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CONVERGENCE AND ERROR ANALYSIS OF A SEMI-IMPLICIT FINITE
VOLUME SCHEME FOR THE GRAY-SCOTT SYSTEM

TSIRY AVISOA RANDRIANASOLO

ABSTRACT. We analyze a semi-implicit finite volume scheme for the Gray—Scott system, a model
for pattern formation in chemical and biological media. We prove unconditional well-posedness of
the fully discrete problem and establish qualitative properties, including positivity and boundedness
of the numerical solution. A convergence result is obtained by compactness arguments, showing
that the discrete approximations converge strongly to a weak solution of the continuous system.
Under additional regularity assumptions, we further derive a priori error estimates in the L? norm.
Numerical experiments validate the theoretical analysis, confirm a rate of convergence of order 1,
and illustrate the ability of the scheme to capture classical Gray—Scott patterns.

1. INTRODUCTION

We consider the numerical approximation of the Gray—Scott reaction-diffusion system on a
bounded domain D < R x R with Lipschitz boundary. This system models the evolution of two
interacting chemical species with concentrations u = u(t,x) and v := v(¢,x), governed by the
nonlinear system:

(1) oru = dyAu — uv® + F(1 —u),
' o = dyAv + w® — (F + k),

for (t,x) € (0,T) x D, supplemented with initial conditions u(0,x) = ug(z), v(0,x) = vo(x). The
constants d, > 0 and d, > 0 are the diffusion coefficients for the chemical species, respectively;
F > 0 represents the feed rate of the reactant w, and k& > 0 denotes the removal rate of the
intermediate species v. In addition, we impose homogeneous Neumann boundary conditions on
0D, modeling a closed or insulated system in which no material can enter or leave the domain.
In biological terms, this models scenarios such as a petri dish or a membrane-bounded cell where
neither species can escape the domain.

The Gray—Scott model, originally introduced by P. Gray and S.K. Scott in the 1980s, see e.g.
[7], is derived as a simplification of the Oregonator model of the Belousov—Zhabotinsky reaction.
The Gray—Scott popularity as a model system grew significantly following the influential work
of Pearson [11], who demonstrated through numerical simulations that even minimal reaction-
diffusion systems like Gray—Scott can give rise to surprisingly complex and diverse patterns. As
discussed in texts such as Epstein and Pojman’s Introduction to Nonlinear Chemical Dynamics [5],
the model is also known to exhibit both deterministic chaos and spatial patterning. As such, beyond
its chemical origins, the Gray—Scott system serves as a paradigmatic example in mathematical
biology, physics, and materials science, where it illustrates emergent behavior, self-organization,
and instability-driven pattern formation.

Concerning the mathematical well-posedness. The Gray—Scott model belongs to a broader
class of reaction-diffusion systems whose mathematical properties, such as existence, uniqueness,
and regularity of solutions, have been extensively studied using both weak and strong solution
frameworks.

For initial data wug, vy € L?(D), one can construct global-in-time weak solutions using classical
techniques, including energy estimates, monotonicity methods, and compactness arguments (see,
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e.g., [1, 12]). These solutions are defined in the distributional sense and satisfy associated en-
ergy inequalities. When the nonlinearities satisfy structural conditions such as quasi-positivity,
cooperativity, and subcritical growth, global existence is ensured under homogeneous Neumann or
Dirichlet boundary conditions.

If the initial data are further assumed to lie in L*(D), then the solutions exhibit improved
regularity: they remain uniformly bounded in L*(D) for all times, and standard bootstrapping
and maximum principle arguments show that they are also continuous in space and time. In this
case, one obtains global strong solutions, which satisfy the system almost everywhere and possess
additional spatial regularity.

An intermediate case is when ug,vo € H*(D). In this setting, the solution enjoys enhanced
regularity, namely

u,v e C([0,T]; L*(D)) n L*(0,T; H'(D)).
This follows from standard parabolic regularity theory, as shown, e.g., in Amann’s analysis of
quasilinear parabolic systems [1, Theorem 2.1], which demonstrates continuity in time and Sobolev
regularity under minimal assumptions on the initial data. Although framed for general quasilinear
systems, these results apply directly to the semilinear structure of the Gray—Scott model. A similar
conclusion is shown in Pierre’s survey [12], where the regularizing effect of the diffusion operator
is shown to yield such space-time regularity for initial data in H'(D).

Even in the minimal case, where ug, v € L?(D), the smoothing property of the heat semigroup
ensures that for any ¢t > 0, the solution becomes essentially bounded in space

u,ve L¥(D), forallt=ty>0,

as established, for example, in [13]. Therefore, under general assumptions, bounded domain D c
R x R with Lipschitz boundary, quasi-positive nonlinearities, and initial data in L*(D), one can
show that

u,v € L(0,00; L*(D)),
with further regularity determined by the spatial dimension, the form of the nonlinearity, and the
choice of boundary conditions. These regularity properties are not only central to the theoretical
understanding of the system but also essential in the numerical modeling of the system.

