F(X"(t;))]*
j=1 j=1

Taking the LP(§2, H)-norm in the preceding estimate and using Lemma 2.2, we get

leml[Zen@aey < CALY 11EM | anae) + CAL Y IF(X () = F(X"(t) 2200

j=1 J=0
< C’Atz {||X(tj) - Xh(tj>||%8P(Q,H)
j=1
$ (U IX e gy T 1K ) By ) |+ CAE S [ 000
j=1

Using (46), Lemma 2.2, Proposition 2.4 and Theorem 3.1 with ¢ = ﬁ, it follows that

e an ey < CHPAL Y (1K ()25 3 + H2 = I (R)*)

j—l

+ CNZ 1651122 220

S C (hQﬂ + h25+201—dc1| ln(h)|21/) + CAt Z ||fé?|‘%2P(Q,H)
=1
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Applying the discrete Gronwall lemma to the preceding estimate, yields

(91) [l < © (4 WP =% m(n)]")
Substituting (91) and (89) into (53) ends the proof. O

5. NUMERICAL EXPERIMENTS

In this section, we provide some numerical experiments to illustrate our theoretical re-
sults. The reference solution or “the exact solution” used in the errors computation is the
numerical solution with small step-size.

5.1. Dirichlet boundary condition. We consider the following two dimensional stochas-
tic reactive dominated advection diffusion equation

(92)  dX(t) + [DAX(t) — V - (qX(1)] dt = 212 FX())dt+dW (), te(0,T].

with homogeneous Dirichlet boundary conditions on A = [0, L;] x [0, Ls], where ¢ > 0 is a
small parameter. In the framework of (1), the linear operator A is the L?(A) realisation of
the second-oder differential operator Au = DAu — V - (qu) and the nonlinear function is

given by F(u) = % f(u). In the case f(u) = G'(u) = —u® + u, with G(u) = —3(u® — 1)?,

Eq. (92) is the well-known stochastic Allen-Cahn equation, which is a popular model
for phase separation with € being the intefracial parameter. The nonlinearity f in (92)
ensures that asymptotically the solution remains within the physically meaningful range
—1 < wu < 1in the deterministic setting, see e.g., [32]. We assume the diffusion function D
and the velocity field q to be constant. In the case f(u) = —u®+u, the associated function
¢ defined in (9) is given by ¢(x) = —2° + 2. In order to check that Assumption 2.3 is
fulfilled, let us first recall the following identity

a® — b = (a — b)(a* + a®b + a®’b* + ab® +b"), a,b€R.
We claim that the following estimate holds
(93) Y(a,b) == a* 4+ a®b + a*v* +ab® +b* >0, a,bcR.
In fact, we distinguish two cases:
o If a > b, then it follows that
U(a,b) = a* + a®b+ a®b> + ab® 4+ b* > a* + 24%0* + 2b* > 0.
———— N——
=a?b(a+b) =b3(a+b)
o If a < b, then it follows that
Y(a,b) = a* + a®b+ a®b? + ab® +b* > 2a* + 2a°0* + b* > 0.
~—_——— ~—

=a3(a+b) =ab?(a+b)
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Hence (93) holds. Using (93), that is, it follows that

(a=b)(p(a) = p(b)) = (a = b)* = (a = b)(@® = V°) = |a — b|* — (a = 0)*(a,b) < |a— .
Hence Assumption 2.3 is fulfilled.
For the numerical experiments, we consider the initial data to be Xy(z,y) = —tanh (%) ,

where d(z,y) = max{—d,(z,y), —da(z,y)} with

dj(z,y) = V(&= L1/27 + (y = Lo/2)? =75, j=1,2
In the simulations we take r = 0.2 and ro = 0.55. The eigenvalues and eigenfunctions of
the Laplace operator —A on Hj(A) are given by (see e.g., [27]):

N2 N : :
Nij=m" [(i) + (ﬁ) ] and e; j(x,y) = sin (%) sin (%) , 4, =1,2---

In the noise representation (2), we take

(94) g =+ 50

Using Remark 2.1 (i), it follows that Assumption 2.2 is equivalent to
B-1 1

(95) 1(=A)" Q2| o) < 00

One can easily prove that (95) is fulfilled (and hence Assumption 2.2 is fulfilled), since

Z o qHSCZ (i + j2)71 < 0.

