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Abstract

Consider the Leibenson equation
Oru = Apu?,

where A, f = div(|Vf|[P2Vf) for p > 1 and ¢ > 0, which is a simultaneous generalization of the
porous media and the p-Laplace equation. In this paper we identify the Leibenson equation as a
nonlinear Fokker—Planck equation and prove that it has a nonlinear Markov process in the sense of
McKean as its probabilistic counterpart. More precisely, we obtain a probabilistic representation of
its Barenblatt solutions as the one-dimensional marginal density curve of the unique solutions to the
associated McKean—Vlasov SDE. The latter is of novel type, since its coefficients depend pointwise
both on its solution’s time marginal densities and also on their first and second order derivatives.
Moreover, we show that these solutions constitute the aforementioned nonlinear Markov process,
which we call the Leibenson process. A further main result of this work is to prove that despite
the strong degeneracy of the diffusion and the irregularity of the drift coefficient (which is merely
of bounded variation) of the McKean—Vlasov SDE these solutions are probabilistically strong, i.e.,
measurable functionals of the driving Brownian motion and the initial condition.
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1 Introduction

This paper should be seen as a substantial step forward in a general program which, motivated by
McKean’s vision laid out in [49], we have started (see [3, 4, 5, 6, 7, 8, 9, 10, 11, 53]), namely to develop
a new theory whose aim is to construct a probabilistic counterpart for a large class of nonlinear
parabolic PDEs in the same way as has been done in the last 60 years for linear parabolic PDEs (see
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[14, 15, 22, 23, 24, 28, 29, 39, 40, 46, 50, 55, 56, 58, 59] and the references therein). The purpose
is to then transform problems about the PDE to the probabilistic counterpart and vice versa. This
probabilistic counterpart is as in the linear case a Markov process, but a nonlinear one in the sense
of McKean and in the (so far) most interesting cases they are given by the path laws of solutions to
very singular McKean—Vlasov SDEs. The mentioned transfer between analysis and probability was
extremely successful in the linear case with a huge literature (see above) until today. We are convinced
that there are very good chances that this also will happen in the nonlinear case.
In this paper, we realize the above program in the case where the nonlinear PDE is the Leibenson
equation ([45, 44])
dwu(t,x) = Apu(t,z)?,  (t,x) € (0,00) x RY (1.1)

which is well known as the prototype of a degenerate doubly nonlinear parabolic partial differential
equation, with its Barenblatt fundamental solutions (see [12, 13]).

Here ¢ > 0 and A, f = div(|V f|P~2V f) denotes the p-Laplace operator, p > 1. The aforementioned
probabilistic counterpart is a nonlinear Markov process in the sense of McKean (see [49, 52]) consisting
of the unique solutions to the corresponding McKean—Vlasov stochastic differential equation (McKean—
Vlasov SDE)

dX(t) = ¢ 'V(|Vu(t, X (1) [P~ 2u(t, X ()~ DE-D)dt
/20T (|Vult, X (1)) "7 ult, X (1) =)W (1), (1.2)
Lxw(dz) = u(t,z)dz,
with one-dimensional time marginal densities %, t > 0, equal to the Barenblatt solutions to (1.1)

(see (4.1) below). Here and throughout, dz denotes Lebesgue measure, W is a standard d-dimensional
Brownian motion and Lx denotes the distribution of a random variable X. We call this nonlinear
Markov process the Leibenson process, see Definition 5.9 and Remark 5.8. We significantly extend the
techniques and results from the previous paper [3] of the first, third and last named author in which
the probabilistic counterpart of the slow diffusion p-Laplace special case (¢ = 1, p > 2) was constructed
and was called p-Brownian motion.

Before we give details on (1.1), (1.2) and our results in Part 1 and 2 below, we summarize the
main achievements of the present paper. First, in Part 1, we identify the Leibenson equation (1.1) as
a nonlinear Fokker—Planck equation (see (1.7)). This leads to the corresponding singular McKean—
Vlasov SDE (1.2) (p — 2 or (p — 1)(¢ — 1) may be strictly negative), for which we then establish
weak well-posedness for prescribed one-dimensional solution time marginals. Then we show that the
path measures of the solution processes constitute a nonlinear Markov process. This substantially
generalizes the approach from [3] to the doubly nonlinear Leibenson equation (1.1) for a large range
of pairs (p,q) € (1,00) x (0,00), including (unlike [3]) the fast diffusion case p < 2 (with ¢ > 1).
Furthermore, the corresponding McKean—Vlasov SDE (1.2) is the first of its kind in the literature,
since its coefficients depend both on the solutions’ time marginal densities as well as on their first
and second order derivatives. Second, in Part 2, we finally solve the problem left open in [3] about
p-Brownian motion even for the more general and doubly nonlinear Leibenson equation by proving
that the Leibenson process is probabilistically strong, i.e. the solutions to (1.2) with Barenblatt one-
dimensional time marginals are adapted measurable functionals of the driving Brownian motion. This
is a quite surprising result in view of the strong degeneracy of the diffusion coefficient in (1.2) (which,
as shown below, is compactly supported in space) and the irregular drift coefficient, which is merely
BV (and not Sobolev regular). Furthermore, in addition to the analytic proof for the crucial restricted
uniqueness result for the linearized Leibenson equation (see Theorem 7.4 below), we provide a genuinely
new probabilistic proof for this result (see Subsection 7.2).

Let us now describe our goals and results in more detail. Probabilistic representations of solutions
to (nonlinear) partial differential equations (PDEs) as time marginal densities of stochastic processes,
more precisely of canonically associated (nonlinear) Markov processes, allow to transfer analytic



questions on well-posedness, asymptotic behavior and quantitative estimates for PDEs to probabilistic
ones in stochastic analysis and vice versa (see [7] for an example in the nonlinear case). In the linear
case the simplest, yet very instructive example is the relation between Brownian motion and the heat
equation

owu(t,z) = Au(t,x), (t,z) € (0,00) x R%

Tts fundamental solution, the classical heat kernel p(¢,z,y), consists of the one-dimensional time
marginal law densities of Brownian motion started at y € R? in the sense that

‘CWy(t)(dx) = p(t,m,y)d% vt > 0,y € Rd7

where we set W¥(t) := v2W(t) + y (the factor v/2 may be exchanged for a factor 1 on the RHS of

the heat equation). Of course, WY is the unique probabilistically strong solution to the SDE
dX(t) = V2dW(t), X(0) =y,

and the family {P,} cga of path laws of {W¥}, cga constitutes a uniquely determined (linear)
Markov process with transition kernels y — p(t, z,y)dz, t > 0.

The Leibenson equation. In this paper we develop comparable relations for the Leibenson
equation (1.1) and the McKean—Vlasov SDE (1.2). (1.1) is a simultaneous generalization of the porous
medium (p = 2) and the p-Laplace equation (¢ = 1). In hydrodynamics, (1.1) models filtration
of a turbulent compressible fluid in a porous medium. For more physical background, we refer, for
instance, to the introduction of [30]. In the linear case (p,q) = (2,1), (1.1) is the heat equation. To
our knowledge, the Leibenson equation was first introduced in [45, 44]. In the past decades the theory
of existence, regularity, and qualitative and quantitative properties of its solutions was developed,
e.g., in [37, 38, 61, 30, 31, 63] and in further references mentioned therein. In [30] it is stated that
particularly interesting physical cases arise for ¢ > 1 and % < p < 2. We give more details on the
admissible values for (p, ¢) in our results below, but mention already here that we cover large parts of
this "physical range”. We focus on the explicit Barenblatt solutions with point source initial datum
in the case ¢(p — 1) > 1 (see Definition 4.1), which were first obtained in [12] and can be considered
as the analgoue of the heat kernel for the heat equation (even though the Barenblatt solutions are
not fundamental solutions in the usual sense since, due to the nonlinearity of (1.1), one cannot build
from them solutions for non-Dirac initial data by simply taking convex combination). The other cases
g(lp—1)=1and g(p—1) < 1 give rise to completely different regimes: For ¢(p — 1) > 1 the Barenblatt
solutions have finite speed of propagation, whereas in the other two regimes they have infinite speed
of propagation, see Section 4. We postpone the study of these other regimes and of more general
solutions to future work.

Goals and results. We split our program into two parts. The first part is the construction of
a uniquely determined nonlinear Markov process as the probabilistic counterpart of the Barenblatt
solutions to (1.1), consisting of solutions to (1.2), see Sections 2-5 and 7. The second part consists in
proving that these solutions are probabilistically strong, see Section 6.

Part 1: Construction of the Leibenson process. The derivation of a McKean—Vlasov SDE
associated with a nonlinear PDE follows by identifying the latter as a nonlinear Fokker—Planck equation
(FPE). These are parabolic equations for measures of type (here and throughout we use Einstein
summation convention)

Oty = Oy (aij (t, 2, o)) — O (bilt, x, ) ), (¢, ) € (s,00) x RY, (1.3)

where s > 0 is the initial time, a;;,b; : (0,00) x R? x M — R are measurable coefficients, M
is some subset of the set of signed locally finite Borel measures on R, and solutions are curves
[s,00) D t +— py € M solving (1.3) in the (Schwartz) distributional sense (see Definition C.2 below).



a = (a;j);,j<q is assumed to take values in the space of nonnegative definite d x d-matrices, thus there
exists a (not necessarily unique) measurable square root o = (0;;); j<d : (0,00) x RY x M — R4 with
a = ool If one takes M to be a set Py of probability measures on R¢, it is well-known that for any
weakly continuous probability measure-valued solution ¢t — p; € Py to (1.3) satisfying an additional
rather mild integrability condition (see Definition C.2), there exists a probabilistically weak solution
X = (X(t))i>s to the McKean—Vlasov SDE,

dX(t) = b(t,X(t), Lx)dt +V20(t, X (t), Lxw)dW(t), t>s, (1.4)

such that Lx ) = p for all t > s, see [1, 26, 64, 4, 5, 17, 59]. This result, called superposition
principle, provides a probabilistic counterpart to solutions of (1.3) by identifying the latter as the one-
dimensional time marginals of the paths of stochastic processes solving (1.4). For this, no regularity
assumption on the coefficients in 2 € R? or u € Py is needed.

A particularly interesting type of (1.3) is given by the Nemytskii-case, where Py is a set of absolutely
continuous measures (w.r.t. Lebesgue measure dz) and the dependence of a;; and b, on p € Py is
pointwise via its density, i.e.

aij(taxa /U') = dij(tvmvu(w))a bi(tvxvu) = B(tvxau(x))7

for Borel coefficients @;;,b; : (0,00) x R x R — R and where p(dz) = u(z)dz (see [10] for a large
number of concrete examples). Rewriting (1.3) as an equation for the density wu(t) of u, one arrives
at a nonlinear PDE

Au(t, x) = 05 (as; (t, z, u(t, z))u(t, x)) — 0;(bi(t, =, u(t, z))u(t, )). (1.5)

In this case the corresponding McKean—Vlasov SDE is

{dX(t) b(t, X (t),u(t, X ()))dt + V25 (t, X (), u(t, X (t)))dW (t), (16)

Lx(dn) = u(t,r)dr,

where & = (7i;)ij<a : (0,00) x R? x Py — R¥*? is a measurable function with @ = o7. Thus, for
every weakly continuous probability measure-valued solution u to (1.5) there is a stochastic process
solving (1.6). For instance, solutions to the generalized porous medium equation (PME) perturbed by
a nonlinear drift

du(t,z) = AB(u(t, x)) — div(D(z)b(u(t, z))),

where D : RY - R4 b: R — Ry and 3: R — R, are of this type with a;; (¢, z,u(z)) = §;;8(u(x)) and
b(t,z,u(z)) = D(z)b(u(x)), see [6, 8, 10] and the references therein. The classical PME is retrieved
with D =0, B(r) =r™, m > 0 (cf. [65]).

Since the Leibenson equation at first sight is not of type (1.5), the identification of its McKean—
Vlasov SDE is not straightforward. Our approach is as follows. First, we show that (1.1) can be

rewritten as the nonlinear FPE

dpu(t,x) = " P A(|Vau(t, )P 2u(t, ) POyt 1)) =P div (V (| Vau(t, 2) [P~ 2u(t, 2) P D@D ) (1)),
(1.7)
This is indeed of type (1.3) for coefficients

aij(tvxnu't) = qpiléij‘vu(tv x)|p72u(t’$)(pil)(q71)’ bi(tvxnu't) = qpilai(|vu(t’ :U)|p72|u(t, x)|(p71)(q71))’
(1.8)

where p¢(dx) = u(t, z)dz. Details, in particular a proof of the equivalence of (1.1) and this FPE, are
given in Section 2. The coefficients a and b from (1.8) are not of Nemytskii-type, which would require
a;;(t,z,-) to depend on p,(dx) = u(t, z)dz only via u(t,z) (and similarly for b;). Instead, due to the
dependence on the gradient of u(t), a;;(t,, ) depends on g via the values of u(t) in an arbitrary
small open neighborhood of x (similarly for b;). Then the associated McKean—Vlasov SDE is (1.2).



Our first result is the following construction of the probabilistic counterpart of solutions to the
Leibenson equation.

Theorem 1 (see Thm. 3.3, Cor. 3.4, Thm. 4.4 for details). Letd>1,p > 1, ¢ > 0. For
every solution u to (1.1) consisting of probability densities with suitable regularity and integrability

assumptions there is a probabilistically weak solution to (1.2). If additionally ¢ > 1% and p > %,

this result applies to the Barenblatt solutions u = wY, y € R?, (see Definition 4.1) to (1.1).

In the linear case, i.e. when a;; and b; in (1.3) do not depend on g, it is well-known that if for
every initial datum (s, d,)) the FPE (1.3) has a unique weakly continuous probability solution (;")>s,
then the corresponding SDE (1.4) has a unique probabilistically weak solution from any initial datum
(s,9y) as well, and the family of these solutions forms a Markov process (for the definition of a Markov
process see Section 5.2) with transition kernels (y, A) — u;Y(A). This is not true for nonlinear FPEs
and their associated McKean—Vlasov SDEs, since the proof relies on the stability of the associated
martingale problem under convex combinations, which is lost in the nonlinear case. To overcome
this issue, inspired by McKean [49], in [52] the third and last-named author introduced nonlinear
Markov processes, and showed that under general assumptions a solution family to a nonlinear FPE
gives rise to a uniquely determined nonlinear Markov process, consisting of solution path laws to
the associated McKean—Vlasov SDE (see Section 5.2 for details). We stress that this result applies
to ill-posed situations, i.e. uniqueness of the nonlinear FPE-solutions is not required, but only a
"restricted linearized uniqueness” result, see Theorem 5.2 and Lemma 5.4. In previous work (cf. e.g.
[3, 7, 11, 52, 53] and also [10] and the references therein) this was utilized to construct nonlinear
Markov processes with one-dimensional time marginals given by solutions to nonlinear PDEs, as e.g.
Burgers’ and (generalized) PMEs, as well as 2D vorticity Euler and Navier—Stokes equations. In each
of these cases, it was first shown that the PDE under consideration can be written as a Neymtskii-type
FPE.

In the present paper we construct a nonlinear Markov process associated with the Barenblatt
solutions to (1.1) via [52, Theorem 3.8]. In particular, we have to prove a delicate restricted linearized
uniqueness result, which boils down to a highly nontrivial uniqueness result for the degenerate second-
order linear PDE (7.1), see Theorem 7.4. The conditions on p,q in Theorem 2 below are essentially
determined by the conditions in Theorem 7.4, which split into two different regimes, for which we
prove the uniqueness result separately. One part, proven via analytic methods, is a close adaptation
of the proof for the corresponding result in the p-Laplace special case. The second part is based on
genuinely new purely probabilistic methods. Our result is:

Theorem 2 (see Thm. 5.6 and Def. 5.9 for details). Letd > 2, p> %, q > p%l. Ifp<2

fl(%j‘;(> p—il) The family of McKean—Vlasov SDE-solutions from Theorem

1 with one-dimensional time marginals equal to the Barenblatt solutions to (1.1) constitutes a uniquely
determined nonlinear Markov process, which we call Leibenson process.

assume additionally ¢ >

The construction of the Leibenson process is analogous to the construction of Brownian motion as
a Markov process from the classical heat kernel. The slow diffusion p-Laplace special case of Theorems
1 and 2, i.e. p > 2 and ¢ = 1, was proven in [3], where the corresponding nonlinear Markov process
was called p-Brownian motion (for p = 2, one recovers Brownian motion).

Part 2: The Leibenson process is probabilistically strong. By construction, the Leibenson
process from Theorem 2 consists of probabilistically weak solutions to (1.2). It has been an imminent
and challenging open question whether these solutions are actually probabilistically strong, i.e. measurable
adapted functionals of the driving Brownian motion and the initial condition. For details on the
definition of probabilistically strong solutions, see Definition 6.1. In this paper, we answer this question
affirmatively via the following result. Note that this includes as a new result the p-Brownian motion



case (p > 2,q = 1), for which the question of being a strong solution to its corresponding McKean—
Vlasov SDE was left open in [3].