On the numerical side, several classes of numerical schemes have been proposed for the Gray—
Scott system, each motivated by the nonlinear and stiff nature of the equations:

Zhang, Wong, and Zhang [14] considered finite element discretizations, constructing a second-
order implicit-explicit (IMEX) Galerkin finite element scheme, treating the diffusion terms im-
plicitly and the nonlinear reaction terms explicitly. Their analysis established optimal L? error
estimates and confirmed second-order accuracy in both space and time. Hansen [9] proposed
more abstract convergence results for operator-splitting methods applied to semilinear evolution
equations that includes the Gray—Scott model as a canonical example. Their stabilized finite ele-
ment formulations mitigates spurious oscillations, particularly in parameter regimes that generate
sharp patterns. More recently, Haggar, Mahamat Malloum, Fokam, and Mbehou [4] introduced
a linearized two-step finite element scheme combining Crank—Nicolson with a second-order Back-
ward Differentiation Formula also called BDF2. Their error-splitting analysis proves unconditional
stability and optimal convergence in both L? and H' norms.

Another important line of research is based on the Method Of Lines approach. In this approach,
the spatial variables are discretized (e.g., by finite differences or finite elements), transforming the
Gray—Scott PDE system into a large system of stiff Ordinary Differential Equations (ODESs) in time.
Once this semi-discrete system is obtained, one can directly apply standard ODE solvers. In [2],
Boscarino, Filbet, and Russo used high-order IMEX Runge-Kutta methods, where the stiff linear
diffusion terms are treated implicitly while the nonlinear reaction terms are handled explicitly. This
strategy combines the stability advantages of implicit ODE solvers with the efficiency of explicit
treatment of nonlinearities, leading to schemes with favorable stability properties and high-order
accuracy suitable for multiscale reaction-diffusion dynamics.

Together, these works illustrate the diversity of available discretization strategies, but most
analyses focus on finite element or spectral frameworks coupled with IMEX time integration. By
contrast, finite volume schemes, despite their popularity in applications due to local conservation
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and their natural fit to Cartesian grids, have received far less rigorous mathematical attention for
the Gray—Scott system.

In this work, we develop and rigorously analyze a fully discrete finite volume scheme for the
Gray—Scott system. The method is based on a first-order IMEX discretization, where diffusion is
treated implicitly and nonlinear reaction terms explicitly. We prove unconditional well-posedness
of the discrete problem and establish key qualitative properties, including non-negativity and
boundedness of the numerical solution. Using compactness arguments combined with weak-strong
uniqueness, we show that the fully discrete approximation converges strongly in L2-norm to a
weak solution of the continuous system. Under additional regularity assumptions, we further
derive error estimates in the L?-norm. Finally, numerical experiments confirm the theoretical
results and reproduce classical Gray—Scott patterns..

The remainder of this paper is organized as follows. In Section 2, we introduce the functional
setting and notation; and define the notion of weak solution for the Gray—Scott system; and
summarizes its essential analytical properties, including existence, regularity, and uniqueness. In
Section 3, we describe the spatial and temporal discretization using a finite volume method and
formulate the fully discrete semi-implicit scheme. Section 4 is devoted to the main results. There,
we establish that the discrete solution converges to the weak solution of the continuous problem,
and derive error estimates under suitable regularity assumptions on the exact solution. Finally,
Section 5 presents numerical experiments that validate the theoretical results and illustrate the
pattern formation behavior of the model. We conclude in Section 6 with a discussion of potential
extensions, including data assimilation and feedback control.

2. PRELIMINARIES

In this section, we introduce the mathematical framework and notations employed throughout
the paper. We also recall key well-posedness results for the Gray—Scott system (1.1).

2.1. Functional settings and notations. We denote by LP := LP(D), for 1 < p < o0, the usual
Lebesgue spaces of measurable functions defined on D. The associated norm is written as

fulfy = [ @ de, fort<p<oc, fule = esssuplu(o).
D xzeD

For s € N and 1 < p < o, the Sobolev space W*P(D) consists of functions whose weak
derivatives up to order s belong to LP(D). When p = 2, we write H® :== H*(D) = W*P(D), which
is a Hilbert space with inner product and norm

(wv))a = Y, (0%, 0%0),  [ulfps = D] [0%ul7s,

la|<s lal<s

where (-, -) denotes the standard inner product in L2.
We consider solutions subject to homogeneous Neumann boundary conditions. Since such prob-
lems determine solutions only up to an additive constant, we work with the mean-zero subspaces

H = {ueL2 : JDu(:c)da:zo}, V= {ueHl : fDu(x)da:=O},

and let V' := H~! denote the dual space of V; by (-, - ), the duality pairing between V and V.
For time-dependent functions, we write LP(0,7"; X) to denote Bochner spaces of X-valued func-
tions that are LP-integrable in time, where X is a Banach space.

2.2. Weak Formulation. We now define the notion of weak solution for the Gray—Scott system
(1.1) and state the assumptions under which existence and uniqueness are guaranteed.