(i.7)eN? (i.5)eN?
We truncate the noise (2) after 60 terms in the a-direction and 60 terms in the y-direction.

The triangulation 7, is constructed from uniform Cartesian grids of sizes Az = L;/50 and
Ay = Ly/50. In the simulations, we take L; = Ly = 2 and 6 = 0.001.

We plot one path of the numerical solution in Figure 1. We observe in Figure 1(a) that the
numerical solution remains in the mainingfull range —1 < u < 1 for the case of stochastic
Allen-Cahn equation with double-well potential (i.e., Eq. (92) with f(u) = —u®+u).

In Figure 2 we plot the mean square error of the implicit Euler scheme. We used 50
sample paths and § = 2. We observe that the rate of convergence is in agreement with the
teoretical result in Theorem 4.1.
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FIGURE 1. One path of the numerical solution of the SPDE (92) at time
T = 0.02 with D = q =1, ¢ = 1/32, with setp-size At = 1/1280 for

different nonlinearities. Graph (a): f(u)

—u® 4+ u, Graph

): flu) =

—u’ +u+ ;g5 Gaph (¢): f(u) = —u’ +u, Graph (d): f(u) = —u’+u+

110"
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FIGURE 2. Mean square error of the implicit scheme for the SPDE (92)
at time T = 1 with e = 1/2, D = 1073, q = 10%, 8 = 2 for different
nonlinearities. The total number of samples used is 50. The "exact solution"
is taken to be the numerical one with small step-size At = 1/512. Graph (a):
f(u) = —u? + u, the rate of convergence in time is 0.92. Graph (b): f(u) =

_73 _u
utut g

The rate of convergence is 0.98. Gaph (¢): f(u) = —u® + u,

the rate of convergence in time is 1.06. Graph (d): f(u) = —u® +u+ —%—

The rate of convergence is 0.947.

T+10[ul’
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5.2. Mixed Neumann-Dirichlet boundary conditions. We consider the two dimen-
sional stochastic reactive dominated advection diffusion equation with constant diagonal
diffusion function

(96) dX(t) = [DAX(t) — V - (aX (£)) — (X*(£) — X(&))] dt + dW (1),

with mixed Neumann-Dirichlet boundary conditions on A = [0, L;] x [0, Ls]. The Dirichlet
boundary condition is X = 1 on I' = {(x,y) : « = 0} and we use the homogeneous
Neumann boundary conditions elsewhere. Note that q is the Darcy velocity and is obtained
as in [30]. The noise has the same eigenfunctions {651)65-2)}1-,]-20 as the operator —A with
homogeneous Neumann boundary conditions; where e; are given by

! 1 ! ! 2 ! )y T
D=L =0 = Loy, =2

where [ € {1,2} and ¢ = {1,2,3,--- }, with the corresponding eigenvalues (}; ;); ; given by
Aij = ()\(1))2 + ()\5»2))2. In the noise representation (2), we take ¢; ; as in (94).

)

1071 ]

B

o

c

[y

(0]

=
[aV]

|

102

10°° 1072
log(A 1)

FIGURE 3. Convergence of the implicit scheme with g = 2 and § = 0.001 in
(94) at the final time 7" = 1 for the SPDE (96). The order of convergence in
time is 0.92. The total number of samples used is 50. Note that the "reference
solution” for each sample is the numerical solution with the smaller time step
At =1/2018.

Figure 3 shows the convergence of the implicit scheme with § = 2 and § = 0.001 in (94)
at the final time T = 1. The computational order of convergence in time is 0.92, which is
close to the theoretical order in Theorem 4.1.
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