Theorem 3 (see Thm. 6.3 for details). Letd >2,p> &1 g > ‘Z(_Zilir)d(> p%l) Then, the
probabilistically weak solution (X, W) to (1.2) with u = wY from Theorem 1 are probabilistically
strong from any strictly positive time § > 0 on (i.e. they are measurable adapted functionals of the

driving Brownian motion W and X (9)).

The proof follows from a restricted Yamada—Watanabe theorem [33, Theorem 1.3.1],[32], which in turn
relies on the existence of a probabilistically weak solution with one-dimensional time marginal law
densities w¥(t 4+ 0),t > 0, (as provided by Theorem 1) and a restricted pathwise uniqueness result
for (1.2), see Theorem 6.13. Here, restricted means uniqueness in the class of solutions with one-
dimensional time marginals w¥(t 4+ 0, z)dz, ¢ > 0. Thus these marginals may be fixed beforehand,
which allows to simplify the McKean—Vlasov SDE (1.2) to a non-distribution dependent SDE

AX(t) = b(t, X (£))dt + (¢, X (£))dW (t),

with coefficients (using the definition of b;, a;; from (1.8))

bi(t,x) == b;(t,x,wY(t + 6, z)dz), &4;(t,x) = \/Zaij(t,x, wy(t + 6,z)dz), (t,x) € Ry x RY

The proof of this pathwise uniqueness result poses one of the main technical challenges of the present
paper due to the degeneracy and irregularity of the diffusion coefficient , as well as the low differentiability
of the drift coefficient. Indeed, note that (¢, ) is compactly supported and not Lipschitz-continuous.
For p < 2, 6(t,-) is even unbounded and discontinuous. Moreover, b is only a function of bounded
variation in its spatial coordinate.

Although the literature on pathwise uniqueness results for SDEs, also in degenerate cases, is vast
(see, e.g., [54, 47, 62, 48, 66, 43|, and in particular [20] for a result for bounded Sobolev-coefficients
with certain drifts of (spatial) bounded variation, see also [34] for a recent generalization), we could
not apply any of these results for our desired result.

Our proof heavily relies on a careful analysis of the degeneracy and discontinuity of & and (spatial)
jump sets of l;(t, -),t > 0, which in turn, of course, crucially relies on the explicit form of the Barenblatt
solutions w¥. This analysis is based on the generalized Lipschitz-type estimate, sometimes called
Crippa—De Lellis estimate ([21, 20])

(@) = fW)] Sa MVfI(x) + M|V fl(y)|z —y| for dz-ae. ,y € R, (1.9)

(cf. Appendix D), where f € BV (R?), and (Vf); denotes the (signed) measure-valued representative
of the Schwartz distributional derivative in direction x; of f. Here, M denotes the usual (Hardy—
Littlewood) maximal operator. The above estimate applied to b(t,-) is essential for our pathwise
uniqueness result. Here, the key is to control the maximal function, which involves the singular part
(with respect to Lebesgue measure) of the drift’s gradient, which turns out to be comparable to the
(d — 1)-dimensional Hausdorff (or surface) measure restricted to the boundary of the spatial support
of the Barenblatt solution considered as a Borel measure on R?, see Lemma 6.7. In Lemma 6.11, we
control the maximal operator applied to this measure by the estimate (6.11). This estimate is optimal,
see Remark 6.9, which can be seen from explicit calculation using elementary geometric arguments in
dimension d = 3, see Lemma D.7 (ii) in Appendix D. We also employ (1.9) for differences of certain
powers of 5. In contrast to existing results where the diffusion coefficient is in H'! with respect to its
spatial coordinate (cf. e.g. [18, 32, 36]), which yields sufficient control over the maximal function on
the right hand-side of the inequality when applied to f = &(¢,-) (with power 1), such a control fails in
the present case. To overcome this issue, we employ an inequality based on the mean-value theorem
inspired by [25], see (6.28). A similar idea was also used in [35]. Furthermore, we use and extend the
method from the latter work in order to deal with the degeneracy and low regularity of &.



Structure of the paper. In Section 2 we introduce the Leibenson equation and its reformulation
as a nonlinear FPE. Section 3 contains the associated McKean—Vlasov SDE and the superposition
principle, via which we lift solutions to the Leibenson equation to solutions to this SDE. In Section 4,
we consider the Barenblatt solutions and apply to them this lift, while in Section 5 we construct the
Leibenson process, a nonlinear Markov process constructed via the superposition principle from the
Barenblatt solutions. A key ingredient for this is a delicate uniqueness result for a corresponding linear
PDE, which is stated and proven in Section 7. The proof consists of an analytic and a probabilistic
part. Before, we prove in Section 6 that the probabilistically weak solutions of the Leibenson process
are probabilistically strong. The appendix contains some material on Fokker—Planck equations, Hardy—
Littlewood maximal function and details on a few aspects of the proof of Theorems 6.13 and 7.4.

Notation. We write R := [0,00), 2y or (z,y)ge for the usual inner product on R¢, f, = max(f,0)
for a real-valued function f, and dz for Lebesgue measure on R?.

Classical function spaces. For U C R!, | € N, we denote by C™(U,RF) the space of n-times
continuously differentiable maps f : U — R¥, and write C(U, R¥) = CO(U,R¥). We write C(U,R¥),
to denote the set of all f € C(U,R¥) with f(0) = 0. More generally, for a topological space X, we
write C'(U, X) for the set of continuous maps from U to X. Let t € U. By m : C(U,X) — X, we
denote the canonical evaluation map at ¢, i.e. m(w) := w(t). C*(U,R*) and C7*(U, R¥) are the subsets
of C™(U,RF) of compactly supported functions (in U) and those functions which together with its
partial derivatives up to order n are bounded, respectively. We set C>°(U,R*) =N, .y C™(U,R¥), and
similarly for C2° and Cp;°. Partial time and spatial derivatives of a sufficiently smooth function are

denoted 0, f = 3, 0,f = §L and 0, f = a%a%-

LP- and Sobolev spaces. For p € [1,00] and U C R!, the usual spaces of (equivalence classes
of) Borel measurable p-integrable (w.r.t. dz) functions f : U — R* are denoted LP(U,RF) with
norm | - | s gy, shortly | - |Ls(r) or simply | - |» when no confusion can occur. Lf, (U,R*) are the
corresponding spaces of locally integrable functions. When integrability is considered with respect to

a measure u instead of dx, we write LP(U,R¥; ). W&’CP)(U, R*), m € N,p € [1,00], are the usual

Sobolev spaces of (locally) p-integrable m-times weakly differentiable functions f : U — RF with
(locally) p-integrable weak derivatives up to order m; we write H(Tlrgc)(U, R¥) = W(T)’CQ)(U, R*), and
H~Y(U,R¥) for the corresponding topological dual space. All these spaces are equipped with their
usual norms. If U C I x R4, I C R, we write W;”’”(U) for the space of p-integrable maps with n
p-integrable weak derivatives in t € I and m p-integrable weak derivatives in € R?. For a normed
space (X,|[-1]), by Ll()loc)(l; X) we denote the space of measurable functions ¢ : I (C Ry) — X such
that [t — |le(®)]] € L’(’IOC)(I, R). For all function spaces introduced here, we omit the state space R*
from the notation when k = 1.

Measures and spaces of measures. MZF is the space of nonnegative finite Borel measures on R%.
The vague and weak topology on it are defined as usual, i.e. as the initial topology of the maps
= [pahdp for all h € Co(R?) and h € Cy(R?), respectively. For a topological space X, we write
P(X) for the space of probability measures on the Borel o-algebra B(X), and simply P = P(R%). 6,
is the Dirac measure in x. For a random variable X between a measure space (X, X, u) and some
measurable space, we write Lx = o X 1 for its distribution, i.e. the image (or pushforward) measure
of X with respect to p. This includes the case where X = (X(¢)):>0 is a stochastic process on a
probability space (Q, F,P), considered as a path-valued map w — X(w). We then say Lx is the
(path) law of X. Let M C R™ be a submanifold. By S, we denote the standard surface measure on
(M, B(M)). Here, M is considered with respect to the subspace topology of R™. We only consider the
case where M is a (d — 1)-dimensional sphere.

Functions of bounded variation. f € L'(R!,RF) is said to be of bounded variation, in symbol
f € BV (R RF), if all its components’ first-order Schwartz distributional derivatives d; f7 are given by
a finite signed Borel measure on R forall1<i<, 1< 7 <k.

(Hardy-Littlewood) Mazimal function/operator and Muckenhoupt weights. For a brief introduction



to both maximal operator (in symbol 'M’) and Muckenhoupt weights (in symbol ’A,’), we refer to
Appendix D.
Probability theory. We say that (2, F,(F;),IP) is a stochastic basis if (2, F,P) is a complete
probability space and (F;) a right-continuous filtration on 2 augmented by the P-zero sets.
Miscellaneous. Let a,b € R. We write a Sy b and a S b if a < Cib or a < Cb, where C;,C > 0
are constants dependent and independent from a parameter t, respectively. Likewise, we write a &, b
and a 2 b, if a = Cb for a constant C dependent or independent from ¢, respectively.

2 The Leibenson equation and its Fokker—Planck reformulation

Let de N, ¢>0,p>1.

Definition 2.1. u: (0,00) x RY — R, is a weak solution to the Leibenson equation (1.1), if

u? € Lige((0,00); Wi (RY),  u, [Vu? [P~ € Lj((0,00) x RY), (2.1)

loc

t + u(t, x)dx is vaguely continuous, and for all ¢» € CL((0, 00) x R%)

/ —udypp + |Vul[P~2Vud - Vip dzdt = 0. (2.2)
(0,00) xR4

u has initial condition v € ./\/l;, if u(t,z)dx 20,0, vaguely. v is called probability solution, if dt-a.e.
u(t, x)dz and its initial datum are probability measures.

The only reason why we restrict attention to nonnegative solutions is that, ultimatively, we will
only be interested in probability solutions.

The following equivalent formulation via time-independent test functions will be useful. The
equivalence can be proven as in the proof of [16, Prop.6.1.2].

Lemma 2.2. If u satisfies (2.1), t — u(t,x)zd is vaguely continuous and
VP! € Lie([0,00) x RY), (2:3)

then u is a weak solution with initial condition v if and only if

t
/Rd pu(t)de = /Rd pdv — /0 /]Rd |VuiP~2Vu? - Vpdzdt, Vt>0, (2.4)

for every ¢ € CHR?).

Even though the solutions we consider are vaguely continuous, the following remark may be useful
for extensions of our results to (a priori) discontinuous solutions.

Remark 2.3. The vague continuity assumption is not restrictive: If u satisfies (2.3) as well as all
assumptions of Definition 2.1 except for the continuity assumption and, in addition,

ess sup;~.olu(t)| 1 (ray < 00,

then t — u(t, z)dz has a unique vaguely continuous (measure-valued) dt-version on [0,00). This follows
Jrom [51, Lemma 2.3]. Moreover, if [Vui[P~! € Li, ([0,00), L*(R%)), then [0,00) 3t — |u(t)|p1(ra) is
constant. The latter follows by considering (2.4) for an increasing sequence (¢n)nen C CH(RY) such
that 0 < ¢, < 1, @u(x) = 1 for |z] < n, sup, Ve, (z)] < C for all z € R? for some C' > 0 not

depending on n or x, and by letting n — oo.



Associated nonlinear Fokker—Planck equation. Let F = F(p,q,d) C I/Vlicl (R?) be the set of
those nonnegative functions u € Wl‘ljc1 (R9) such that |Vu|P~2uP~D(—1 ¢ Wli)’cl(Rd). Note that both
p—2and (¢ —1)(p—1) could be negative and that hence some care is required in writing expressions
as |Vul[P~2ula~D®P=1 gince |Vu| and u may vanish. For such terms to be well-defined in the sense
of Sobolev functions, an implicit assumption is that either functions raised to a negative power are
strictly positive dz-a.s. or, for products, that zeros raised to a negative power are multiplied by zeros
raised to a positive power. In the latter case we use the convention 0 x co = 0.

Then let a;;,b; : F x R - R, 1 < i,j <d, be defined as in (1.8), i.e.
aij(u, ) = ¢ 65| Vu(@) [P >u(z) PO bi(u,2) = 770 (|Vu(@) P fu(z)| P DY)

and consider the nonlinear Fokker-Planck equation (here and throughout using Einstein summation
convention)

Owu(t, z) = 0y (aij(u(t),z)u(t,z)) —0; (bi(u(t),x)u(t,z)), (t,x) € (0,00) x RY,

ie. (1.7). We stress that these coefficients are not of the usual Nemytskii-type, since they depend
pointwise on the gradient of the solution u, hence on the values of u in a(n arbitrary small) neighborhood
of z.

Definition 2.4. A nonnegative function u € Ll ((0,00) x R%) is a distributional solution to (1.7), if

u(t) € F for all t > 0, ¢t — u(t, x)dz is vaguely continuous,
V[P~ 2= DE=DFL 0 g, (VP24 DE=) € LL ((0,00) x RY), i € {1,...,d}, (2.5)

and for all ¥ € C2((0,0) x R9)

/ <6t<p + P VP 2P DD Ay 4 P71V (| VP2 P D) Vq/z)ud:cdt =0. (2.6)
(0,00) xR4

u has initial condition v € /\/l;', if u(t, z)dx =200y vaguely. u is called probability solution, if v and
dt-a.e. u(t,z)dz are Borel probability measures.

The following lemma can be proven exactly as [16, Prop. 6.1.2].

Lemma 2.5. If u is as in the previous definition and satisfies (2.5) with [0, 00) replacing (0,00), then
u is a distributional solution with initial condition v if and only if for all t > 0 and ¢ € C?(R?)

t

/ pu(t)de :/ gadz/+/ / g’ <Vup2u(p1)(q1)A¢+V(Vu|p2u(p1)(q1)) -V<p> udadt.
R4 R4 0 Jrd

(2.7)

An analogue of Remark 2.3 holds in the Fokker—Planck case. We compare Definitions 2.1 and 2.4:

Lemma 2.6. Assume u satisfies (2.1) with
Vu! = qui™'Vu, (2.8)

u(t) € F for allt > 0, (2.5), and t — u(t,z)dx is vaguely continuous. Then u is a weak solution to
(1.1) in the sense of Definition 2.1 if and only if it is a distributional solution to (1.7) in the sense of
Definition 2.4.

If in addition u satisfies all integrability assumptions in time on [0,00) instead of (0,00) and has
initial condition v, then u satisfies (2.4) if and only if it satisfies (2.7) (for all ¢ € CH(RY) and C?(R?),
respectively).

Note that (2.8) does not follow from (2.1), since the latter does not imply local integrability of
u9~'Vu (in particular, note that ¢ — 1 need not be positive).



Proof. By assumption all regularity- and integrability properties of Definitions 2.1 and 2.4 are satisfied,
so it remains to prove equivalence of (2.2) and (2.6). To this end, let 1) € C2((0,00) x R?). Then

/ |Vu?|P~2Vul - Vop dzdt = gP~* / w PV |7y P2y - Ve dadt
(0,00) xR4 (0,00) xR4
= ¢P! / \V4 (u(pl)(ql) |Vu|p2u> Vi —V (u(pl)(ql) vu|p2) w - Vi dzdt
(0,00) xR4
= ¢! / <vup2u(p1)(q1)A¢ + v(u(pfl)(q*1)|vu|p*2) . v¢) wdzdt,
(0,00) xR4

where the first equality is due to (2.8), and the second follows from the product rule for Sobolev
functions. To extend (2.2) to all 1 € CL((0,00) x R), one uses a simple approximation argument.
This concludes the first part of the proof. The second part follows immediately from the first part and
Lemmas 2.2 and 2.5. O

3 Associated McKean—Vlasov SDE and superposition principle

For any nonlinear Fokker—Planck equation there is an associated McKean—Vlasov SDE with drift-
and diffusion-coefficient given by the drift and the square root of twice the diffusion coefficient of the
nonlinear Fokker-Planck equation. Thus, the McKean—Vlasov SDE associated with (1.7) is

dX(t) = ¢*~1V <|w(t, X (£)[P~2ult, X(t))<q—1)<p—1>>dt +\/2q7 1 (|vu(t, X () ult, X(t))W)dW(t)
Lx(p(dz) = u(t, 7)dz,
(3.1)

where W = (W (t));>0 is a standard d-dimensional Brownian motion. We stress that here u is not a
priori given, but part of the solution.

Definition 3.1. A probabilistically weak solution to (3.1) is an adapted stochastic process X =
(X(t))t>0 on a stochastic basis (€, F, (Fi)i>0,P) with an (F;)-standard Brownian motion W such
that Lx ) (dz) = u(t, r)de with u(t,-) € F for all t > 0,

T
E[/ (’V(Wu(t,X(t))|p_2u(t,X(t))(q_l)(p_l))]—|—|Vu(t,X(t))|p‘2u(t,X(t))(q_l)(’"l))dt] VT > 0,
0

(3.2)
and P-a.s.