Definition 2.1 (Weak solution). Let T' > 0. A pair of functions (u,v) such that
u,ve L*(0,T;V) n L®(0,T;H), du, o e L*(0,T;V’)
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is a weak solution to the Gray—Scott system (1.1) if for all test functions ¢, € V and almost every
t € (0,T), the equations

(2.1) ru(t), d) + du(Vu(t), Vo)
(2.2) Oro(t), ) + du(Vo(t), Vi)
hold with initial data satisfying

(—u(t)o®(t) + F(1 - u(t), 9),
( u(t)o*(t) = (F + k)o(t),v)

(2.3) ug,v0 € L*,  with 0 <wup(z) <1, wvo(z) =0 a.e inD.

The condition (2.3) reflects the physical interpretation of v and v as concentrations, and ensures
that the solution remains in a physically meaningful range.

Under the above assumptions, global-in-time weak solutions exist and remain nonnegative and
bounded. Specifically, one has

0<u(t,z) <1 and wo(t,x) >0 for almost every (¢,x) € [0,T] x D,

and moreover,
u,v € L*(0,T; L").

These results follow from the general theory of reaction-diffusion systems with quasi-positive non-
linearities and bounded initial data (see, e.g., [1, 12, 13]). In particular, the Gray—Scott system
satisfies the structural assumptions required for the application of maximum principles, comparison
techniques, and a priori bounds. The quasi-positivity of the reaction terms ensures that nonneg-
ative initial data yields nonnegative solutions, while boundedness is propagated by the nonlinear
structure and diffusion.

Moreover, if the initial data ug,vo € H', then the solution enjoys enhanced regularity, notably

u,v e C([0,T]; L?) n L*(0,T; HY).

This follows from classical parabolic regularity theory, relying on energy estimates and the smooth-
ing effect of the diffusion operator. Uniqueness of weak solutions follows from standard monotonic-
ity and Gronwall-type arguments (see, e.g., [10, 12]).

3. SEMI-IMPLICIT FINITE VOLUME DISCRETIZATION

In this section, we introduce the fully discrete finite volume scheme used to approximate solutions
of the Gray—Scott system (1.1). The method is based on a spatial discretization over a uniform
mesh and a first-order semi-implicit time integration scheme.

3.1. Finite volume discretization of the spatial domain. Let 7;, = {K} denote a finite
collection of non-overlapping square control volumes of side length h, forming a uniform Cartesian
mesh of D. Each cell K € 7}, is associated with a representative point zx € K, chosen as the
geometric center of K, so that the cell average ux ~ u(zrk) for all K € Tp.

To discretize the diffusion operator, we follow the finite volume framework outlined in [6].
Integrating the Laplacian over each control volume and applying the divergence theorem gives

J Audr = Vu-ngdS =~ Z P,
K oK ocCOK

where ng is the outward unit normal to 0K, and ®, is the numerical flux across the face o.
We use the two-point flux approximation to define the flux as
ur — UK

o = ~lo] dir,

i

where ug and uy, are the values at the centers of adjacent cells K and L, and dx = |z — vk
This leads to the discrete approximation

VuanS X — Z 7—o'(uL _UK)7
oK ocoK

with transmissibility coefficient 7, = |o|/dk . For a uniform mesh, dx = h.
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We define the discrete space Hj, = L?(D) of piecewise constant functions,

1
H;, = {uh eH: uplrx = <h2f u(y) dy> for all K € ﬁl}.
K
For wy,, ¢p, € Hy, the discrete inner products are defined as

(wh, ¢n), = h? 2 wrdr,  (Vwn, Von), = Z To(wk —wr) (9K — PL)-
KT gl

Given this setup, we define the cellwise average interpolant Zj, : V — Hy, such that
1
Ihu = Z <h2 J U(y) dy> XK Vu € Va
KeTy, K

where xx denotes the characteristic function of K.
To estimate the error introduced by the interpolant Zj, we recall the following result from finite
element theory, which also holds in the finite volume framework, see [3, Theorem 4.4.4 |:

Proposition 3.1 (Bramble-Hilbert lemma). Let K < D be a bounded Lipschitz domain of diam-
eter diam(K) and m = 0 be an integer. Let ¢ : H'(K) — L?(K) be a bounded linear functional
that vanishes on all polynomials in Py, (i.e., of degree < m). Then, for all w e H*(K),

J6(w)lz2(x) < Ciam (K"l = )
with a constant C' that depends only on the shape of K and the choice of the functional ¢.
Using this, we state the following interpolation estimate:
Lemma 3.2. For any u e H', the following inequality holds
Ju— Tyul2: < 10h?|Vul2,
where the constant vy depends only on the reference cell geometry and the quadrature rule.

Proof. Let u e V. Because Zgyu is a piecewise constant
2

1
— Toull?, = H N
N (g AL

Since the interpolant integrates constants exactly, the associated error functional

o) ==z | utw)dy

vanishes on the constants of each K. Thus, Proposition 3.1 applies directly, yielding

o= 5z J oo

Summing over K, we obtain the global estimate, as claimed. O

S < oRuf?
L2(K) = u Hl(K)

3.2. The fully discrete scheme. We now define the fully discrete numerical scheme.

The time interval [0,77] is divided into N uniform time steps of size At > 0, with t" = nAt
for n = 0,...,N, where t° = 0, and ¢ = T. At each time step t", let uyp, v € Vp, denote the
approximations of u(t",-) and v(t",-).

