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EMBEDDING OF REVERSIBLE MARKOV MATRICES

ELLEN BAAKE, MICHAEL BAAKE, AND JEREMY SUMNER

ABSTRACT. The embeddability of reversible Markov matrices into time-homogeneous Markov
semigroups is revisited, with some focus on simplifications and extensions. In particular, we
do not demand irreducibility and consider weakly reversible matrices as well as reversible

matrices with negative eigenvalues.

1. INTRODUCTION

A Markov matriz is a square matrix M with non-negative entries and unit row sums,
while a Markov generator () has non-negative off-diagonal entries and zero row sums. The
latter is also known as a rate matriz, and generates a continuous-time semigroup of Markov
matrices via {e!? : t > 0}. Let My denote the convex set of all dxd Markov matrices; see
[26] for general background. It is an old and still only partially answered question [14, 21]
to determine which Markov matrices are embeddable, which means that they occur in some
Markov semigroup of the above type. This is the time-homogeneous situation because e!?
is the solution to the matrix-valued initial value problem X = X@Q with X(0) = 1. This
embedding is intimately related with the existence of a real matrix logarithm of M, meaning
a real solution R of the equation M = ef, which may or may not be unique. The latter,
in turn, may or may not be relevant in a given context. Here, we consider the embedding
problem for a large but important class of Markov matrices [24] as follows.

A Markov matrix M € My, is called reversible if there exists a strictly positive probability
vector p = (py,...,p,) such that the detailed balance equations p;M;; = p;jM;; hold for
all 1 <14,j <d; see [20, Ch. 1] for background. In this case, p must satisfy pM = p and
thus be a left eigenvector of M for the eigenvalue 1, that is, p is an equilibrium vector for
M. Reversible Markov matrices play an important role both in the theory and in many
applications of Markov chains [24]; this is due to the invariance under time reversal, and the
fact that the detailed balance property allows for a straightforward and explicit calculation
of p. One concrete motivation for considering reversible Markov chains comes from the
study of phylogenetics, which encompasses the inference of biological evolutionary history
from present-day molecular sequence data. Here, the most common approach to statistical
parameter inference works with a hierarchy of reversible Markov models with the most general
case at the top; see any standard reference such as [27, Ch. 1] for further details.
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Questions of embeddability are particularly important in applications because data are
usually sampled at discrete time points, but the underlying phenomena often operate in
continuous time. When working with Markov matrices, special attention should thus be
paid to their embeddability; however, this has sometimes been overlooked. For example, in
bioinformatics, one of the famous Dayhoff (or PAM) matrices [12, 13], a family of reversible
Markov matrices that describe the evolution of amino acids and are routinely used as scoring
matrices for protein sequence alignment (see [15, Ch.6.5] for review), has turned out to not
be embeddable [22] — although molecular evolution undoubtedly acts in continuous time.

Since irreducible Markov matrices have a unique eigenvector p > 0 by the Perron—Frobenius
theorem, it is natural to consider the embedding problem first for irreducible reversible matri-
ces. This case has been analysed in [8] under the further restriction to reversible generators,
where a fairly complete answer was given, which can still be reformulated in a more algebraic
manner and then be simplified. Inevitably, this only covers reversible Markov matrices with
positive spectrum. However, as we shall see below, there are reversible Markov matrices with
(pairs of) negative eigenvalues, which calls for some extension. Also, there is no need to
restrict to irreducible matrices from the beginning, so we will drop this restriction, too.

The paper is organised as follows. In Section 2, we provide some definitions and preparatory
results, mainly from a linear algebra perspective. Then, in Section 3, we focus on reversible
Markov matrices and their embedding, simplifying the approach of [8] and extending the
discussion to reducible, weakly reversible matrices, and to cases with negative eigenvalues.

In Appendix A, we give an interpretation of one embeddable class of Markov matrices
(for d = 3) with a pair of negative eigenvalues in terms of cyclic processes, which provides a
simpler and independent approach to this class of matrices.

2. PRELIMINARIES AND PREPARATORY RESULTS

The real dxd matrices are denoted as Mat(d,R), and the spectrum of a matrix B is
written as o(B), which is understood as the set or multi-set of eigenvalues, possibly including
multiplicities. When the eigenvalues are distinct, the spectrum is called simple. Further, we
speak of real or (strictly) positive spectrum when o(B) C R or o(B) C R, respectively, with
obvious meaning of the inclusion relation in the multi-set case.