X(t) = X(0) +¢"" /OtV(Wu(t, X ()P~ 2u(t, X ()@~ De=D) dt

(g=1)(p—1)
2

t

VI [V X @) F e X (@) TEaw (o, w0
0

The initial condition of X is the probability measure Lx ). We call the probability measure P on

B(C(Ry,RY)), P :=Po X! where X is considered as the path-valued map X : Q — C(R,R%),

X(w) =[t— X(t)(w)], a solution (path) law to (3.1).

Strictly speaking, a weak solution is a tuple ((2, F, (F)i>0, P), X, W). However, we usually shortly
refer to X as the weak solution or, when it is relevant in the context of strong solutions (see Definition
6.1), to (X, W).
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Superposition principle. The crucial relation between a nonlinear Fokker—Planck equation and its
associated Mckean—Vlasov SDE is the following: By It6’s formula, the curve of one-dimensional time
marginals of any McKean—Vlasov probabilistically weak solution is a weakly continuous probability
solution to the nonlinear Fokker—Planck equation (in the sense of Definition C.2). Conversely, by
the superposition principle, see [64, 4, 5], for any such distributional solution with sufficient spatial
integrability, there exists a probabilistically weak solution to the McKean—Vlasov SDE with one-
dimensional time marginals equal to this distributional solution. Now we state these relations precisely
for the nonlinear FPE (1.7) and its associated McKean—Vlasov SDE (3.1).

Proposition 3.2. Let X = (X(t))i>0 be a probabilistically weak solution to (3.1). Then u, given by
t = u(t,r)dr := Lx)(dx), is a weakly continuous probability solution to (1.7). Thus, it is a weak
solution to (1.1), provided u satisfies (2.1) and (2.8).

Proof. The first assertion follows from a straightforward application of It6’s formula, while the second
part follows from Lemma 2.6. O

The following result yields probabilistic representations of weak solutions to the Leibenson equation
as one-dimensional marginal density curves of solutions to the associated McKean—Vlasov SDE.

Theorem 3.3 (Superposition principle). Let u be a weakly continuous probability solution to (1.7)
with initial condition v such that

T
/ / |VuP~ 26~ DE=DHqpdt < 0o, VT >0 (3.3)
0 Rd

and .
/ / IV (|VuP~2u = DCE=D) |y dzdt < 0o, VT > 0. (3.4)
0 R4

Then there exists a probabilistically weak solution (X (t));>o0 to (3.1) with Lx ) (dz) = u(t,z)dx for all
t >0 and Lx(dz) = v(dx).

The following corollary follows immediately from the previous theorem and Lemma 2.6.

Corollary 3.4. Let u be a weakly continuous weak probability solution to (1.1) with initial condition
v such that u(t) € F for allt > 0, and (2.8), (3.3)+(3.4) hold. Then there exists a probabilistically
weak solution (X (t))i>o to (3.1) with Lx(dx) = u(t,z)dx for allt >0 and Lx ) (dz) = v(dx).

Proof of Theorem 3.3. Consider u as a solution (in the sense of Definition C.1) to the linear FPE with
coefficients & and b obtained by a priori fixing u in @ and b from (1.8), i.e.

ai;(t, @) := q" 7 65| V() [P~ |u(z)| P~V bt 2) == qP 70 (| Vu(a) P2 u(z)| P DY) (3.5)

By [64, Thm.2.5] (which applies due to (3.3)+(3.4)) one obtains a probabilistically weak solution
X = (X(t))t>0 to the corresponding (non-distribution dependent) SDE with coefficients b; as above
and & = (6,;) given by 3667 = a(t,x) such that Ly)(dz) = u(t,z)dz. Clearly, X then solves
(3.1). O

4 Barenblatt solutions
The Leibenson equation admits explicit solutions with point source initial condition, known as Barenblatt

solutions. Three very different regimes arise, subject to ¢(p— 1) being strictly greater, equal, or strictly
less than 1. In this paper, we focus on the first case. This includes the p-Laplace case (¢ = 1, p > 2).

11



Definition 4.1 (Barenblatt solutions). Let d € N, p > 1, ¢ > 0 such that ¢(p — 1) > 1. For y € R,
the function

p vy
w(t, ) =15 |C—k(t Fle—y)7 7| . (tx) € (0,00) x RY, (4.1)
+
where ) (1)1
D — q\p—1)— -1
p=p+dgp-1)-1), v=—FF~——, K=—T_—"06 77,
(o =1 =1, 7 glp—1) -1 pq

and C > 0 is any constant, is called Barenblatt solution to (1.1).

A straightforward calculation shows that there is a unique choice C = C(d, p, q) independent of ¢
such that [L, w¥(t,z)dz = 1 for all t > 0. We fix this choice, so that ¢ — w¥(t,z)dz is a curve of
probability measures. We often abbreviate

ft,z)=C— H(t_%|x|)p%1.

Furthermore, we set

R(t) := (C) TS (4.2)

Remark 4.2. Note that § > p and v,k > 0.

For the definition of Barenblatt solutions in the cases g(p—1) = 1 and 0 < ¢(p—1) < 1, we refer to
[12, 30]. In these cases the solutions behave fundamentally different than those in (4.1). In particular,
while w¥ above has finite speed of propagation, the Barenblatt solutions in the case g(p — 1) = 1 and
q(p — 1) < 1 have infinite speed of propagation. We postpone the study of these case to future work.

From now on, we consider without loss of generality y = 0 and write w = w". All subsequent
statements hold for any y € R?, with obvious modifications where necessary.

Lemma 4.3. w has the following properties.

(i) w is a weakly continuous weak probability solution to (1.1) and attains its initial datum oy weakly
in the sense of measures, i.e. w(t,x)dx — dg weakly as t — 0.

(it) For allt >0, w(t) € C.(R?) and suppw(t) = Br)(y), with R(t) as in (4.2).
(iti) w € C((0,00) x RY) NN, o g Cellr, Bl x RY) N(N,.o0 L((r,00) x RY).
Proof. The nonnegativity as well as (ii) and (iii) follow immediately from the definition of w. The weak

continuity of (0,00) 3 ¢ — w(t,x)dx follows from the continuity of w in (t,z) € (0,00) x R%, and the

weak continuity in ¢ = 0 follows by a straightforward calculation via the transformation ®(z) = tha
(similarly to the proof that the classical heat kernel converges weakly to do when ¢ — 0). That w solves
(1.1) in the sense that both sides of the equation are well-defined and equal in the sense of Sobolev
spaces is a straightforward calculation. In particular, w is a weak solution to (1.1) in the sense of
Definition 2.1. O

4.1 Probabilistic representation for Barenblatt solutions
We apply Corollary 3.4 to the Barenblatt solution w. More precisely, we have the following result.

Theorem 4.4. Letd € N, p > 1, ¢ > 0 such that g(p—1) > 1 and p > %, There is a probabilistically
weak solution (X (t))i>o0 to (3.1) such that Lx(dz) = w(t,z)dz for allt > 0 (here and below with a
slight abuse of notation we write w(0, z)dz = §o(dx)).

Recall that we write ”<” and ” <;” whenever we suppress absolute multiplicative constants, independent
or dependent of ¢, respectively, in an inequality.
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Proof. We show that w satisfies the assumptions of Corollary 3.4. That w is a weakly continuous
probability solution to (1.1) was already stated in Lemma 4.3, so it remains to prove u(t) € F for
all t > 0, (3.3)-(3.4) and (2.8). To this end, we first prove w(t) € WH(R?) for all ¢ > 0. Note that
w(t) € L' (RY) follows from Lemma 4.3. If v > 1, w(t) € WH(R?) is obvious, and [recall that we set

f(t,x) = C = k(t7F|a]) 7]
Vw(t,z) = vt~ 5 f(t, )V f(t, 2)1 pays0(2)- (4.3)
Since f is locally bounded, {f(¢) > 0} is compact and

Vit,x)= —/ipf

1fﬁ\m|i%’ix, (4.4)

we have indeed Vw(t) € LY(R% R?). If 0 < v < 1, the RHS of (4.3) is still the weak gradient
of w(t), provided we can show f(t)7 "'V f(t)l;>o € L*(RYLRY). Since f(t,z) HVf(t,z)| <
|x|y%1f(t,x)'y_1, this translates into proving f(t)""lllf(t)zo € L'(R?). Using polar coordinates and
the transformation rule, we find

(d=1)(p=1)—1

c — P
) ft,2) L ygyso(z)da S / rrt <C r) dr. (4.5)
R 0

R

Splitting the latter in integrals over (0,$) and (£, C), we obtain the conditions

d-1p-1)—-1
p

y—1>-1 and > —1

to ensure finiteness of the RHS in (4.5). Since v > 0 and the second inequality is equivalent to
dp —d > 0 and we assume p > 1, we obtain w(t) € W1(R?) for all ¢ > 0.
Next, we show |Vw(t)|P~2w(t)@DP-D ¢ WH1(RY) for all ¢ > 0. From (4.3)-(4.4), we see

p(p—2) d

IVw(t,z)[P~ 2w DP-1) =~ B2 FE= - f@-D-1)q p=2

F20(2)f (6, 2) VPN g
where we recall that by & we indicate that we suppress absolute multiplicative constants on the RHS,
which are in particular independent of ¢ and x. Note that at least one of the exponents p — 2 and
(g—1)(p—1) is strictly positive, thus we can use our convention 0 x oo = 0 to obtain the factor 1 ¢+)>o
on the RHS above. Indeed, if p < 2, then ¢(p — 1) > 1 implies (¢ — 1)(p — 1) > 0. To continue, note
that

(y=Dp=2)+7(-Dp-1)=1, (4.6)

since this can easily be seen to be equivalent to
P-DOy=1+7g-1))+1-7=1 = (p-1g-1) =1,
which is true by definition of v. Thus

]lf(t)zoﬂt)(7—1)(p—2)+v(q—1)(1)—1) — f(t)+ c (Wl,l N WLOO)(Rd)_

Since p > 4 > %, x |l’|;%? is in VVI})’CI(Rd), hence we obtain that |Vw(t)[P~2w(t)@~DE=1) js

weakly differentiable, and, by the product rule, for a.e. x

p(p—2) d

|V(|V’UJ(t,.’L')|p_2w(t7$)(q_1)(p_1))‘ < t—%(p—z)——ﬁ(p,n—g(q—1)(p—1)]lf(t)20[t_ﬁ(;fl) |x|ﬁ + f(t’x)+|x‘*p%1],
(4.7)

To obtain that this term is in L*(R?,R9) for arbitrary fixed ¢ > 0, it suffices to note that |z~ 7Tz €
Ll (R, RY), which is true since p > ¢, Hence u(t) € F for all ¢ > 0.

loc
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Regarding (2.8), we have ui(t,z) = t_%fzq(t, x), with g > 1 by definition of v, and hence one
can simply calculate Vu? by the chain rule to deduce (2.8).
Regarding (3.3) we see that, by (4.3)-(4.4)

T
/ Vw(t, 2) [P~ 2w(t, 2) @ DEDH quds
0 R4

T
5/ / 1= (=2 (84 i) = S DG=D+1 £y 31591555 4y
0 JBr()(0)

T
</ t—(p—2)(%+ﬁ)—%[(q—l)(p—l)ﬂ]/ 15 dadt, (4.8)
0 Br)(0)

where we used
Y-Dp-2)+v(@-Dp-1)+y=1+7

(see (4.6)) and 1+ v > 0. Using polar coordinates and p > %, we find

- Rt) _ _
/ |x|sz dx < / rEttd-1g, < tﬁ(pﬂi—zlﬂr%.
Br(0) 0
Thus the RHS of (4.8) is further estimated from above by
T 2
/ £~ (=2 (34 558y~ S - DD+ 5555 4y

0

i.e. to conclude its finiteness we need

d P d p—2
—(p—2) (5+ﬂ(p1)) —B[(q—l)(p—l)]+m>—1.

By a direct calculation, this inequality can be seen to be equivalent to p — 2 < p and is hence true.
This concludes the proof of (3.3).
Finally, regarding (3.4), we consider (4.7) to estimate

T
/ / |V(\Vw\p*2w(q*1)(p*1))|w dzdt
0 Jre

p(p—2) d P

T
5/ / ¢ F D= EE DD =55 | 7T 4 (o 7T | dwdt = T+ IT.
0 Br()(0)

We further estimate, using again p > %4% to have |x\_rll € Ll (R,

T d p(p—H)—1_d
IS/ 5P = =y — 5 a=D-1) 44
0

and -
HS/ A2 EEEAE 4 (- 1)(p-1) gy
0

Elementary calculations show

. d pp—1)—-1 d d pp—2)+1 d
min (‘B(P—2)—B(p_1)—5(q—1)(p—1)>—ﬂ(10—2)—ﬂ(p_1)—6(61—1)(19—1)) > -1,
whereby (3.4) follows and the proof is complete. O
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Since the computations from the previous proof obviously remain valid for w¥ instead of w, we
obtain:

Corollary 4.5. Let d € N, p > 1, ¢ > 0 such that g(p — 1) > 1, p > % and y € R, There is
a probabilistically weak solution XV = (XY(t))i>0 to (3.1) such that Lxv)(dz) = w¥(t,x)dx for all
t > 0 (where again with a slight abuse of notation we write w¥(0, z)dz = d,(dx)).

For later use, we state the following remark.

Remark 4.6. Definitions 2.1, 2.4 and 3.1 can be modified to initial times s > 0 instead of s = 0 in
the obvious way, and all previously stated results remain valid accordingly. In particular, Corollary
4.5 generalizes in the sense that for all initial pairs (s,y), there is a probabilistically weak solution
XY = (X2Y(t))i>s to (3.1) such that Lxswviy = wY(t — s,x)dx for all t > s.

5 Associated nonlinear Markov process

Our next goal is to construct a nonlinear Markov process consisting of the path laws of the solutions
XY from the previous remark, and to show that this Markov process is uniquely determined by the
Barenblatt solutions to (1.1). First, we briefly recall the linear case, i.e. (p,q) = (2,1).

5.1 The classical linear case

In the linear case, i.e. p = 2, ¢ = 1, when (1.1) is the heat equation, its fundamental solutions
given by the classical heat kernel p(t,z,y), t > 0,7,y € R? uniquely determine a Markov process
(Py)yere C P(C([0,00), R?) with one-dimensional time marginals P, o 7, ' = p(t,z,y)dz (for the
definition of a Markov process, see below). We recall that here and below 7; : C(R,,R?%) — R,
m(w) = w(t), denotes the canonical projection at time ¢ > 0. This Markov process is Brownian
motion, Py is the standard Wiener measure, and any stochastic process (X¥(t));>¢ with path law P,
is a Brownian motion started in y € R?. Of course, P, is the unique solution law of the associated
SDE
dXY(t) =dW(t), t>0, XY(0)=y.

5.2 Nonlinear Markov processes

The following definition of nonlinear Markov processes is inspired by McKean [49] and was first studied
in [52]. It extends the usual notion of Markov property in a suitable way in order to cover path laws
of McKean—Vlasov solutions. We refer to [52] for more details.

We use the following notation. For 0 < s < t, we denote by 7 the projection 7§ : C([s, 00), R?) —
RY, 78 (w) = w(t), and we set Fs ¢ :=o(m3,s <u <t).

Definition 5.1. Let Py € P. A nonlinear Markov process is a family (P ¢)s,c)eo,00)xPo> Fsc €
P(C([s,oo),Rd)), such that for all 0 < s <r <t, € Py

(i) .Ut =P, co(nf)~! € Py,

(ii) the nonlinear Markov property holds, i.e.

Py o(mf € AlFsr) () = Ds,0) (rms() () € A) Py c-as. for all A € B(RY), (5.1)

) of

where (p(s,¢),(r,z))zcra is a regular conditional probability kernel from R to B(C([r,o0),R?
P Mi,g[' [nr=2], z€R? (i.e. in particular p(s ¢y (r.») € P(C([r, 00),R?)) and p(s.¢) () (TE=2)

T)

1).
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The case of a classical (time-inhomogeneous) Markov process (Ps ) cpa is contained in the previous
definition. In this case, (Ps,¢)s>0,cep, where Py ¢ := [oq Ps,d((y), satisfies the previous definition with
Po =P and p(sy)(rz) = Przy forall 0 <s <7, z € R?, ¢ € P. Then (5.1) reduces to the usual time-
inhomogeneous Markov property, and the Chapman—Kolmogorov equations for the one-dimensional
time marginals u;"Y = Ps,, o (m7)~! hold, i.e.

it = [ e, v s << ye Rt (5:2)
Rd

In the nonlinear case the map ( — Ps ¢ is not linear on Py, even if Py = P (which we do not assume).
Thus one loses the Chapman—Kolmogorov equations, but the one-dimensional time marginals of a
nonlinear Markov process still satisfy the flow property

: 5,6
/’(‘?C € POa /J’?C = /J’:’MT ) v0 <s<r< t; C € 7)0, (53)

(in the linear case, this follows from (5.2)). A family {u*¢}ss0.cepo, u&¢ = (15%)>5 of weakly
continuous solutions to the nonlinear FPE (1.3) in the sense of Definition C.2 with initial condition
p¢ = ¢ and satisfying (5.3) is called a Po-solution flow (1.3).