Algorithm 3.1. Forn=0,...,N —1:

Find uzﬂ,v}’zﬂ € Vy, such that

(3.1) (UZH —uy, th)h + Atd, (VUZH, V(;Sh)h = At (—uZ(v )2 + F(1 —uy), qSh)h,
(3.2) (vt = vp gn), + Atdy (Vopth, Vaps), = At ( uj (o) = (F + k)vp,vn)
for all ¢p,n € Vy,.

This scheme uses an implicit treatment of the diffusion operator together with an explicit dis-
cretization of the nonlinear reaction terms. Such an IMEX formulation ensures stability in the
presence of stiff dynamics, while preserving the simplicity and local conservation properties that
are characteristic of the finite volume method.
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4. MAIN RESULTS

Let (uy,v)) € Vi, x Vp, be the solution to the Gray—Scott system (1.1) as computed by Algo-
rithm 3.1. For all ¢ € (t*,t""1], we define piecewise linear in time interpolants

_thrl_t n =" n+1 At t—1" n+1

At thrl_t "
up " (t) = At up + Ar Yhoo Uk (t) = At vy + At Ch

Theorem 4.1 (Convergence). As h,At — 0, the sequences uﬁt,vft defined above converge to

the functions u,v, which satisfy the weak formulation of the Gray-Scott system as defined by
Definition 2.1. The convergence is understood in the following sense:

uhAt, vft —u, v strongly in L*(0,T;H),
Vuit, Vot — Vu, Vo weakly in - L*(0,T;H x H).
The proof of Theorem 4.1 is postponed in Section 4.1.
Theorem 4.2 (Error estimate). With further regularity, i.e.,
u,ve L0, T; H* nH), du, o e L*(0,T;V), 0Opu, dyv e L0, T;V');
we have

max <Hu2 —u(t™)||lm + vy — U(t”)HH> < C’(h2 + At),

0<n<N
where the constant C' > 0 depends on the domain D, terminal time T, and norms of the exact
solution u,v, but is independent of h, At, or n.

The proof of Theorem 4.2 is postponed in Section 4.2.

4.1. Proof of the convergence Theorem 4.1. Let a},aj : Vj, x V, — R be bilinear forms
defined as

ap (u, pp) = (u, ¢h)h + Atd, (Vu, V(;Sh)h, ap (v, ) = (v, d)h)h + Atd, (VU, Vzl)h)h,
and the associated linear functionals:
Gi(¢n) = (upp, dn), + At (—up(vp)? + F(1 = up), ¢n),,,
G (Wn) = (i, ¥n),, + At ( up(vp)? = (F + k)vp,n) -

Then the variational formulation of the fully discrete problem reads:
Find u;l“’l, v,’f“ € V}, such that

(4.1) aj(up ™, dn) = £ (dn),  Vén € Vi,
(42) GZ(UZ+17 ¢h) = ﬁﬁ(?ﬂh)’ V¢h € Vh-

Lemma 4.3. Forn = 0,...,N — 1, the variational problem (4.1) (resp. (4.2)) admits a unique
solution u} ™ € Vy, (resp. v}t € V).

Proof. We verify the conditions of the Lax—Milgram theorem:
Coercivity. For all u € V},, we have

ap(u,u) = [[ulfz + At dy(Vu, Vu) = [ulf.
Thus, a¥(u,u) > aful? with o = 1. The same holds for a}.
Continuity. We have
|aj,(u, §)| < Clululd|m,
for some constant C' > 0. Again the same applies to aj.

Boundedness of linear forms {} and ¢j. We estimate

6 (6n) < (e + At upof)] 2 + A F(1+ [uf] 2) ) 0] z2-
The same holds for ¢}. Thus, ¢} and ¢} are bounded linear functionals on V.

The conditions of the Lax—Milgram theorem are satisfied. Thus, there exist a unique solution
uptt (resp. vp ) in Vj, to (4.1) (vesp. (4.2)), as claimed by the lemma. O
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Lemma 4.4. Let n € {0,...,N — 1}. Assume that 0 < u} < 1 and 0 < v} < Vmax a.e. in D.
Then, it holds for a.e. in D that

0< ’LLZJrl <1, O0<w ntl < Vmax-

Yn
Proof. We fix n € {0,...,N — 1} and assume that 0 < u}; < 1 and 0 < v < Upax ae. in D. We
proceed with a Stampacchia truncation applied to both u} and v}.