The following result from [52], which allows to construct nonlinear Markov processes consisting
of solution laws to McKean—Vlasov SDEs with one-dimensional time marginals given by a prescribed
family of solution curves to the associated nonlinear FPE, is the key for our purposes in this chapter.

Theorem 5.2. [52, Theorems 3.4+3.8] Let Py C P and {u*}s>0.cep, be a Po-solution flow to (1.3)
such that the following hypothesis holds.

(Po-lineg). p>¢ is an extreme point of the set of all weakly continuous probability solutions to the
linear FPE with coefficients (t,x) — a;;(t, z, 15 and (t, @) — bi(t, z, ui*®) with initial condition (s, )
in the sense of Definition C.1 for each (s,{) € Ry x Py.

Then, for each (s,() € Ry x Py there is a unique solution law Ps ¢ to the McKean-Viasov SDE
(1.4) such that
Pyco(m) ™ =p¢, Y0O<s<tCeP, (5.4)
and (Ps¢)s>0,cep, 8 a nonlinear Markov process in the sense of Definition 5.1. In particular, this
nonlinear Markov process is uniquely determined by its one-dimensional time marginals (uf’g)ggsgmepo
and equation (1.4).

Remark 5.3. A relation of extremality and Markov property was discovered in connection with
constructing Markov selections (see [{1] and also [59, 27]) in the situation where a (linear) martingale
problem has more than one solution for Dirac measures as intial conditions (see [60]). But this is a
result on path space and in the opposite direction, namely proving that the Markov selection consists
of extremal measures in the convex set of all solutions to the (linear) martingale problem with initial
condition a Dirac measure. So, our result above is a converse result, but for the time marginals, i.e.
on state space, and which also holds in the nonlinear case.

Regarding applications, the equivalence of the above extremality condition and the following
restricted linearized uniqueness result has turned out very useful.

Lemma 5.4 ([52, Lemma 3.5]). Let (s,{) € Ry X Py. In the situation of the previous theorem,
< satisfies the claimed extremality condition if and only if (,uf’c)tZS 1s the unique weakly continuous
probability solution to the linear FPE with coefficients (t,x) — aij(t,x,,uf’g) and (t, ) — bi(t, z, 1i*°)
and initial condition (s,() in the sense of Definition C.1 in the class

{(Vt)tZS CP:1y < C,uf’g, t > s, for some C > 0}

("restricted linearized distributional uniqueness”).
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In fact, we need the following corollary of the previous theorem. The intuition is that the assertion
of the previous theorem remains true when condition (Py-liney) holds for less initial data, at the price
of a uniqueness assertion for the corresponding solution path laws for less initial data. However, as we
will see, in our situation, a posteriori we can restore the uniqueness assertion to all initial data.

Corollary 5.5. [52, Corollary 3.10] Let Bo C Py C P and suppose {u*}s>0,cep, is a Po-solution
flow to (1.3) such that the following two hypotheses hold.

(Bo-lines). p*< is an extreme point in the set of all weakly continuous probability solutions to the
linear FPE with coefficients (t,x) — a;;(t, z, 15 and (t, @) — bi(t, z, ui°®) with initial condition (s,C)
in the sense of Definition C.1 for each (s,() € Ry X Py

and

(Bo-smoothing). i € Py for all 0 < s < t, ¢ € Py.

Then, there is a nonlinear Markov process (Ps ¢)s>0,cep, With (5.4), consisting of solution path laws
o (1.4). In this case, the uniqueness-assertion for Ps ¢ of Theorem 5.2 holds for all (s,() € Ry x Po.

In the next subsection we apply this corollary to the NLFPE (1.7) and the associated McKean—
Vlasov SDE (3.1).

5.3 Application to Leibenson equation and its Barenblatt solutions
Let

Py := {w? (5, z)dz : y € RY § > 0},
where with some abuse of notation we write w¥(0,z)dz = §,(dx). For each { € Py, the pair (4,y) €
[0,00) x R such that ¢ = w¥(d, x)dx is unique.
Theorem 5.6. Letd > 2,p > dfdl,q > 0 such that q(p — 1) > 1. If p < 2, assume additionally that
a(p—1) > ZEE(> 1).

(i) Let (s,¢) € [0,00) X Py, ¢ = w¥(d,x)dx. The set of solution laws to the McKean—Viasov SDE
(3.1) with one-dimensional time marginals wY(0 +t — s,x)dx, t > s, and initial condition (s, ()
contains exactly one element P . The family (Ps¢)s>0,cep, 5 a nonlinear Markov process in
the sense of Definition 5.1. In particular, this nonlinear Markov process is uniquely determined
by (3.1) and w¥(t), y € R, t > 0.

(ii) (Ps,c)s>0,cep, is time-homogeneous, i.e. Psc = Py o f[;l for all (s,¢) € [0,00) x Py, where

IT, : C(]0,0),RY) = C([s,00),RY), Tl : (W(t))i0 — (Wt — 8))i>s- (5.5)

Moreover, for ¢ = w¥(8,z)dz, we have Py = Py, o (119~ (the map 11 is defined in (5.7)
below).

Remark 5.7. The p-Laplace-case of this result, i.e. p > 2, ¢ = 1, was proven in [3].

We stress that in the following proof the times s and ¢ are not related. In particular, for the initial
condition ¢ = w¥(d, z)dx, we not only consider the initial pair (4, (), but necessarily any (s,(), s > 0.
Set

Lo := {w¥(6,2)dz : y € R 6 > 0} =Py \ {6, : y € RY}. (5.6)
A crucial ingredient of the proof is Theorem 7.4, which is formulated and proven in Section 7 below.

Proof of Theorem 5.6.
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(i) Setting, for ¢ = w¥(§,z)dx, 6 >0, y € R?,
i = w0+t —s,x)dz, t>s,

it is straightforward to check that the family of probability measures {Mi,C}SEO,tES,CEPO has
the flow property (5.3). From Lemmas 4.3 and 2.6 and from what was shown in the proof of
Theorem 4.4 it follows that (,uf’c)tZs is a weakly continuous probability solution to the nonlinear
FPE (1.7) with initial condition (s, () in the sense of Definition C.2. By Theorem 7.4, Lemma
5.4 and Remark 7.6 below, condition (Po-line) holds. Moreover, by definition of Py and By, we
have ;Lf’c € Py for all (s,t,¢) such that either s < ¢t and ¢ € P or s < t and ¢ € Py. Thus,
Corollary 5.5 applies and yields:

There is a nonlinear Markov process (Ps,¢)(s,¢)e[0,00)xPo> Fs.c € P(C([s, o0),R%)), such that
(1) Pogo(m) ™ =puyt = s;
(II) Ps. is a solution path law to the McKean-Vlasov SDE (3.1) on [s, 00);
(IIT) For s > 0 and ¢ € Po, Ps ¢ is unique with properties (I)—(II).
Therefore, since Po\Po = {4, : y € R}, it remains to prove the following claim.
Claim. For (s,y) € [0,00) x R, there is a unique path law P s, with properties (I)—(II).
Proof of Claim. Let P, P? have properties (I)—(II) for s > 0,( = d,, y € R% For s,r > 0, we
define the map II% : C([s,00), R%) — C([s, 00), R?) via
It w(t)i>s = w(t + 7)i>s. (5.7)

For any r > 0, i € {1,2}, we have

(Pro(E) Yo (n)) ' =Po(n,) ' = uffﬁ’ =wY(t+r—s,x)de, Vt>s. (5.8)

It is straightforward to check that P?o (II$)~1 € P(C([s, 00),R%)), i€ {1,2}, is a solution law to
(3.1) with initial condition (s, wY(r,x)dx). As w¥(r,z)dz € Po, (5.8) and (III) yield

Plo ()~ = P?o (1)
Now let s <uy < -+ < uy, n € N. First assume u; > s. Then for i € {1,2}

Plo(my, ey, )" = (Po (I, )71 o (M5, ey T o)™
and by the previous part of the proof the right hand side coincides for + = 1 and 7 = 2, since
u; — s > 0. Now assume s = uy < --- < u,. Then, since P’ o (7f)~! = §,, we find
Plo(mi ,.omy ) P =06,® (P o(ny,,..m )7
(where p® v denotes the product measure of the measures p and v). Since ug > s, the argument
of the first case again yields that the right hand side coincides for i« = 1 and ¢ = 2. Hence we
have proven
Pl ° (71'8 s )—1 _ P2 ° (7Ts s )—1

wir o My, wr o Ny,

forall s < u; < --- < up, n € N, i.e. P! = P2 which proves the claim and, thereby, the
assertion.

(ii) First note
Pogo(m)™ = pu = S = (Pogo () o ()™, Vi = s,
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with IT, as in (5.5). Both P, and Py o (IT,)~! are solution laws to (3.1) on [s,00) with initial
condition (s, (), hence, by (i),they coincide.

For the final statement, note that for ¢ = w¥(8, z)dx the measures Py ¢ and Py, o (II)~! have
identical one-dimensional time marginals w¥(§+t, z)dx, ¢ > 0, and both are solution laws to (3.1)

with initial condition (0,wY(d,z)dx). Thus the assertion follows from the uniqueness assertion
in (i). O

Remark 5.8. Theorem 5.6 (ii) implies that the nonlinear Markov process (Ps¢)(s,c)er, xP, Jrom (i)
is uniquely determined by

(Py)yere, Py:=Fys,.
Therefore, we also refer to (Py),cgra as the unique nonlinear Markov process determined by (3.1) and

the one-dimensional time marginals w¥(t),y € R%,t > 0. Note that P, is the path law of the solution
XY from Corollary 4.5.

Finally, we arrive at the following definition.

Definition 5.9. Let d > 2,p > %,q > 0 such that g(p — 1) > 1. If p < 2, assume additionally that

qip—1) > W(> 1). We call the nonlinear Markov process (P,),cra from the previous remark the
Letbenson process.

In particular, the Barenblatt solutions to (1.1) have a probabilistic representation as the one-
dimensional time marginal densities of the Leibenson process, which they uniquely determine as a
nonlinear Markov process. The construction of this process and the derivation of the corresponding
stochastic equation, i.e. (3.1), is completely analogous to the linear special case (p,q) = (2,1) of the
heat equation and Brownian motion, compare Section 5.1.

The special case d > 2, p > 2, ¢ = 1 was studied in [52]; therein the corresponding nonlinear
Markov process was called p-Brownian motion.

6 The Leibenson process is a functional of Brownian motion

In Section 5 we constructed the Leibenson process, which consists of path laws of probabilistically
weak solutions (X, W) to the McKean—Vlasov SDE (3.1) with u(t) = w¥(¢t + §),¢ > 0,0 > 0. In this
section, we prove that for § > 0 these solutions are in fact probabilistically strong solutions, that is, X
is a measurable adapted functional of the driving Brownian motion W and its initial condition X (0).
For simplicity, we only consider the case y = 0. The general case y € R? can be proved analogously.

First, we reduce the question of whether there exists a probabilistically strong solution to (1.2) to
a problem for an ordinary SDE. For § > 0, we set for (t,x) € R, x R?

ws(t, ) == wo(t +0,x), os5(t,x):= |Vw5(t,m)|p_2w5(t,x)(p_1)(q_1), Rs(t) :== R(t +9),

where again w” denotes the Barenblatt solution from (4.1), and R is defined as in (4.2). As computed
in the proof of Theorem 4.4, we have

0s(t,2) = Colt + 0)fy (t + 6,2)|a| 7T, (t,7) € Ry x RY, (6.1)

where we set

p—2 _ _ (o
Oyt +8) := (;’jpl) (t+6)" "5 B (La) e Ry x RY (6.2)
Consider the ordinary SDE
dX(t) = qP" Vos(t, X (t))dt + /2¢P o5 (t, X (¢))dW (¢ (6.3)
Lxw(dz) =ws(t,r)dw. '
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Note that (6.3) is equivalent to (3.1) and Lx)(dz) = ws(t, z)dx; it is obtained by fixing u = w; in
the coefficients in (3.1).

Now we define when a probabilistically weak solution to (3.1) (this includes (6.3)) is said to be
strong. We introduce the following notation. Let ¢ € [0,00). We set B:(C([0,00); R?)) := o (7, : s €
[0,#]) and, correspondingly, B;(C([0,00); R%)g) := (7 : s € [0,¢]) N C([0,00); R?)g. Furthermore, PV
denotes the Wiener measure on (C([0,00); R%)g, B(C([0, 00); R%)).

Definition 6.1. A probabilistically weak solution (X, W, (Q, F, (Fi)¢>0, P)) to (1.2) with initial condition
v € P(RY) is called a probabilistically strong solution, if there exists

F, : R% x ([0, 00); R%Y)g — C([0, 00); RY),

L/®PW

which is B(R?%) @ B(C([0,00); R9)g) /B(C(]0,00); R%))-measurable such that for v-a.e. x € R?,
F,(x,-) is B:(C([0, oo);Rd)o)P /B (C(]0, 00); RY))-measurable for every t € [0,00), and

X = F,(X(0),W) P-a.s.

L/®PW

Here, B(R?) @ B(C([0,00);R%)g) denotes the completion of B(R?) @ B(C([0,00); R%)g) with
w

respect to v@ PV and B;(C([0, c0); Rd)o)P
to PV in B(C(]0,0); RY)p).

denotes the completion of B;(C([0, 00); R%)q) with respect

Before we state the main result of this section, we recall the definition of pathwise uniqueness for
(6.3).

Definition 6.2. Pathwise uniqueness holds for (6.3) if for every pair of probabilistically weak solutions
(X, W), (Y,W) to (6.3) defined on the same stochastic basis (£, F, (F:),P) with respect to the same
(F:)-Brownian motion W and with X (0) = Y (0) P-a.s., we have sup, | X (¢) — Y ()| = 0 P-a.s.

In Theorem 4.4, we proved there exists a probabilistically weak solution (X, W) to (6.3) such that
Lx ) = ws (t,x)dz,t € Ry. The following main result of this section shows that under quite general
conditions these solutions are actually strong.

Theorem 6.3 (The Leibenson process is a functional of Brownian motion). Let 6 > 0. Let d > 2,

p > 1,q > 0 such that p > % and q > lZ(_p%‘;d (> plj) Then, the probabilistically weak solution

to (6.3) constructed in Theorem 4.4 is a probabilistically strong solution. Furthermore, for all T > 0,
pathwise uniqueness holds among weak solutions (X, W) to (6.3) on [0,T].

Remark 6.4. Note that Theorem 6.3 includes the case of p-Browninan motion, i.e., p > 2,q = 1.

As already mentioned above, the case of arbitrary initial points y € R% can be obtained analogously:

Corollary 6.5. Let y € R? and 6 > 0. Letd > 2, p > 1,q > 0 such that p > 3% and ¢ > 20

Then, the probabilistically weak solution to (6.3) constructed in Corollary 4.5 is a probabilistically
strong solution. Furthermore, for all T > 0, pathwise uniqueness holds among weak solutions (X, W)
to (6.3) on [0,T].

6.1 The restricted Yamada—Watanabe theorem

Our result is based on the restricted Yamada—Watanabe theorem, which we will recall here in a form
tailored to the ordinary SDE (6.3). For the general formulation for stochastic partial differential
equations in the variational framework, we refer to [33, Theorem 1.3.1].

Theorem 6.6. Assume
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(i) There exists a probabilistically weak solution (X, W) to (6.3);
(i1) Pathwise uniqueness holds for (6.3).
Then the weak solution (X, W) to (6.3) from (i) is a probabilistically strong solution.
Proof. The assertion follows from [33, Theorem 1.3.1] by setting (using the notation of [33])
Pyys0,2)dz = {Q € P(C(]0, 00);RY)) : Qom; ! = ws(t, x)dz YVt € Ry}
U

By Theorem 4.4, Assumption (i) of Theorem 6.6 is satisfied. Therefore, the rest of the proof of
Theorem 6.3 boils down to a pathwise uniqueness result for (6.3). The proof of Theorem 6.3 is carried
out in Section 6.4. In the following two subsections we present some technical preparations.

6.2 About the Schwartz distributional derivative of V;(t,-)

Here we discuss regularity and integrability aspects of the drift coefficient of (6.3), which will be
essential for the proof of Theorem 6.3.

Lemma 6.7. Letd >2,p > 1,q > 0 such that g(p—1) > 1 and p > ﬁ. Let 6 > 0 andt > 0. Then,
Vos(t,) € BV (R RY)

with Schwartz distributional derivatives given by the finite signed Borel measures (on R?)

0,0 05(t, A) = / GH(t, 2)dz + Ot + 6)~ " - - e / 22:5(dz) VA € B(RY),
AﬂaBgé(t)(O)

(6.4)

where 1 <1i4,5 < d, C' > 0 is a constant not depending on t, and gé’j(t, ) € LY(R?) denotes the classical
second order derivative of 0s(t,-) with respect to the coordinates x; and x; on R\(8Bp;()(0) U {0}).

Proof. In the proof of Theorem 4.4 we already showed that gs(,-) € L'(R?) and that gs(t, -) is weakly
differentiable on R? with spatial weak derivative (and also classical derivative in z € R?\ (0B Rs(t)(0) U

{0}))

2 __p_ KD __
S el P = 48 T (@) ) 7 (69

Vos(t.a) = Cyfe-+) (12

where C, is as in (6.2). Note that Vps(t,-) has compact support, so that Vos(t,-) € L'(R?).
Furthermore, it is clear that os(t, -) is twice continuously differentiable on R*\ (9B, 4 (0 )U{O}) Recall

that we denote the ordinary second-order derivative of gs(t,-) in directions z; and z; by g5’ (¢,-). A
direct computation yields for all z € R4\(9Bg, ) (0) U {0}),

0] kP — BT Lff . — T
70:2) = Colt 4 )i 0(0)| 223 (=523 04.0) 7l ) ol 7,

p—2 Kp T
TR ( . a7 iy ] %) —(E+0) Ty
kp(p —2)
= Cg(t+5)]lBR5(t)(o (2) — 1) (t+96)” BT |z| 2z
p—2 L,
+ Ef +6 xT ( |J)| p— 1 Tij + |$‘ p— 167,]) - Zfl(t_Fé) ﬂ(pfl)(sij ,
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where 0;; denotes the usual Kronecker delta. Note that gé’j (t,-) € L*(R?), since p > 5%. Now, we are
prepared to prove (6.4). Let ¢ € C°(R4). By Lebesgue’s dominated convergence theorem, we have

/ 0;05(t,2)0;p(x)dx = lim 0;05(t, x)0;p(x)dx.
By ()(0) 0 JBr,1)-=(0\Bc(0)

Let 0 < ¢ < Rs(t)/2. Then integration by parts yields

/ 0;05(t,x)0;p(x)dz = —/ gf;’j (t, 2)p(x)dz (6.6)
Brg(t)—<(0)\B:(0) Brg(t)—<(0)\B<:(0)

+/ 8iga(t,x)<p(x)RLdS(w) —/ 9;05(t,2)p(x) 2 dS ().
OBRg(t)—<(0) s(t) —¢€ B (0) €

First, the third summand on the right-hand side in (6.6) vanishes as e — 0, since

N —
<s (5 P*l—l—s)ed 150, ase =0,

/ Bros(t, 2)p() L dS (x)
9B.(0) €

where we used p > 7%45. Secondly, due to (6.5), the second summand on the right-hand side in (6.6)
can be written as

Doslt)ey o Clt+0)(p—2)
/angw) RBo() = PO = R o)

3
Cg(t 6)(t+§) /i(pp—l)l{p o )
(p— D(Rs(t) — ) /?33R5<t>_5(0) irj()dS(z).

Using the transformation 2 — (Rs(t) —¢)z, it is easy to see that the first summand on the right-hand
side of the last equality vanishes as ¢ — 0. A similar argument regarding the last integral on the
right-hand side yields

/ Fo(t+ 6, 2) 2] 7 2y 0(2)dS ()
OBR(1)—<(0)

/ zizjp(z)dS(z) — z;zjo(x)dS(z), ase — 0.
OBRg (1)—<(0) OBR (1) (0)

Hence, letting € — 0 in (6.6), we conclude that the spatial Schwartz distributional derivatives of
the components of Vs can be written as

P ity ey o Celt O+ 0) T kp (VS
o @30s(t ) elo = [ g (ta)eente + S /QBWO) i yil)dS (),

for p € C°(R?) and 1 < i,j < d, where p(,-)p, denotes the usual action of Schwartz distributions
on R4, denoted by D', on D = C°(R?%). This finishes the proof. O

We have the following lemma.

Lemma 6.8. Let d > 2 with § > 0. Let p > 1,q > 0 such that g(p —1) > 1 and p > d%'ll. Then

/OT/M | Dz Vos(t,)|(x)ws(t, x)dxdt < 0o VT € (0,00), (6.7)

where D,V os(t,-) denotes the matriz consisting of all second order Schwartz distributional derivatives
of 05(t,+) in form of finite signed Borel measures, according to Lemma 6.7.

22



Proof. Let T' > 0. According to and using the notation of Lemma 6.7, we may estimate as follows.

T
| [ MIDT st @yt )dnat <5 / & <1g1a§d|95(7)|> (@yuws(t,z)dedt  (6.9)
+ /0 / MIS(- N OB, (5 (0))|(z)ws(t, x)dudt.  (6.9)

According to Lemma 6.7, we have

max |29 (t,2)] S5 1+ || 7.

1<4,5<d
Note that | - |_# € Ay, since p > %. Hence, we obtain
T
/ /M( max |27 (t, )|)( Yws(t, z)dadt s 1+/ /M (x)ws(t, z)dxdt
o 1<i,j<d

<1 —|—/0 /|x|_r’pjw5(t,x)dxdt < 00.
Furthermore, by Cauchy’s surface area formula, we have
S(B,(x) N 0By (0)) < S(OB,(0)) S r~. (6.10)
Also, for each x € R? such that |z| # Rs(t) and all 0 < r < ||x| — Rs(t)| we have
S(Br(x) NOBRs+)(0)) = 0.

Hence, for all z € R? such that |z| # Rs(t), we obtain

1
M|S(-N8Bg, ) (0)|(z) < —— . 6.11
| ( Ra(t)( ))'( ) ||1?| —Ra(t)| ( )
Claim: For all p > 0 there exists C,, > 1 such that for all r € [0,1]
1—rP < Co(1—1). (6.12)
Proof of Claim: By 'Hospital’s rule, the function
1—1rFf
1
0,1)>r— T

can be extended to a continuous function on the interval [0, 1], which clearly has a maximum C, > 1
on [0,1]. O

Using (6.11), the transformation = — Rs(t)x, integration in polar coordinates, and (6.12), we
obtain

| [ MISC Bago @) l@wsttaidadt 55 [ [l = Rt it -+ 8.0 daa

1 d-1 ) 1
<s / (1 —rr1)7dr < / (1—7r)"tdr < c0.
o 1—=r 0
Hence, since v > 0, (6.7) follows. O

Remark 6.9. At first sight, the estimate (6.11) seems quite rough. But, in fact, elementary geometrical
considerations show that, for d =3 and fized t > 0,

M|D;Vos(t,-)|(x)

1

|2|[Jz] — Rs(t)]”
for all x in a neighborhood of OBr, ) (0).
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6.3 Weak derivatives (of powers) of /o,

Here we discuss regularity and integrability aspects of the diffusion coefficient of (6.3), which will be
essential in the proof of Theorem 6.3.

Lemma 6.10. Letd>2,p > 1,q > 0 with q(p — 1) > 1, and

(r—2)1+7)
- >1-d. 6.13
2(p—1) (6:13)
Then for each t > 0, Q;JrTW (t,-) is weakly differentiable.
Remark 6.11. Consider
(i)
2d 2dp—1) —-p—(-2)(p—1)
p> and q > ; 6.14
201 (= Ddp—1) - p) 614
(i1)
2dp—1)—-p—(p-2)(p—1)
2> >p>1andqg< . 6.15
22177 TS DRy - 1) - p) R

In fact, (6.13) holds if and only if (6.14) or (6.15) is fulfilled.
14y 14y
Proof. By (6.1), clearly 05> (t,-) € L'(R?). Note that g5* (t,-) is (infinitely many times) continuously

differentiable on R%\(8Bp,;)(0) U {0}). Let ¢ € C*(R?) and 0 < € < Rs(t)/2. By Lebesgue’s
dominated convergence, we obtain

/g?(t,x)a o(z)dz = lim 057 (t,x)0ip(x)da.

€70 Bry(1y—<\B=(0)

Integrating by parts, we obtain for 1 <1i <d

1y 1y
/ 052 (t,x)0ip(x)dx = —/ 0;05° (t,z)p(x)dx
Brg(t)—e\Be(0) Brg(t)—e\Be(0)

+ /8 O ) S

- /8 o )p) i stan),

iy -
where 0;05> (t,-) denotes the dz-a.e. existing pointwise partial derivative of o5 (¢,-) in direction z;.
By Lebesgue’s dominated convergence theorem

/33Rs(t) EQJT(t’x) ( )R5<) S(dm)

—0

= T )~ ol (Ralt) — (Rl — )50 D0, (010
Furthermore, by (6.13),
&TV i % e—0
/BB © 25 (t»x)w(x)mS(dx) <se 2o-n ATl EZ0 ) (6.17)
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), an easy calculation yields that the pointwise partial

Using chain rule as well as (6.1) and (6.5
) U {0}) satisfy the bound

14y
derivatives of o5 (t,-) on R*\(9Bg, (0

(p=2)(147)+2 (r=2)1+y) _;

10057 (6,2)] S Fo(t+6,2) T |a| “Z67D T 4 fo(t 4 6,2) 5 [z T (6.18)

1ty
where i € {1,...,d}. Under condition (6.13), it is clear that 0;0; > (t,-) € L*(R%). Hence, Lebesgue’s
dominated convergence theorem yields

e—0

1
/ 0,052 (t,x)p(z)de — /8195 (t, z)p(z)dz. (6.19)
BR(;(t) E\B (O)

This completes the proof. O
We have the following lemma.

Lemma 6.12. Letd>26 >0, andp > 1,9 >0 besuchthatp>d I andq>‘p 2+d - Then

d(p—1) ~
2 s
/ Rd M Vo, (t, .)|(x)> |z @ DT dadt < 00 VT > 0. (6.20)
Proof. Let T'> 0. Note
2€p—1)—p—(p—2)(p—1 )
(p—1)(2d(p—1) —p) d(p—1)
HJ
Hence, by Lemma 6.10 and Remark 6.11, we have Vo;* (t,-) € LY (R9). Since ¢ > ‘p(;l'f)d, we have
| |T a0 € A,

(for the definition of the Muckenhoupt class As, we refer to Appendix D.2). Hence, in order to show
(6.20), it is sufficient to prove

I L

By the proof of Lemma 6.10 (more precisely (6.18))

1ty 2 ___p=2
Vos* (t,x)’ |z] " ae=-D=Tdzdt < co.

1ty (p—2)A+v)+2 (r=2)(1+v)
VorT (ta)| S Felt 4 0.0 T ) T 4 L4 6.0) R S (622)
whence
T 14y (2 p—2
/ / Voy" | lol” T T daat
0 JRd
T
< / / Folt+6,2) V|75 4 fo(t+6,2) 2] 75T dedt < oo
~ + ) + ) ;
0 JRd
where we used p > % and v > 0. This completes the proof. O

6.4 Proof of Theorem 6.3

We show that Theorem 6.3 follows from Theorem 6.6. Therefore, we need to show that both conditions
of the latter theorem are fulfilled.

In fact, assumption (ii) of Theorem 6.6 follows from Theorem 4.4, and (ii) follows from Theorem
6.13 below.

The proof of the following theorem is inspired by the technique in [54].
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Theorem 6.13. Let § > 0 and T > 0. Letd > 2, p > 1,q > 0 such that p > d%‘ll and q >

|§(;2_‘T)d, Let (X, W) and (Y, W) be two probabilistically weak solutions to (6.3) on [0,T] on a common
stochastic basis (2, F, (Ft)eejo, 1), P) with respect to the same (F)-Brownian motion (W (t))icpo,r] such

that X(0) =Y (0) P-a.s. Then X =Y P-a.s.

Proof. Due to Proposition E.2, we may assume without loss of generality
Vos(t,0) =0, Vtel[0,T]. (6.23)

From Lemma 6.7 and the proof of Theorem 4.4, it follows that /25, |[Vos| € L' ([0, T] x RY). For n € N
we set

T = inf{t € [0,00) : | X(8)| V [V (£)] > n).

Note that 7, is an (JF;)-stopping time. For & > 0, we set h.(z) := In(1 + |z|?/e2?), x € R?. Clearly, for
all z € R?

1 1
h < D?h e
|V z—:(m)l ~ |ZL'| +€7 ‘ E(m)l ~ |$|2 +€2

Let n € N,e > 0. Using Itd’s formula, we obtain for each ¢ € [0,T] (cf. proof of [54, Theorem 1.1])
E [hl (1 + | X (A1) ;2Y(t A Tn)|2 ):l
<E [/M” 2(Vos(s, X(s)) — Vos(s,Y(s)), X(s) = Y (s))ra + |/05(s, X(5)) — \/QTS(&Y(S))leS}
~ Lo [ X(s) =Y (s)|* + &2
AT 1V 05(5, X (s)) — Vs (s, Y(s))] . AT | J0s(5, X (s)) — /0s(5,Y (s))? .
<z o e e Ko v
=: (*1) + (*2). (624)

+

Claim: For all z,z € R¢

[Vos(t, x) = Vos(t, 2)] S (M |DxVos(t,)|(x) + M [DxVos(t,-)[(2)) & — 2. (6.25)

Proof of Claim: By (6.23) and the continuity of Vos(t,-) on R4\ (8Bg) (0) U {0}), it is easy to see
that for any standard radial Dirac sequence (¢¢)e0,

(Vos(t, ") * ¢:)(x) = Vos(t,z) Vo € RNIBg)(0), (6.26)

where the convolution is meant componentwise.
Furthermore, 0Bpg,+)(0) consists of all approzimate jump points of gs(t,-) in the sense of [2,
Definition 3.67]. Hence, by Lemma D.2 and Remark D.3, the assertion follows. Indeed: Fix an arbitrary

t > 0. For all 2y € Bg,(1)(0), we set (in the notation of [2]), v := Togs @ 5= _%(t+5)—5<;’,1)x07 b:=0.
Furthermore, let B, (x,v) := {y € B,(z) : (y—z,v) < 0} and B, (z,v) := {y € B.(z) : (y—z,v) > 0}.
Then a simple transformation of the Lebesgue integral shows (here |A| denotes the Lebesgue measure
of a set A € B(RY))

1
i/ Vos(t,y) —aldy < / IV os(t, 0 + 1) — aldy — 0, as 7 10,
|BT (l‘o, V)‘ B, (zo,v) B; (0,v)

where we used the fact that Vos(t,y) — a, whenever y — xo with y € Bg;)(0), and that Vos(t,-) is

bounded on R\ B¢(0), for all ¢ > 0. Furthermore, since supp(|Vos(t,)|) = Bg,)(0), we have
1

m -y )|V,Q5(t,y) — b|dy =0 Vr>0.
T 9 r (To,V
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This completes the proof of the claim.

O
Proof of Theorem 6.13 continued. Using (6.25), we may estimate (%1) by
tATh
(x1) SE [/ M |DzVos(s, -)[(X(s)) + M[D:Ves(s,-)|(Y(s))ds

0
T

< 2/ / M |D,Vos(s,)|(x)ws(s, z)dzds. (6.27)

B (0

By Lemma 6.8, the right-hand side of (6.27) is finite.
Before we estimate (x3), we remark that due to the mean value theorem, the following inequalities
are true (under the convention 0 - oo = 0) for all z,y € R? if p > 2, and for all z,y € R?\{0} if p < 2:

L2
Was(to) Vot )l =|(e" @0) 7 = (0" (b))
S </01 [9max (g;%(t,x)vQ(%(lt,y))yﬁ da)Q. Q?(t,m) - Q?(t y)‘z

0" (Hx) =057 () (6.28)

1+ 14y ‘ 2

(p—2) (p—2) -1
55 (max (’Uj(g(t7 JU)‘$| q(p—1)—1 ,w(;(t7 y)|y| q(p—1)—1 )) .

We estimate (k2) as follows.