Non-negativity. Let unJrl = mln{O uptt} e Vy, and U"H = min{0, v} "'} € V). We take
on = unJrl “in (4.1) and ¢y, = v"Jrl " in (4.2). By symmetry and coercivity of a} and aj}, we have
(4.3) 0 < a7 ™) = afi(up ™) = (),

(4.4) 0 < ah(oy ™7 op ™) = a0t o) = B (o).
The right-hand side of (4.3) (resp. (4.4)) are non-positive when uj = 0 (resp. vj® = 0). That is

a consequence of the quasi-positivity of the reaction terms. Meanwhile, the left-hand sides are
non-negative. Necessarily, [u] ™" |12 = [op ™" 7|2 = 0, so, uf ! om*t = 0 ae. in D.

Upper bound. For all x € R, we denote 2z = max{0, z}. Let yp = (up™ — 1)T € V), and
zp = (v Z“ — Umax)" € Vi We take ¢, = yp, in (4.1) and v, = zp in (4.2). Again, by symmetry
and coercivity, it follows that

(4.5) lynl 2 (lynlze = 1) < ab(u ™ yn) = Gi(uhyn),
(4.6) lnll 22 (28] 22 — vmax) < @b (v ™, 28) = €4 (vh,2n)
The right-hand side of (4.5) (resp. (4.6)) are non-positive when uj = 1 (resp. v;’ = 0). That
implies |yn|z2 = 0 (vesp. |zn]z2 = 0), so uf™ < 1 (resp. v} < vyax) a.e. in D. That concludes
the proof of the lemma. O

Lemma 4.5. For all N € N, it holds that

N
max (upl3e + [oR132) + At Y (dulluldn + duloplfn ) < C,
os<n<N 1

N

2

n=1

/N

Jufe = wp e + o — v ) < G

with C == (D, F, vpax, T') > 0.

Proof. We take ¢5, = 2uf™ in (3.1) and vy, = 207! in (3.2); and use the identity (a — b)2b =

a’? — b? + (a — b)%2. Then, using Lemma 4.4, and the Cauchy-Schwarz and Young inequalities
(—uﬁ(vﬁf + F(1 —uy), 2“2“)
( uﬁ(vh) — (F + k), 211”“)

C o+ fup™ 2,

C + op tZe,

NN

with C = C(D, vmax) > 0. After these calculations, we arrive at
07 = luhl o 4lup ™ — wilTs + Atdullup ™ 7 < ALC + Atfup ™2,
loh ™72 = lohlZe +lop ™ = vilZe + Atduflop ™7 < ALC + Ao ™7,

Summing for n =0,...,N — 1,

N N
lun' 72+ D lup —up ™" |72 + At dy Z lunlFn < |up|7+TC + At Y up|?s,
n=1 n=1 n=1

N N N
[on 172 + D ot —opHIZa + Atdy Y [of I < [R5 +TC + At Y op |72

n=1 n=1
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By the Gronwall inequality,

N N
172+ > Tl — wh 22 + Atdy Y Juplin < C,

n=1
N
lon 172+ D vk — vt 172 + Atd, Z lopllE < C,
n=1 n=1
with C' := C(D, F, vpax, T') > 0.
This concludes the proof of the lemma. O

Proof of Theorem /.1. Since uﬁt, v,?t are defined by linear interpolation in time between uj, vy €

V4, and by the discrete energy estimate in Lemma 4.5, we have that 0tu 8tv,§t e L2(0,T;Hp,).

By Aubin-Lions lemma; there exists a subsequence; which we still denote by uﬁt, v}%t, and limits

u,v € L?(0,T;H); such that

(4.7) upt, vt —w, v strongly in L%(0,T;H),
(4.8) u?t, v,?t —u, v weakly in L*(0,T;V),
(4.9) ot ot — dyu, dv  weakly in L2(0, T; H).

By interpolation of the discrete problems (3.1) and (3.2) over time, the interpolants us* and
h t satisfy also

T T
L (G (). 6n) , +du(Vui(s), Vn), ds = j (—uB () (WB2(s) + F(L—ub(s)), ), ds
T T
L (2020 (s), 6n), +du (VR (5), Viy), ds = fo ( uli(s)(R2(s) — (F + K)ot (s), vn) , ds

To pass to the limit in the nonlinear terms, we use the identity
upt (") = uwv? = (uy" —u) (o) + ul(vy*)? = v?),

and apply Hoélder inequality to get

H“ At) )? U2HL2(0,T;L2)

- “UzHLl(o Ty S H“hth 0,T; L2)H
+ H” HL?(O,T;LQ)H“h - ““L2(0,T;L2)'

By (4.7), both terms on the right-hand side tend to 0 when h, At — 0, thus

upt (vhH? — uv? strongly in L1(0,T; LY(D)).

Finally, passing to the limit in the weak formulation, we obtain

T T

Jo (Gru(s), ¢) + du(Vu(s), Vo) ds = L (—u(s)v*(s) + F(1 = u(s)), ¢) ds,
T T

Jo (8tv(s), w) +d, (VU(S), Vw) ds = fo ( u(s)v?(s) — (F + k)U(S)ﬂﬂ) ds,

for all test functions ¢,y € V.
Hence, (u,v) is the unique weak solution of the Gray—Scott system.
This completes the proof of Theorem 4.1. O

4.2. Proof of the error estimate Theorem 4.2. In this section, we derive an a priori error
estimate for the proposed Algorithm 3.1, under the assumption that the exact solution is sufficiently
regular.