T | B X () — VB Y (1)
EV X)) - YO+ dt} (6:28)

057 (1. X(0) = 05" (Y (1))

5‘;IE/ ) N
b (X(0) — YO + ) max (s X)X O, wy(e, Y ()] (7557 )

Liy 1ty
Recall that, by Lemma 6.10, g527 (t,-) is weakly differentiable. Clearly, o T (t,-) € C(RY) if p > 2,

1ty
and o4 2 (t,-) € C(RY\{0}) if p < 2. Here, we emphasize that in the latter case, since X,Y satisfy the
integrability condition (3.2), respectively, {min(|X]|,|Y|) = 0} is a dt ® P-zero set. Hence, by (6.25)
1y

where we formally replace Vos(t,-) by 052 (t,-) (which, in the case p > 2, then holds for all z, z € R4,
and, if p <2, forall z,z € Rd\{O} due to the function’s respective continuity), we obtain

] /T 0rF (1 X(W) 0T Yo .
0 (1X(1) = Y (1)[2 + €2) masx (w1, X (6)| X ()| T w8, Y ()Y (5] 707 )
14y 14y 2
. /T (e eoew) T / (Mives” @)
Tl wst x )X (1) b ws(t, ()Y ()T
52/0 5 (ng?(t,-)\(x)) ||~ 7= dzdt. (6.30)

Note that, according to Lemma 6.12, the right-hand side of (6.30) is finite. Hence, by the monotone

convergence theorem, we obtain
X n -Y n 2 X tA n)
E[hmln(1+| (EATh) =Y (EAT)| )]ZI%E{IHOH (tATn) !
€ 9

< 0.
cl0 g2

Y(tATn)|2)]
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Since X and Y are P-a.e. continuous, we conclude P-a.s.
X{tAT)=YEAT,) Vtel0,T]. (6.31)

Again, by the P-a.s. continuity of X,Y, 7, — 00, as n — oo, P-a.s. Therefore, letting n — oo in
(6.31), we obtain P-a.s.

X(t)=Y(t) Vtelo,T]

This completes the proof. O

7 A restricted uniqueness result for the linearized Leibenson
Fokker—Planck equation

The goal of this section is to prove that, in the situation of Theorem 5.6, condition (Bo-linex) from
Corollary 5.5, more precisely its equivalent condition from Lemma 5.4, is satisfied with B¢ as defined
in (5.6), see Theorem 7.4. As in Section 6, we set for 6 > 0

th(tax) = UJ(t + 57 Z'), Qé(t,l‘) = |Vw5(t,x)|p72w5(t,x)(p*1)(q*1),

where again w denotes the Barenblatt solution from (4.1) with inital datum dg. As computed in the
proof of Theorem 4.4, we have

p(p—2)

05(t,w) & (t+8) TP TEGD TE@NED £ (445 )] 5
Here we study the ws-linearized version of (1.7), i.e. the linear FPE
Ou = ¢gPt (A(ggu) — diV(Vggu)), (7.1)

obtained by fixing ws in the nonlinear variable of the coefficients in (1.7). We set Q7 := (0,T) x R?
for T > 0.

Definition 7.1. A (distributional) solution to (7.1) on (0,T) with initial condition v € My is a
function u € L'(Qr) such that ¢ — u(t, z)dx is a weakly continuous curve of (signed) Borel measures
with

T
/ / (05 + |Vos|)|u| dedt < oo,
0o Jrd
such that for all ¢ € C° (Rd)

t
Yu(t)de — Ydv = / / (0sAY + Vo5 - V) udzdt, VO <t <T. (7.2)
R R 0 JRd

w is called probability solution, if u > 0 and v, u(t,z)dx € P for all t € (0,T).

This definition is consistent with Definition C.1 for the linear Fokker—Planck equation (7.1) (except
for the additional assumption u € L'(Q7), and on (0,T) instead of R, ). Clearly, u(t,r) = ws(t, ) is
a probability solution with initial datum w(0, z)dz to (7.1).

Remark 7.2. An equivalent condition to (7.2) is
/ (8,5@ + qp_ldiv(g5Vg0)> wdazdt + / 0(0)dv =0 (7.3)
(0,T) xRe R4
for all p € C([0,T) x R?).
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We collect basic properties of ws and g5 used in the sequel, of which some were already stated in
Lemma 4.3.

Lemma 7.3. Let § > 0. Then ws and g5 are nonnegative functions with the following properties.
(i) ws € Nprso Ce([0, R] x R4) N L>([0,00) x RY).
(i) For p > 2, we have 05 € s Ce([0, R] x RY) and {x € R?: p5(t,x) > 0} = {z € R*: 0 < [z <

—1

(%)p‘“ (t+ 6)%}, for allt >0, where B =p+d(q(p—1) — 1) as above.

(ili) Vos € LiS,([0,00), L™ (R%GRY)) for v € [1,d(p — 1)) (this interval is nonempty if p > <L),

loc

Proof. The properties of ws follow from Lemma 4.3. Nonnegativity and regularity of gs is obvious
from its definition and it is clear that the support of o5(t) equals the support of ws(t), which is stated
in Lemma 4.3. Regarding (iii), by taking into account (4.7) and considering d-dimensional spherical
coordinates, it suffices to note that fol =197 dr < 0o holds. Indeed, —Zﬁ +d>0 = r<
d(p—1). O

Consider the class
Asri={ue€ L'NL®(Qr) : t = u(t,x)dz € C([0,T],P), 3C > 1 : u(t) < Cws(t) dz-a.s., Vt € [0,T]},

where C([0,T],P) is the set of weakly continuous maps ¢ — p; € P. Clearly ws € Asr. Comparing
with Theorem 5.2 (more precisely, with Corollary 5.5 and Lemma 5.4) and the situation of Theorem
5.6, the following result is the remaining piece needed to close the proof of Theorem 5.6. For simplicity,
we only formulate the result for y = 0 and s = 0. The proof for the general case is identical (note that
we need this result indeed for all s > 0 and y € R?).

Theorem 7.4. Let T € (0,00), § >0,d>2,¢>0 and q(p— 1) > 1. Assume additionally either
(i) p>2and qlp—1) <1+d(p—1)32

or

[p—2|+d

(i) p> 7% and ¢ > To-1) -

Then ws is the unique distributional solution to (7.1) on (0,T) in the sense of Definition 7.1 with
initial condition ws(0,x)dx in Asr.

Notably, as shown below, the proof of the assertion under assumption (i) follows by analytic
methods, while for case (ii) the probabilistic tools developed in Section 6 are employed. Note that (i)
does not imply (ii) and (ii) does not imply (i).

Remark 7.5. In fact, a stronger uniqueness assertion holds in the situation of the previous theorem.
Precisely, for every initial condition v € P there is at most one distributional solutions to (7.1) in
As 1 with initial condition v. In the proofs below we prove this stronger assertion.

Remark 7.6. Ifp > 2, then p > ﬁ for d > 2 and we have

lp—2|+d
d

Hence for p > 2 the assertion of the previous theorem holds for all ¢ > 0 such that qg(p — 1) > 1.

<1+d(p-1)>2

Remark 7.7. Even though this restricted uniqueness result concerns a linear PDE, we could not obtain
its proof by a standard result from the literature. Note that the diffusion coefficient os is degenerate (it
is compactly supported in Qr ), which renders the assertion rather delicate. For instance, we cannot

apply [16, Thm.9.8.2], since this requires o5 > Vos to be bounded, which is not true. Our proofs below
heavily use the explicit form of ws and os.
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7.1 Analytic proof of Theorem 7.4 (i)

In this case, the proof is an extension of the proof of Theorem 6.5 in [3]. For the convenience of the
reader, we give all details, also for those parts which are very similar to [3].

Let T € (0,00), 6 >0,d>2, p>2,andglp—1)>1,g<d(p—1)+ Zﬁ. For convenience, below
we omit the absolute factor ¢P~1 from the RHS of (7.1). It is clear that this factor does not influence
the proof at all.

Remark 7.8. When u € (L' N L>)(RY), then in Remark 7.2, since
div(0sV) = 0sAp + Vs - Vo
in LY(Qr), by a standard localization argument we can replace C°([0,T) x R4) by
25([0,T) x RY) == {p € Cp°([0,T) x RY) | 3X > 0 such that o(t, ) = 0,Y(t,z) € [T — X\, T) x R?}.

We give more details on this claim in Appendix A. In the forthcoming proof, we abbreviate partial
time derivatives % by f:. Constants depending only on absolute constants are denoted C;,i = 1,2, ....

Proof of Theorem 7.4 (i). Since there is no change in the argument, we prove the stronger assertion
mentioned in Remark 7.5. Let u, @ € A be distributional solutions to (7.1) with any common initial
condition v € P and set

v = u— U.

Since u,u € Asr, there are nonnegative measurable maps ¢, : Qr — R such that u(t,xz)dz =
g(t,x)ws(t, x)dx and a(t, z)dx = g(t, x)ws(t,x)dx for all ¢ € [0,T], and g(t, z), §(t,z) < C dtdz-a.s.
for some C' > 0. Hence v(t,z) = h(t, x)ws(t, z) dtdz—a.s. for h := g — g. In particular, —C < h < C.

v is a (signed) distributional solution to (7.1) in the sense of Definition 7.1 with initial condition
the zero measure. Let f € C°(Qr), set and for € € (0, 1) consider the equation

(pe)e +div((es +€)Vepe) = f in Qr (7.4)
o (T,x) =0, zeR%

By standard existence theory for linear parabolic equations (see, e.g., [19, Thm.10.9, p.341]) it follows
that equation (7.4) has a unique solution

¢. € C([0,T); L*) N L*(0,T; H'),
with (¢.); € L?(0,T; H~'). Moreover, we have

T T
(B3 + / / (05(t,2) + )| Vipe (£, 2) Pdtdz < / / | (t,)[2dede. (7.5)
0 R4 0 Rd
In particular, (7.4) is equivalent to

(¢e)t + (05 +€)Ape + Vs - Voo = f on Qr, (7.6)
0e(T,z) =0, z € R%.

Claim 1. We have ¢, € W21’2(QT), that is,
(we)tvaisoevaiajgos S L2(QT)) 7’7.7 = ]-7"'7d'
Proof of Claim 1. We set g. = Vs - V.. By (7.5) we have ¢, [Vo.| € L*(Qr). By Lemma 7.3 (iii),

we know that Vgs € L>*(0,T;L"), r € [1,d(p — 1)). Fix r € (d,d(p — 1)) (this interval is nonempty,
since p > 2). Then, by Holder’s inequality,

2r
ge € L (QT)7 for M= m € (172) (77)
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Taking into account that, by (7.6),

(‘Pe)t + (Qa + E)AQOE =f—-g.€L™ (QT)v

we get by [42, Theorem 9.1, p. 341] that ¢. € W3,*(Qr), that is,

(ws)taaiwsaa’iajws S n (QT), Za] = 13 ad

On the other hand, by the Sobolev—Nirenbergh-Gagliardo theorem (see, e.g., [19, p.283]) we have

(recall d > 2)

d
V.| € L (Qr) for oy := n ,
d—m
and this yields as above
or
g € L7(Qr), for 7z 1= o= € (1,00).

Then, again by [42, Theorem 9.1, p. 341], it follows that ¢. € WA}f(QT) and, therefore, again by

Sobolev—Nirenbergh—Gagliardo theorem,

Y2d

V| € L(Qr) for ag := "

Continuing, we obtain sequences 7y;, «; such that

ge € L (Qr), ¢ € Wyl,;z(QT)a

and
2r ;T .
=5, Vi = 3 € N7
n=y +r Tt o; +r !
id
;= 7 , as long as v; < d.
This yields the recursive formula
2r rd
= € (1,2), vip1=v% —————,
n=5,; €02 v ="y A =)

i1 € N, as long as y; < d.

This iterative procedure stops after the smallest 7 such that «; > d. Since r > d, we have for all ¢ with

Yit1 < d that

o TE
%H_%rd—i—%(d—r) Yi-

Suppose
v; < 2 for all 4 € N.

Then, by (7.9) there exists
v = lim v, <2

11— 00

and, passing to the limit in (7.9), we obtain

rd

rd+~(d—r) =T

y=7

(7.9)

(7.10)

This contradiction implies that (7.10) is wrong, so there exists ¢ € N such that 7; > 2 and Claim
1 follows by [42, Theorem 9.1, p. 341], because g. € L?(Qr) by (7.8), (7.7) and interpolation, since

M€ (172)
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Next, by the maximum principle

sup |@elre(@r) < Colflre(Qr)- (7.11)
€€(0,1)

This follows in a standard way from (7.6) by multiplying the equation with (¢. — (T — )| f| 1o Q1))+
and (e + (T —t)|f|re(Qy))—, respectively, and integrating over Q.

Setting 05 := 05 + ¢ and multiplying (7.6) by —¢., integrating over (¢,7) x R? and using that
we(T,-) = 0, we obtain by Gronwall’s lemma (see (7.5))

T T
e (D a0 +/ / 0| Vip. [2dads < 01/ / \f[2dads, Vt € (0,T). (7.12)
t R4 t JR4
Define for A € (0,1)
@?(tvz) = 77/\(75)%(15@)7 (tvx) € Qr,
where n\(t) =1 (%) n (52) and n € C?([0, 00)) is such that
n(r) =0 for r € [0,1], n(r) =1 for r > 2.
Claim 2. We have
r 1
/ m (05(6) Ve (t), V(ge)e(t)) g—r dt < —5/ (06)¢|Vee(t, v)Adtd, (7.13)
0

T

where g1 (-, ) ;-1 is the duality pairing on H'(R%;RY) x H~1(R%RY).

Proof of Claim 2. By Claim 1 and its proof we have V(p.): € L*((0,7); H™') and 05Vp. €
L2((0,T); H'), and so the LHS of (7.13) is well defined (indeed, in the proof of Claim 1 we showed
ge = Vos - V. € L*(Qr)). Now choose a sequence {p5} C C1([0,T]; H') such that ©%(T,-) = 0 and,
for v — 0,

VS =V, strongly in L*((0,T); H") (7.14)
V(¢S): =V (pe)s strongly in L2((0,T); H™') (7.15)
An example for such a sequence is
@, (t) = (pe  6,,)(t) — (0 x 6,,)(T),

where 6, = 0,,(t), v > 0, is a standard mollifier sequence on R. Here, for technical purposes, we define
(1) by pe(0) and . (T) for r € (—1,0) and r € (T,T + 1), respectively. Then, since V£ (T) = 0,
we have

| GOV V00 dt =5 [ gt Tt Fdeds
0 Qr

1 1
=5 [ 00V 0.0 - 5 [ os(t.) Vet deds
R T

1
<=5 [ etV s,
T
Letting v — 0, we get by (7.14)-(7.15) that (7.13) holds, as claimed. O

Now, by (7.6) and (7.13), we have

/ [(pe)ot, @) Patde = / @bV, a2l )t
< —%/ (gg)t(t,x)|Vg05(t,x)|2dtdx+ F &, 2)(pe)t(t, z)dtdx.
T Qr
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Since (05): € L (Qr), this implies by Young’ inequality

T
/ |(pe)e*dtdz < */ (06):|Vep:[*dtdz +/ [F(0)172may dt.
T Qr 0

From the definition of g5 we infer
—(05): < C20~ " 05, (7.16)

and hence we obtain

T
/ (oo Pdtda < © /Q 05| Vip. dtdar + / F(0) 3 g dt, (7.17)

where C' > 0 only depends on p,q,d and 6. Then, by (7.6) we have

(@2) + div((gs +€) V) = fnx + nhee on Qr

7.18
©NT,x) =0, Vo € R%. ( )

From what we derived above, we have ¢* € W2"' (Qr) and
p2 € L*((0,7); H*) N C([0, T} L?), (p2): € L*((0,T); L?), 92 € L>*(Qr). (7.19)

By Remark 7.8, v satisfies (7.3) for all p € C25([0,7T') x R?). Hence, we infer by density that v satisfies
(7.3) also for all functions ¢ = ¢ with properties (7.19). Therefore, we have

/ v ((92)e + div(esVp?)) dtdz = 0, Ve, X € (0,1) (7.20)

T

(see Appendix B for details).
Next, we get by (7.18) the following equality

1 T T T
31O 2 [ V2 nds + [ [ ol VedPasde == [ [ (fn+ieedarda.
t t t
Taking into account (7.11), we get
T
|02 ()] 22 (ray + 5/ V2 (5)[72 (gayds +/ 05| V2 |*dtdz < Cs, Ve, X € (0,1). (7.21)
t Qr

Now, we have as in (7.13) that

T
| (@O0 VA dt <5 [ (et Ve (.a) P,

T

and this yields

/ ()2t < — / (08)e| Vo2 [Pdtdz + C, / (fml? + e 2)dtde, Ve € (0,1).

T Qr Qr
Then, by (7.12), (7.16) and (7.21) we get
1
/ (o) Patde < / 05| Vo2 [2dtdz + 04/ (12 + A~ |2)dtdz < (1 + A) Cs. e, ) € (0,1),

(7.22)
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(Here, we have denoted by C;, i = 0,1,2, ..., several positive constants independent of £, \.) Now, we
fix a sequence A, — 0. Hence, by (7.16), (7.17), (7.21) and (7.22) and a diagonal argument, we find a
subsequence ¢, — 0 such that, for all n € N as k — oo,
e = @y @2r o @M weakly in L2(Qr)
(Pe)e = ()i, (020)e — (¢™)¢ weakly in L*(Qr) (7.23)
div((os +e6)Ve2r) — G, weakly in L*(Qr).
To finish the proof, we need the following three claims.
Claim 3. ¢+ u(t) and t ~— u(t) are weakly continuous from [0,7] to L?(R%).
Proof of Claim 3. Since sup {|u(t)|p1(ray, [u(t)|Le @y} < 00, also sup {|u(t)|2ra)} < oo. Hence,
te[0,7] t€[0,7]
for every sequence {t, fnen C [0, 7] with limit ¢ € [0, T'] there is a subsequence {t,, }ren such that u(t,, )
has a weak limit in L2(R%). Due to the weak continuity (in the sense of measures) of t +— u(t, z)dz,

this limit is u(t), which implies the L?(R?)-weak continuity of [0,7] > ¢ — u(t). The same argument
applies to . O

Claim 4. We have
lim lim vnh @, dtdz = 0.

n—oo k—o0 Qr

Proof of Claim 4. We first note that by (7.23) for every n € N

lim vny, e, didz = / ony,  dtde,
T

k—o0
T

and that ¢ € C([0,T]; L?). Furthermore, by (7.12), ¢(T,-) = 0. Then, for every A € (0, 1),
22 T\ _
oy vrpdtda = [P (4) o vlt.a)olt,adtde + 3 J2A o (T5) Jpav(t.)e(t, z)de
— 12 7 (7)dr fRd v(AT, 2)e(A1, z)dx + ff 7 (7)dr fle v(T — A1, z)o(T — A, x)dz,

where, as A — 0, both terms converge to zero by Claim 3 and Lebesgue’s dominated convergence
theorem. g
Claim 5. There is a € (0,1) such that for every A € (0,1) there exists C € (0,00) such that
/ e|AX | T ws dtdz < Cy, Ve € (0,1). (7.24)

T

Hence, {EH% Ap? | £ € (0,1)} is equi-integrable, hence weakly relatively compact in L(Qr;ws dtdz).
Therefore, selecting another subsequence if necessary, for every n € N as k — oo, we find

erAp2r — 0 weakly both in L'(Qr; ws dtdx) and L' (Qr; hws dtdz), (7.25)

where h is as in the beginning of the proof.

Proof of Claim 5. By the de la Vallée Poussin theorem and a diagonal argument, (7.25) follows from
(7.24), so we only have to prove (7.24). To this purpose, fix

2d(p —1)
€ (p,d(p - 1)) (7.26)

such that ) ( D1
qp—1)—
§>—=—" 7.27
g p—1 (7.27)
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and
2d(p — 1)

dp—1)—(p—2)
This is possible since ¢ < d(p — 1) + Iﬁ implies % < d(p—1) and since d > 2,p > 2, respectively.

We also note that the interval in (7.26) is not empty and that its left boundary point is strictly bigger
than 2, since d > 2, p > 2. Then,

(7.28)

p—2 s

)

p—1s—2

and so we may choose a € (0, §) such that

p—2 (Ba+1)s
0<p—1 s(l—a)—Q(a+1)<d .
and also such that d( 1) d( 1)
p—1)-p b~
ac -l << (d+2)(p—2)+d) (7.30)

as well as
a <7, (7.31)

where v > 0 is defined in Definition 4.1, and « sufficiently small such that
25y = Ba+1)s >2(a+1) —s(1 — a). (7.32)

The final inequality is true for a > 0 sufficiently small due to s > % Then, we multiply (7.18) by

sign A2 |Ap?|“ws and integrate over Q7 to obtain after rearranging

/ (05 + £)| A2 [Ty dtde < / V05| [V | |AQA | wy dtde
Qr

Qr

+/ [(92)e| [Ap2|* w5 dtda + / [fix + nhgel |A@2 | ws dida. (7.33)
T T

We now show, using (7.19), that the right hand side of (7.33) is finite, hence so is its left hand side.
Indeed, by Young inequality, for any r € (0,1) and a large enough constant C, > 1 (both independent
of € and A), the second term on the right hand side of (7.33) can be estimated by

2

2 _ 2a
‘(‘P?)tPL?(QT) + T/Q |A@2 05 ws dtdx + C, 0 wy ™" s 1T dtde. (7.34)
T T

Likewise, we can estimate the last term in (7.33) by

_ 2«
|fnx + 15 eeliz(gp) + r/ AT o5 ws dtda + O, | w)™ g5 17 dtda. (7.35)
Qr Qr

We note that, for o € (0, 3) satisfying (7.30) and (7.31), the definition of ws and g5 implies that the
last term in (7.34) and (7.35) are finite. Furthermore, by (7.22) the respective first terms in (7.34),
(7.35) are uniformly bounded in € € (0,1). Finally, for any r € (0,1) and C, > 1 sufficiently large,
both independent of ¢ and A, the first term on the right hand side of (7.33) can be estimated by

|Vos|tt

(0%

o . |V<p§‘|a+1 wg dx,
T )

T‘/ |Agpg“a+195 wg dtdx + C,
T

where the second integral is up to a constant bounded by

2(at1) —3atl _2
/ |Vos| T=o 05 = w; " dtder/ |V |2 05 dtda
T

T
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of which the second integral is uniformly bounded in A e € (0,1) by (7.21) and, by (7.30) and Young
inequality, the first integral is up to a constant bounded by

25 __ (Gatl)s
/ |V os|° dtdz +/ T R (s
T T

where by (7.26), (7.29) and (7.28) as well as (7.32) this quantity is finite. Choosing r small enough,
we hence get from (7.33) and the nonnegativity of g5 the estimate (7.24), and Claim 5 follows. O
Finally, we conclude the proof as follows. We have by Claim 4 and (7.18)

fvdtde = lim lim (fnr, + 1\, e v dida

Or n—o0o k—oo Qr

= lim lim (@2r)e + div((os + ex) Vlr))v dtdz,

n—oo k—oo Qr

which, taking into account that v = hws, by Claim 5 is equal to

lim lim (902,:)15 + diV(gnga;\:))v dtdz,

n—o0o0 k—oo Qr

which in turn equals zero by (7.20). Hence, fQT vfdtdz = 0 and so, because f € CX(Qr) was
arbitrary, the assertion follows. O

7.2 Probabilistic proof of Theorem 7.4 (ii)

We start with the following claim.

Claim: Let T > 0. Pathwise uniqueness holds for (6.3) on [0, 7] among probabilistically weak solutions
(X, W) with Lx € P47 where we set

PAT = {Q € P(C([0,T;RY) : (Q o 7y Vicjor) € As,r}-

Proof of Claim. Let (X, W), (Y, W) be two probabilistically weak solutions to (6.3) (on [0,7]) on the
same stochastic basis, with the same Brownian motion W, X (0) = Y (0) a.s., and Lx, Ly € PAs7
with Ly (de) = ux(t,z)dr and Ly (dz) = uy (t,z)dz, for all ¢ € [0,T]. Imitating the proof of
Theorem 6.13, we may similarly estimate for all n € N and € > 0

E [1n <1+ | X (A7) Y(M\%)F)}

2

T T
§5/ / M \DJVQ(;(S,-)|(m)ux(8,x)dxds—|—/ / M |D,Vos(s,)|(z)uy (s, z)dzds
0 JB.(0) 0 JB.(0)
T 1+ 2 p—2
+/ (M\VQ(;Q (5,)|(x)> ws(s,x) x| T D Tuy (s, 2)dzds
0 Jre
T 14y 2 p—2
[0 (198 T (5.1) st )l Ty (s, a)dads
0o Jrd
T 1+~ 2 p—2
< 2/ / M |D,Vos(s,)|(x)ws(s, z dxds+2/ / M|Vos* s,)|(:c)) |x| " «@=D=Tdxds.
0 JB.(0)

By the same arguments as in Theorem 6.13, we conclude the finiteness of the right-hand side of the
above chain of inequalities, and, finally, that X = Y a.s., by letting € | 0. This finishes the proof of
the claim. 0
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Proof of Theorem 7.4 under assumption (ii). Let u,u € Asr be distributional solutions to
(7.1) in the sense of Definition 7.1, both with initial condition ws(0,z)dz. By Theorem 3.3, there
exist probabilistically weak solutions (X, W*), (Y, W?) to (6.3) such that £x(dz) = u(t,z)dz and
Ly (+)(dx) = a(t, z)dx, for all t € [0, T, respectively. In particular, Lx, Ly € P47 Since the previous
claim implies weak uniqueness among probabilistically weak solutions whose laws are elements in P57
(cf. [33, Proof of Theorem 1.3.1]), we obtain Lx = Ly. It follows that u(t,-) = a(¢,-) dz-a.s., for all
t € [0,T]. This completes the proof. O

A Proof of Remark 7.8

Clearly, C°([0,T) x R?) is dense in o3([0,T) x R?) (defined in Remark 7.8) with respect to uniform
convergence of all partial derivatives (including zero derivatives) on [0,T) xR?. Let ¢ € o3([0,T) xR%)
and (1) ey € C°([0,T) x RY), such that ¢, — ¢ as k — oo in the above sense. Then, in particular,

(i) ¢r(0) — ©(0) uniformly on R<.
(i) (¢r)e = @1, Vior — Vi, Apr — Ay uniformly on [0,7) x R9.
Since u € L'(Qr) N L>(Qr), 05 € L=(Qr), Vos € L'(Qr), ()(ii) yield

0= liin </ Tu((SDk)t + div(esVipy))dtdz + /R;pk(o)du> = / u(pr + div(es Vp))dtdz + / ©(0)dv,

T R4

which proves Remark 7.8.

B Details for (7.20)

We know ¢ € W' (Qr). It is standard that C25([0,T) x R?) (as introduced in Remark 7.8) is dense
in W' (Qr)n{g € W2 (Qr) : g(T) = 0} with respect to the usual norm

2,1
(19151)% = 191Z2(0r) + 19t 72(0r) T IV9IT2(0r) + 129172(00)-

Now, let (px)ren € C25([0,T) x R?) such that ¢y, N ©2 with respect to this norm. Since v is the
zero measure and since v € L' N L*>®(Q7), o5 € L>®(Qr), Vos € L*(Qr), (cf. Lemma 7.3) and
div(0sVe2) = 0sAp2 + Vs - Vo2, we deduce

0=tim [ o((e): +div(esVin)dide = [ u((e2): +div(esViod))ded,
Qr T

which proves (7.20).

C Linear and nonlinear Fokker—Planck equations
Here we recall the definition of linear and nonlinear Fokker—Planck equations and their standard

notion of distributional solution. The linear FPE associated with Borel measurable coefficients a;;, b; :
(0,00) x R? - R, 1 < 4,4 <d, is the second-order parabolic differential equation for measures

i = 0ij(aij (¢, x)pe) — 0i(bi(t, x)pe), (¢, 2) € (0,00) x R?. (C1)

Usually, an initial condition py = v € MZF is imposed.
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Definition C.1. A (distributional) solution to (C.1) with initial condition v € M is a weakly
continuous curve (u;)¢>o of signed locally finite Borel measures on R? such that

T
/ / la;j(t, )| + [bi(t, x)|dpe(x)dt < oo, YT > 0,
0o Jre

and
¢
/ Wdp () —/ wdyz/ / aij (s, x) 09 (x) + bi(s, x)0ip(x)dps (x)ds, YVt >0,
R R 0 JRre

for all ¢ € C?(R9). A solution is called probability solution, if v and each y;, t > 0, are probability
measures. Instead of the initial time 0, one may consider an initial time s > 0. It is obvious how
to generalize the definition in this regard. In this case, the initial condition is the pair (s, ) and the
solution is defined on [s, 00).

For the nonlinear FPE (1.3), the notion of distributional solution is similar.

Definition C.2. A (distributional) solution to (1.3) with initial condition v is a weakly continuous
curve (u)¢>o0 of signed locally finite Borel measures on R? such that (t,z) ~ a;;(t,z, 1) and (¢, 2) —
bi(t, , jus) are product Borel measurable on (0,00) x R9,

T
| sl + b))t < oo, 97 > 0,
0 Rd

and
t
[ vty = [ vdv= [ a1 05000) + bils, 1)) (), Ve 20,
Rd Rd 0 Rd

for all ¢» € C2(R%). The notion of probability solution and the extension to initial times s > 0 is as in
the linear case.

D On the Hardy—Littlewood maximal operators

Let d,n € N, and denote by A? the d-dimensional Lebesgue measure.

D.1 Definitions and basic properties

We recall the definition and properties of (local) Hardy-Littlewood maximal operators on the set of
(extended) signed Borel measures on R¢, where the latter are denoted as Mj,.(R%; R™) in the following.
Furthermore, if 1 € Mio.(R% R™), then |u| denotes its variation measure.

The following definition and lemmatas are essentially taken from [21].

Definition D.1 ([21, Definition A.1]). Let g € Mjoc(R%R™) and R € (0,00]. We define the (local)

maximal function as

1
M ‘= s _ dz),z € RY,
Rlpl) = swp g /B S

In the case R = oo we set M := M. Furthermore, if p is of the form p(dx) = f(x)dz, where
f € LL (R%R™), then we write Mg |f| := Mg |u].

loc

Lemma D.2 ([20, Lemma 3.1]). Let f € BV (R%;R™). Then there exists a constant Cy > 0 depending
only on the dimension d, and a set N € B(R?) with A%(N) = 0 such that for all z,y € N©

[f (@) = f(y)] < Ca MIDf|(x) + M[Df[(y)) |z - yl, (D.1)

where Df = (8%. fi)léisn,léjﬁd denotes the matrixz of all Schwartz distributional derivatives of f’s
component-functions in form of finite signed Borel measures on RY.
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Remark D.3. Consider the situation of Lemma D.2. Let o, = e~ %p(-/¢),e > 0, be a standard Dirac
sequence with respect to some nonnegative p € C(RY) N LY(R?) with [ (x)dx = 1. Let z,y € R If
for all z € {x,y} we have
f(z) = lim (f * ¢c)(2), (D-2)
e—0
then (D.1) holds for this pair x,y. This follows from the proof of [20, Lemma 3.1]. In particular, if
f € C(R%R™), then (D.1) holds for all x,y € RY.
Furthermore, it follows from [2, Proposition 3.92 (b)], that if x € R? is an approzimate jump point
of f (in the sense of [2, Definition 3.67]), then M |D f|(x) = +00. Then, with the convention 0-co = 0,
(D.1) is trivially satisfied with respect to such x, and every y € RY.

Lemma D.4 ([21, Lemma A.2]). (i) Let p € Mioe(R%R™) and R € (0,00]. Then for A-a.e. x €
Re, Mp|p|(z) < co.

(ii) Let p € (1,00). Then there exists a constant Cyq, > 0 such that for all f € LY _(R%R™) and all
p>0

/ (Mg [f|(z))Pdz < Cap / |f(z)|Pdz.
B,(0)

o B, r(0)

For p =1, the previous statement does not hold. However, for p =1 one has the following weak
estimate: There exists a constant Cq > 0 such that for all f € LL (R4 R")

loc

N ({z € B(0) : Malf|(x) > o)) < 2 / (@) lda.

By+r(0)

D.2 Muckenhoupt weights
Definition D.5 ([57, p. 194]). Let w € LL _(R). Let p,p’ € (1,00) such that p~! + (p/)~t = 1. If

loc

there exists C' > 0 such that for all balls B ¢ R¢

S s

b2

ﬁ/}gw(x)dx. {)\d(lB)/Bw(x)_I;,dx] < C < oo, (D.3)

then w € A,.

Theorem D.6 ([57, p. 201, Theorem 1]). Suppose 1 < p < oo and w € Ap,. Then there exists a
constant C' > 0 such that

/ (M| f](2))Pw(x)dz < C / (@) P(x)dz. (D.4)
Rd Rd

D.3 Maximal operator of the surface measure restricted to the boundary
of a ball

We consider the case d = 3. We set w3 := A3(B1(0)).
Lemma D.7. Let R > 0 and z € R3\(0Br(0) U{0}). Then

M|S(- N Br(0))|(z) =

{ wazrellel = RDTL - Vllal = Rl < faf + (D.5)

B (]l + R, df ol + R < V3[[a] - RI.

w3
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T2

P+

1

Figure 1: Projection of two intersecting balls onto the x; /x5 plane. The projection of the spherical
cap 0BR(0) N B,(z) is highlighted in red.

Proof. Let us assume for a moment that B,.(z) NdBg(0) # 0 and B,.(z) NdBr(0) # dBr(0), which is
exactly the case when ||z|— R| < r < |z|+R. Then S(B,(x)NIdBr(0)) can be interpreted geometrically
as the area of the spherical cap B,-(x) NOBg(0). For further calculations we wish to express the height
h of the spherical cap as a function of r with parameters |z| and R, more precisely as

h=hgz : (||z| = R|, [2] + R] — [0,2R]. (D.6)

We note that the surface measure S is invariant under rotation. Hence, we may assume without loss of
generality = (|z|,0,0). Moreover, there are exactly two different vectors p, p_ in the z1 /xo-plane’
of the form p; = (a,b,0), p— = (a,—b,0) where a,b € (0, R) are determined by the following two
equations

a? + b? = R?,
(a—|z))2+b*> =12

2, 42,2
By subtracting the second equation from the first, one easily deduces that a = %. Here,

we refer to [67] for the detailed elementary calculation and a similar geometric visualization as in

Figure 1, where the latter is, however, tailored to our setting. Hence, the height of the spherical cap
is h(r) = R — %, r € (||| — R|, |z| + R]. (In fact, the previous arguments translate to higher
dimensions, and the formula for the height of a general hyperspherical cap is the same.) Let us extend
h (continuously) to a function on [0, 00) by setting

h(r) :== 2R, for r > |z| + R, and h(r) := 0, for 0 <r < ||z| — R
Using polar coordinates, it is standard to note
S(B(x) NOBR(0)) = 2nRhg |4 (r) Vr > 0. (D.7)
We aim to identify the maximum of the function

|| + R? — 72

f(r):=2nRr>hp |, (r) = 2nRr—> (R 3]

) ,7 € [llz| — R|, || + R].