To establish error estimates, we compare the exact solution with its discrete approximation at
the level of their weak formulations. Specifically, we test the continuous weak form (2.1)-(2.2)
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against discrete functions in Vj, and subtract the finite volume scheme (3.1)-(3.2), which give

<Ihu(t”+1) — Zhu(t"
At

) ) ¢h> +dy (thu(tn+1)? quh)
= (= Tn(wo®)(t") + F(1 = Tyu(t")), én) + Bjy(n),

Tpo(t" ) — Tho(t"
< it )At it ), 1/1h> + dy (VIpo(t"th), V)
= ( Tn(uwo®)(t™) — (F + k)Zpo(t"), ¢n) + QF (1n).
This procedure isolates the consistency error, which appears as residual terms
U(tn+1) _ u(tn)
Ry =
h(on) < Al

v n+1 — ("
Q) = (M ) (o), ), — () — (F o+ Re), ),

As a very first step in the proof, we show that both terms remain small.

), (T, V), — (~ul W)+ F (- (i), 0n),

Lemma 4.6. Assume that the hypotheses of Theorem 4.2 hold. Then, the residuals satisfy
max (HR;zl(ﬁbh)”Ir1 + HQZW}JHH%) < C(h* + At), Y, i € Vi,

0<n<N
where C' > 0 is a constant that depends on the norms of u,v, but independent on the scheme.
Proof. We give the proof for R}; the case of @} follows analogously. Let ¢, € V. To estimate the
action of R} on ¢p, we insert the weak form and subtract it, then bound the dual norm. We split
the residual into 3 terms,
Ry (¢n) = Ty + Ty + T3,
with

the time truncation

wl(t™ 1\ w(t?
T1 = < (t ’ )At (t ) — (9tu(t”“), ¢h>h + ((%u(t"H), Qbh)h - <atu(tn+1)7 ¢h>7

the gradient quadrature error

Ty = du (vu(thrl)a vd)h)h - du (vu(thrl)? vd)h)’

and the nonlinear quadrature error

Ty = (f(u(t™),v(t"), ¢n), — (f(u(t™), v(t")), én)-
Time truncation. Using Taylor expansion,
u(t"t) — u(t")
At
which gives for the first term
u(t™h) — u(t")
At

— Qu(t"th) = %Gttu(f), for some £ e (", "),

o atu(tn+1)

< CHaﬁuHLw(thnH;Hq).

We use Lemma 3.2 on the second term (quadrature error for L2-inner product), which gives

|(Qeu(t™™), én), — (Ou(t™*), ¢y < CR*| Q™) yi lonl -

Thus, the first contribution is

1] < C(At+12)|dn] -
Gradient quadrature error. Since Vu(t"™!) e H! x H!, and we use midpoint rule (or piecewise
constant projection), by Lemma 3.2, the quadrature error satisfies

[(Vu(t™),Ven), — (Vut™), Vor)| < CR2[Vut™ )| g | dnl -
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Thus,
To| < Ch?|| ¢ -

Nonlinear quadrature error. The reaction term f(u,v) = —uv? + F(1 —u) € H' if u,v € H.
Similarly, by applying Lemma 3.2, we have

|(F(u(t™),v(t"™)), ), — (F(ult™),v(t"), én)| < CR?|f(u,0) |1 | dn] -
Thus,
T3] < Ch?| ¢ a1

Combining the estimates, we arrive at
|Rii(¢n)] < C(AL+ 1) dnl
thus, by definition of the dual norm
IR (¢0) -1 < C(h* + At),

where C > 0 is a constant depends on the norms of u, but not on the scheme.
That completes the proof of the lemma. O

Proof of Theorem /.2. We define the error terms:
no=up — Zpu(t"),  my = vy — Zpo(t").
We subtract the 2 systems of equations to get
(=67 by + At dy (VT Vo) = At (f(up, vp)—F(Znu(t™), To(t™)), ¢n) + Ry (6n),

St =niy s ny + At dy (V™ V) = At (g(upy, o) =g (Znu(t™), Zyo(t")), ¥n) +Qh (¥n),

where we define f(u,v) := —uv? + F(1 —u) and g(u,v) = ww? — (F + k)v.
We test with ¢j, = 267" and ¢, = 2n)'™"; and use the identity (a — b)2b = a® — b% + (a — b)?,

I6h 172 = I0R 172 + 163" — SR IZ2 + At du| VO 7
= 2t (f(u, o) = f(Znu(t™), Tyo(t")), 6,) + Ry (20571,

lni 72 — Ik 022 + lop ™ =72 + At do V12
= 2A¢ (g(upy, o) = 9(Tnu(t™), Tno(t")), mp ™) + Q20 ™).
We can write
(P o)~ FTut™), Tuo(t™), 51), | < OO + I + 3103 12),
(gl vt) = g(Tnult™), Tuo (™), mp 1), < CGEI2: + I 2a + Smi2a).
Next, we apply Cauchy—Schwarz and Young inequalities on the residuals; and use Lemma 4.6,
R (207+Y) < 2Ryl |67 s < Clh+ A2 + 72,
Q™) < 2|Q a1l < Clh+ A + el 3.
Combining everything, we arrive at
1657122 = [9R11Z2 + Atdu|[ Va2 < CAL(I03 72 + InklIZ2) + C(h* + At)?,
I 72 = il + Atdo |V 72< CAL(10; 72 + |7 ]72) + C(h* + At).
We define £" := |72, + [n}}|%2, and obtain a recurrence
EML < (1+ CAHE™ + C(R? + At)?,
which by the discrete Gronwall lemma, provides