IThe hyperplane spanned by (1,0,0), (0,1,0) in R3.
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Note that f is twice differentiable in (||z| — R|,|z| + R) with derivatives
TR(3(|x| — R)* —1?)

J'(r) = e
7R(r? — 6(|z| — R)?
i = 2R el R

So, if V3||z| — R| € (||| — R|,|z| + R), f has a global maximum point only at v/3||z| — R|. In this
case, we have

2rR

V3|lz| = R)) = == (|z|||z| — R))~".
F(V3||z| — RY) \/ﬁ(l l[|lz] — R])
Since
47 R?
max (f(||z] — R]), f(|z| + R)) = W7
(D.5) is evident. This finishes the proof. O

E Details for the proof of Theorem 6.13
For 1 <4,5 <d, let

bi, o5 : [0,00) x RT = R
be Borel measurable functions. Consider the SDE

{dX(t) = b(t, X(1))dt + o(t, X(1)dW (L), >0,

(E.1)
Lxu < dw, for dt-a.e. t >0,

where we denote the absolute continuity of a Borel probability measure p on R? with respect to
d-dimensional Lebesgue measure by p << dz.

Definition E.1. A probabilistically weak solution to (E.1) is an adapted stochastic process X =
(X (t))t>0 on a stochastic basis (Q, F, (Fi)i>0,P) with an (F;)-standard Brownian motion W, such
that

E[/T Ib(t, X ()] + a(t7X(t))aT(t7X(t))|dt} <00 VT >0, (E.2)
0

and P-a.s.
X(t)=X(0) —|—/0 b(s, X (s))ds —l—/o o(s, X(s))dW(s) Vt>0.

Proposition E.2. Let (X, W) be a probabilistically weak solution to (E.1). Then, (X, W) is also a
probabilistically weak solution to (E.1) where b,o are replaced by Borel measurable functions b, with
components

Ei,&ij : [O, OO) x RY — R,
1 <1,5 <d, satisfying
b=>b dt®dz-a.s.,
oc=0 dt®dz-a.s.

In particular, probabilistically weak solutions to (E.1) do not depend on the dt ® dxz-version of the
coefficients b, 0.
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Proof. For t > 0, we set

Y(t) := X(0)+/0 E(S,X(s))ds+/0 (s, X (s))dW(s).

We have

E[X() - Y0l <E|

/0 b(s, X(s)) — b(s, X(s))ds

N

< /OtE [[b(s, X (5)) — B(s, X (s))|] ds + </Ot]E [|a(s,X(s)) - a(s,X(s))ﬂ ds) =0,
(E.A)

where we used Jensen’s inequality in the first inequality, and It6’s isometry and Fubini’s theorem in
the second inequality. For the last equality, we used the assumption Lx ) < dw for ds-a.e. s > 0. By
the (a.s.-)continuity of X and Y, we conclude X =Y a.s. This finishes the proof. O

References

1]

2]

[7]

[10]

[11]

L. Ambrosio. Transport equation and Cauchy problem for non-smooth vector fields, volume 1927
of Lecture Notes in Math., pages 1-41. Springer, Berlin, 2008.

L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity
problems. Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press,
New York, 2000.

V. Barbu, M. Rehmeier, and M. Rockner. p-Brownian motion and the p—Laplacian. to appear in
The Annals of Probability, available under arXiv preprint 2409.18744, 2024.

V. Barbu and M. Rockner. Probabilistic representation for solutions to nonlinear Fokker—Planck
equations. STAM J. Math. Anal., 50(4):4246-4260, 2018.

V. Barbu and M. Rockner. From nonlinear Fokker—Planck equations to solutions of distribution
dependent SDE. Ann. Probab., 48(4):1902-1920, 2020.

V. Barbu and M. Rockner. Solutions for nonlinear Fokker—Planck equations with measures as
initial data and McKean—Vlasov equations. J. Funct. Anal., 280(7):Paper No. 108926, 35, 2021.

V. Barbu and M. Rockner. The evolution to equilibrium of solutions to nonlinear Fokker—Planck
equation. Indiana Univ. Math. J., 72(1):89-131, 2023.

V. Barbu and M. Réckner. Uniqueness for nonlinear Fokker—Planck equations and for McKean—
Vlasov SDEs: the degenerate case. J. Funct. Anal., 285(4):Paper No. 109980, 37, 2023.

V. Barbu and M. Réckner. Nonlinear Fokker—Planck equations with fractional Laplacian and
McKean—Vlasov SDEs with Lévy noise. Probab. Theory Related Fields, 189(3-4):849-878, 2024.

V. Barbu and M. Rockner. Nonlinear Fokker—Planck flows and their probabilistic counterparts,
volume 2353 of Lecture Notes in Mathematics. Springer, Cham, 2024.

V. Barbu, M. Rockner, and D. Zhang. Uniqueness of distributional solutions to the 2D vorticity
Navier—Stokes equation and its associated nonlinear Markov process. J. Fur. Math. Soc., 2025.

42



[12]

[13]

[14]

[15]

[16]

[25]

[26]

[27]

G. I. Barenblatt. On some unsteady motions of a liquid and gas in a porous medium. Akad. Nauk
SSSR. Prikl. Mat. Meh., 16:67-78, 1952.

G. L. Barenblatt. Scaling. Cambridge Texts in Applied Mathematics. Cambridge University Press,
Cambridge, 2003.

J. Bliedtner and W. Hansen. Potential theory. Universitext. Springer-Verlag, Berlin, 1986. An
analytic and probabilistic approach to balayage.

R. M. Blumenthal and R. K. Getoor. Markov processes and potential theory, volume Vol. 29 of
Pure and Applied Mathematics. Academic Press, New York-London, 1968.

V. I. Bogachev, N. V. Krylov, M. Rockner, and S. V. Shaposhnikov. Fokker—Planck—Kolmogorov
equations, volume 207 of Mathematical Surveys and Monographs. American Mathematical Society,
Providence, RI, 2015.

V. L. Bogachev, M. Rockner, and S. V. Shaposhnikov. On the Ambrosio—Figalli-Trevisan
superposition principle for probability solutions to Fokker—Planck—Kolmogorov equations. J.
Dynam. Differential Equations, 33(2):715-739, 2021.

M. Bossy and J.-F. Jabir. On the wellposedness of some McKean models with moderated
or singular diffusion coefficient. In Frontiers in stochastic analysis—BSDFEs, SPDFEs and their
applications, volume 289 of Springer Proc. Math. Stat., pages 43-87. Springer, Cham, 2019.

H. Brezis. Functional analysis, Sobolev spaces and partial differential equations. Universitext.
Springer, New York, 2011.

N. Champagnat and P.-E. Jabin. Strong solutions to stochastic differential equations with rough
coefficients. Ann. Probab., 46(3):1498-1541, 2018.

G. Crippa and C. De Lellis. Estimates and regularity results for the DiPerna—Lions flow. J. Reine
Angew. Math., 616:15-46, 2008.

J. L. Doob. Classical potential theory and its probabilistic counterpart. Classics in Mathematics.
Springer-Verlag, Berlin, 2001. Reprint of the 1984 edition.

E. B. Dynkin. Markov processes. Vols. I, II, volume Band 121, 122 of Die Grundlehren der
mathematischen Wissenschaften. Springer-Verlag, Berlin-Gottingen-Heidelberg; Academic Press,
Inc., Publishers, New York, 1965. Translated with the authorization and assistance of the author
by J. Fabius, V. Greenberg, A. Maitra, G. Majone.

S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. John Wiley & Sons, Inc., New York, 1986.
Characterization and convergence.

B. Fehrman and B. Gess. Non-equilibrium large deviations and parabolic-hyperbolic PDE with
irregular drift. Invent. Math., 234(2):573-636, 2023.

A. Figalli. Existence and uniqueness of martingale solutions for SDEs with rough or degenerate
coefficients. J. Funct. Anal., 254(1):109-153, 2008.

F. Flandoli and M. Romito. Markov selections for the 3D stochastic Navier—Stokes equations.
Probability Theory and Related Fields, 140(3):407-458, 2008.

M. Freidlin. Markov processes and differential equations: asymptotic problems. Lectures in
Mathematics ETH Ziirich. Birkh&user Verlag, Basel, 1996.

43



[29]

[30]

[31]

[32]

M. Fukushima, Y. Oshima, and M. Takeda. Dirichlet forms and symmetric Markov processes,
volume 19 of De Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, extended
edition, 2011.

A. Grigor’'yan and P. Siirig. Finite propagation speed for Leibenson’s equation on Riemannian
manifolds. Comm. Anal. Geom., 32(9):2467-2504, 2024.

A. Grigor’yan and P. Siirig. Sharp propagation rate for solutions of Leibenson’s equation on
Riemannian manifolds. Ann. Sc. Norm. Super. Pisa CI. Sci., 2024.

S. Grube. Strong solutions to McKean—Vlasov SDEs with coefficients of Nemytskii-type. Electron.
Commun. Probab., 28:Paper No. 11, 13, 2023.

S. Grube. Strong solutions to McKean—Viasov stochastic differential equations with coefficients of
Nemytskii-type. PhD thesis. Bielefeld University, 2023.

S. Grube. Strong solutions to degenerate SDEs and uniqueness for degenerate Fokker—Planck
equations. arXiv preprint 2409.17135, 2024.

S. Grube. Strong solutions to McKean—Vlasov SDEs associated to a class of degenerate Fokker—
Planck equations with coefficients of Nemytskii-type. arXiv preprint 2404.18918, 2024.

S. Grube. Strong solutions to McKean—Vlasov SDEs with coefficients of Nemytskii type: the
time-dependent case. J. Evol. Equ., 24(2):37, 2024.

K. Ishige. On the existence of solutions of the Cauchy problem for a doubly nonlinear parabolic
equation. STAM J. Math. Anal., 27(5):1235-1260, 1996.

A. V. Ivanov. Regularity for doubly nonlinear parabolic equations. Journal of Mathematical
Sciences, 83(1):22-37, 1997.

I. Karatzas and S. E. Shreve. Brownian motion and stochastic calculus, volume 113 of Graduate
Texts in Mathematics. Springer-Verlag, New York, second edition, 1991.

V. N. Kolokoltsov. Markov processes, semigroups and generators, volume 38 of De Gruyter Studies
in Mathematics. Walter de Gruyter & Co., Berlin, 2011.

N. V. Krylov. On the selection of a markov process from a system of processes and the construction
of quasi-diffusion processes. Mathematics of the USSR-Izvestiya, 7(3):691, jun 1973.

O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Ural’ceva. Linear and quasilinear equations
of parabolic type, volume Vol. 23 of Translations of Mathematical Monographs. American
Mathematical Society, Providence, RI, 1968. Translated from the Russian by S. Smith.

H. Lee. On the pathwise uniqueness for a class of degenerate Ito-stochastic differential equations.
Osaka J. Math., 60(3):533-543, 2023.

L. S. Leibenson. General problem of the movement of a compressible fluid in a porous medium.
Bull. Acad. Sci. URSS. Sér. Géograph. Géophys. [Izvestia Akad. Nauk SSSR], 9:7-10, 1945.

L. S. Leibenson. Turbulent movement of gas in a porous medium. Bull. Acad. Sci. URSS. Sér.
Géograph. Géophys. [Izvestia Akad. Nauk SSSR], 9:3-6, 1945.

T. M. Liggett. Continuous time Markov processes, volume 113 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 2010. An introduction.

D. Luo. Pathwise uniqueness of multi-dimensional stochastic differential equations with Hélder
diffusion coefficients. Front. Math. China, 6(1):129-136, 2011.

44



[48]
[49]
[50]
[51]
[52]
[53]
[54]

[55]

[61]
[62]

[63]

[65]
[66]

[67]

D. Luo. Uniqueness of degenerate Fokker—Planck equations with weakly differentiable drift whose
gradient is given by a singular integral. FElectron. Commun. Probab., 19:no. 43, 14, 2014.

H. P. McKean. A class of Markov processes associated with nonlinear parabolic equations. Proc.
Nat. Acad. Sci. U.S.A.; 56:1907-1911, 1966.

D. Nualart. The Malliavin calculus and related topics. Probability and its Applications (New
York). Springer-Verlag, Berlin, second edition, 2006.

M. Rehmeier. Flow selections for (nonlinear) Fokker—Planck-Kolmogorov equations. J.
Differential Equations, 328:105-132, 2022.

M. Rehmeier and M. Rockner. On nonlinear Markov processes in the sense of McKean. J. Theoret.
Probab., 38(3):Paper No. 60, 36, 2025.

M. Rehmeier and M. Romito. 2D vorticity Euler equations: Superposition solutions and nonlinear
Markov processes. arXiv preprint 2407.16609, 2024.

M. Rockner and X. Zhang. Weak uniqueness of Fokker—Planck equations with degenerate and
bounded coefficients. C. R. Math. Acad. Sci. Paris, 348(7-8):435-438, 2010.

L. C. G. Rogers and D. Williams. Diffusions, Markov processes, and martingales. Vol. 2.
Cambridge Mathematical Library. Cambridge University Press, Cambridge, 2000. It6 calculus,
Reprint of the second (1994) edition.

M. Sharpe. General theory of Markov processes, volume 133 of Pure and Applied Mathematics.
Academic Press, Inc., Boston, MA, 1988.

E. M. Stein. Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals,
volume 43 of Princeton Mathematical Series. Princeton University Press, Princeton, NJ, 1993.
With the assistance of Timothy S. Murphy, Monographs in Harmonic Analysis, III.

D. W. Stroock. An introduction to Markov processes, volume 230 of Graduate Texts in
Mathematics. Springer, Heidelberg, second edition, 2014.

D. W. Stroock and S. R. S. Varadhan. Multidimensional diffusion processes. Classics in
Mathematics. Springer-Verlag, Berlin, 2006. Reprint of the 1997 edition.

D. W. Stroock and M. Yor. On extremal solutions of martingale problems. Ann. Sci. Ecole Norm.
Sup. (4), 13(1):95-164, 1980.

S. Sturm. Existence of weak solutions of doubly nonlinear parabolic equations. J. Math. Anal.
Appl., 455(1):842-863, 2017.

K. Suresh Kumar. A class of degenerate stochastic differential equations with non-Lipschitz
coefficients. Proc. Indian Acad. Sci. Math. Sci., 123(3):443-454, 2013.

P. Siirig. Finite extinction time for subsolutions of the weighted Leibenson equation on Riemannian
manifolds. arXiv preprint 2412.06496, 2024.

D. Trevisan. Well-posedness of multidimensional diffusion processes with weakly differentiable
coefficients. Electron. J. Probab., 21:Paper No. 22, 41, 2016.

J. L. Vazquez. The porous medium equation. Oxford Mathematical Monographs. The Clarendon
Press, Oxford University Press, Oxford, 2007. Mathematical theory.

Z. Wang and X. Zhang. Existence and uniqueness of degenerate SDEs with Hélder diffusion and
measurable drift. J. Math. Anal. Appl., 484(1):123679, 11, 2020.

E. W. Weisstein. Circle-circle intersection. From MathWorld-A Wolfram Web Resource, 2025.
https://mathworld.wolfram.com/Circle-CircleIntersection.html; Accessed August 18, 2025.

45



	Introduction
	The Leibenson equation and its Fokker–Planck reformulation
	Associated McKean–Vlasov SDE and superposition principle
	Barenblatt solutions
	Probabilistic representation for Barenblatt solutions

	Associated nonlinear Markov process
	The classical linear case
	Nonlinear Markov processes
	Application to Leibenson equation and its Barenblatt solutions

	The Leibenson process is a functional of Brownian motion
	The restricted Yamada–Watanabe theorem
	About the Schwartz distributional derivative of   
	Weak derivatives (of powers) of  
	Proof of Theorem 6.3

	A restricted uniqueness result for the linearized Leibenson Fokker–Planck equation
	Analytic proof of Theorem 7.4 (i)
	Probabilistic proof of Theorem 7.4 (ii)

	Proof of Remark 7.8
	Details for  
	Linear and nonlinear Fokker–Planck equations
	On the Hardy–Littlewood maximal operators
	Definitions and basic properties
	Muckenhoupt weights
	Maximal operator of the surface measure restricted to the boundary of a ball

	Details for the proof of Theorem 6.13