Jmax ([luf; = ult") 2 + of, — o(t")|12) < O(h? + AY)

as claimed by Theorem 4.2. O
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100 tu 200 tu 1000 tu

Labyrinthine

Moving spots

Pulsating spots

0 0.2 0.4 0.6 0.8 1

FIGURE 1. Snapshots of Gray—Scott patterns: Labyrinthine (F' = 0.037, k =
0.060), Moving Spots (F' = 0.014, k£ = 0.054), and Pulsating Spots (F' = 0.025,
k = 0.060). The system starts with ug = 1 and vy = 0 except in the center, in a
box of size 0.2x0.2, where we prescribe ug = 0.5 and vg = 0.25. Colormap shows
concentration .

5. NUMERICAL EXPERIMENTS

In this section, we present numerical simulations that illustrate the effectiveness of the numerical
scheme under consideration and validate the theoretical results on convergence.

We consider the Gray—Scott system on a square domain D = [0,1] x [0, 1]. We fix the diffusion
coefficients set to d, = 1.6 x 107 and d,, = d,,/2.

We apply Algorithm 3.1 with a grid spacing h, yielding nx = ny = 1/h points per spatial
direction. The implementation of the numerical scheme is based on the finite volume package
FiPy, see [8], and a semi-implicit scheme with a time step At.

Since the Gray—Scott system does not admit a known closed-form solution, direct error evalua-
tion against an exact solution is not possible. To assess the convergence properties of our method,
there are two approaches:

Reference solution approach. We compute a high-fidelity numerical solution on a very fine
spatial mesh with a very small time step, which we treat as the “exact” reference solution for error
estimation. However, the Gray—Scott system is well known for its slow dynamics: patterns emerge
only gradually, and transients can appear very similar at earlier times (e.g., around ¢ = 100), while
the system typically settles into its characteristic long-term structures only at much later times
(e.g., t = 2000, see Figure 1). Computing such high-fidelity solutions up to ¢ = 2000 or beyond is
computationally demanding, which motivates the use of an alternative strategy.
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Manufactured solution approach. We prescribe smooth artificial solutions v and v, and modify
the Gray—Scott equations by adding source terms so that the prescribed functions are exact so-
lutions. This provides a controlled setting in which the numerical error can be measured directly
against the known exact solution.

5.1. Manufactured solution approach. We define the modified equations
Opu = dyAu — uv® + F(1—wu)+ Sy,
0w = dyAv + w? — (F + kv + S,,.
We use the parameters of the Labyrinthine (£ = 0.037, £ = 0.060) and fix a terminal time 7" = 10.

The manufactured forcing terms S, S, are chosen so that a prescribed pair (u*,v*) is an exact
solution to (5.1). In particular,

Sy = Ot —dy Au* + u* (v —F (1 — u*),
Sy = Ov* —dy Av* — u* (v*)2+(F + k)v*.

(5.1)

Experiment 1 (trigonometric solution). Let a € (0,1), a = 27, and w = 27. Define

1 1
u*(t,x,y) = 1 — acos(ax) cos(ay) cos(wt), v*(t,z,y) = it cos(ax) cos(ay) cos(wt),

The associated source terms are given by

Su(t,z,y) = awcos(ax) cos(ay)sin(wt) — 2ad, o cos(ax) cos(ay) cos(wt)
— [ F(l — u*(t,x,y)) —u*(t,z,y) (U*(t,x,y))2],

Sy(t,z,y) = — Lwcos(az)cos(ay)sin(wt) + 1 d,a® cos(ax) cos(ay) cos(wt)

— [ — (F + k) v*(t,z,y) + u™ (¢, z,y) (v*(t,x,y))2].

Experiment 2 (moving tanh interfacek). Let r(z,y) = cos(2n(z — 1/2)) + cos(2n(y — 1/2))
and a time-dependent radius ro(t) = roo + Asin(At). For € > 0, define

1 t
u*(t,z,y) = 2{1 + tanh <s(,m,y)>]’ v¥(t,x,y) =1 —u*(t, z,y).
€

With s(t,z,y) = ro(t) — r(z,y). This solution has a moving discontinuity. By decreasing ¢, the
interface becomes sharper and approximates a true Heaviside jump while the derivatives (and thus
sources) remain finite.
Define
. o 2 2/ .2 2 _ 2
7o(t) = AXcos(At), |Vr|* = n°(sin®(7z) +sin’(ry)), Ar=—7°r.

Plugging these into (5.1) gives the associated source terms

Sult,z,y) = - seeh(s) Fo(t)

—d, {_612 sech?(s) tanh(s)|Vr|* — 2715 SeChQ(S)AT‘:| - [ F(1- u*)—u*(v*)Q],

1
So(tsz,y) = —o sech?(s) 7o(t)

d, { ésech%s) tanh(s)|[Vr[2 + 2715 sech2(s)m] [ k],

The L®(L?)- and L*(L*®)-errors are computed and reported in Figure 2. In the convergence
tests, we set At = h? (proportional to the cell volume) and gradually refined the mesh, measuring
the error at the discrete times ¢t = 1,...,10. To assess stability, we fixed h = 1/128 and considered
increasingly large time steps At = kh with k = 1,2,4,16,32,64. The results confirm the uncon-
ditional stability of the scheme and verify the convergence rate of order ~ 1 in the L®(L?) norm



FINITE VOLUME METHOD FOR THE GRAY-SCOTT SYSTEM 13

Stability Convergence Interface sensitivity
8.2¢-01 | |—le= L*(L?)-error A 1.5e-01 | |~ L*°(L?)-error —A— L>(L?)-error
a @— L (L>)-error —@— L>°(L™)-error —@— L>°(L™)-error
- - -Slope 1 - - =Slope 0.85 - - =Slope -2
E‘ 4.00-01 -
g 6.1e-0248
P
. 2.6e-02
1.9e-01 e
‘o e 1.7¢-02 F
Q . 4 ‘
4 9.2¢-02 .
] 7.1e-03 F 3.7e-03
s . .
4.5e-0! .
.
L 2.6e03 7.7¢-04 £
.
.
v’ 2.2e-04 |
7.7e-0.

1.60-02 3.1e-02 6.3e-02 1.3e-01 2.5e-01 6.1e-05 2.4e-04 9.8e-04 3.9e-03 1.6e-02 6.3e-03  1.3e-02  2.5e-02 5.0e-02 1.0e-01
Time step At (logscale) Cell volumes (logscale) Interface thickness ¢ (logscale)

—A— L>(L?)-error —A— L>(L?)-error ’l'
3.90-01 | | —@—L>°(L°®)-error 6.8¢-03 || —@— L°(L>)-error L’
- - =Slope 1.5 - = =Slope 1 L

1.4e-01

4.6e-02

=Y
=)
?

=}

Experiment 1
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FIGURE 2. Stability, convergence, and interface sensitivity tests for Experiments
1 (top row) and 2 (bottom row). The L*(L?) and L*(L*) errors are plotted
against the cell volume h? (log-log scale), while interface sensitivity is measured
with respect to the prescribed interface thickness €. Reference slopes are included
for comparison.

predicted by Theorem 4.2. The same rate of convergence is also observed in the L*(L*) norm for
both experiments.

The interface sensitivity, relevant only for Experiment 2, exhibits second-order behavior. This
demonstrates that the method remains robust even in the presence of sharp gradients induced by
the moving interface.

Taken together, these results provide strong numerical evidence that the semi-implicit treatment
of diffusion, combined with the explicit handling of nonlinear reactions, yields a stable and accurate
discretization, fully consistent with the theoretical stability guarantees established in Section 4.

6. CONCLUSION AND OUTLOOK

In this work, we have developed and analyzed a semi-implicit finite volume scheme for the Gray—
Scott reaction-diffusion system. The scheme treats diffusion implicitly and nonlinear reaction terms
explicitly, yielding a robust IMEX formulation that is well-suited for stiff dynamics. We established
unconditional well-posedness of the discrete problem, together with qualitative properties such as
non-negativity and boundedness of the numerical solution. By combining compactness arguments
with weak—strong uniqueness, we proved that the fully discrete solution sequence converges strongly
to a weak solution of the continuous system. Under additional smoothness assumptions, we derived
a priori error estimates in the L?-norm. Numerical experiments confirmed the theoretical results,
illustrating both convergence of the method and the emergence of classical Gray—Scott pattern
types.
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Several directions remain open for future research. An immediate extension is to apply the
present analysis to other reaction-diffusion systems that exhibit rich pattern formation phenomena
similar to the Gray—Scott model. Classical examples include the Schnakenberg system, the Gierer—
Meinhardt activator—inhibitor model, and the FitzHugh—Nagumo system, all of which generate
Turing-type patterns and have been extensively studied in mathematical biology. The analytical
framework developed here, based on compactness arguments and weak—strong uniqueness, can
be adapted to such systems under similar structural conditions on the nonlinearities. Beyond
chemical kinetics, these models also arise in morphogenesis, neuroscience, and materials science,
making them natural candidates for extending the present finite volume analysis.

Overall, the present contribution demonstrates that finite volume schemes offer a mathemat-
ically rigorous and computationally effective tool for simulating the Gray—Scott system. The
combination of provable convergence, error control, and pattern-resolving capability makes them
a promising candidate for future studies in computational mathematics, applied sciences, and
engineering contexts where pattern formation plays a central role.
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