In view of later applications to Markov matrices and generators, we mainly work with row
vectors in RY, denoted by = (xy,... ,x,), while we use &' for column vectors. We call
strictly positive, written as & > 0, when x; > 0 holds for all 1 <7 < d.

Definition 2.1. Let p = (p;,...,p,) be a strictly positive probability vector, so p; > 0 for
all 1 <i<dand Z?Zl p; = 1. Then, two matrices A, B € Mat(d,R) form a p-balanced pair
if the exchange relations p; A;; = p; Bj; hold for all 1 < 1,7 < d.

No specific relation between p > 0 and the matrices A and B is assumed, but it is easy to
verify that p is a left eigenvector of A (of B) with eigenvalue X if and only if all row sums of
B (of A) are A, equivalently if and only if 1" = (1,...,1)" is a right eigenvector of B (of A)
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with eigenvalue A\. The exchange relations can be written in matrix form as
(1) B=D"'A'"D with D = D, := diag(py,...,py)-

A motivation for this particular form will follow shortly. Note that D possesses a unique
matrix square root with positive entries on the diagonal, as does D~!. Clearly, (1) is equivalent
with DB = A" D, which can still be used when p > 0 and D is no longer invertible.

Remark 2.2. When p > 0, the mapping A — A := D71A"D defines an involution on
Mat(d,R) that can be seen as the adjoint map for the right action of A in the bilinear form
25:1 x;p;y;, in complete correspondence with the transpose of a matrix being the adjoint
map for the standard bilinear form Zle z;y;- The importance of the new involution will
become clear in the context of reversibility for Markov and related processes.

In the context of stationary Markov chains, both in discrete and in continuous time, this
involution is induced by the time reversal of the chain; see [26, Ch. 1.9] or [20, Ch. 1.2] for
background. Our definition is algebraic in nature and applies to a more general setting, which
will pay off later in our analysis. %

Of particular interest in Definition 2.1 is the case B = A, where the exchange relations are
called the equations of detailed balance. We use this term in slightly greater generality than
usual for ease of accommodating Markov matrices, generators and some of their extensions
under a common roof.

Definition 2.3. A matrix B € Mat(d,R) is called reversible for the probability vector p > 0,
or p-reversible for short, if it satisfies the detailed balance equations p;B;; = p;Bj; for all
1 <i,j < d, or, equivalently, if B = D~!B"D with the diagonal matrix D from (1). Further,
B is simply called reversible if it is p-reversible for some p > 0.

For a p-reversible B, we see that p is a left eigenvector with eigenvalue \ if and only if 17
is a right eigenvector for A. Also, since D'/2 is symmetric, p-reversibility of B implies

(Dl/zBD*1/2)T: D127 pl/2 — D1/2BD71/27

as well as the analogous equation for positive powers of B, which shows the following impor-
tant property.

Fact 2.4. Let B € Mat(d,R) be reversible for the probability vector p > 0. Then, B is similar
to a symmetric matriz, hence diagonalisable, and has real spectrum, o(B) C R. Further, B"
s reversible for any n € N. O

We will be interested in reversible matrices B that possess a real matrix logarithm with
particular properties, that is, in solutions of B = e with R € Mat(d,R) and possibly further
restrictions. Let us first recall Culver’s results [10] on the existence and uniqueness of real
logarithms, formulated in terms of the (complex) Jordan normal form (JNF) of B.
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Fact 2.5 (Culver). A matrizx B € Mat(d,R) has a real logarithm if and only if B is non-
singular and has the property that, in the JNF of B, every elementary Jordan block with a
negative eigenvalue occurs with even multiplicity.

Further, B has a unique real logarithm if and only if all eigenvalues of B are positive real
numbers and no elementary Jordan block of the JNF of B occurs more than once. If B is

diagonalisable, this is equivalent to B having simple, positive spectrum. O

When B is diagonalisable with positive spectrum but repeated eigenvalues, it has uncount-
ably many real logarithms, as also discussed in [10]. Such a non-uniqueness is relevant for
the following reason.

Lemma 2.6. Let B € Mat(d,R) satisfy B = 9 = e® with Q, R € Mat(d,R), and consider
O :={t € R: '@ =R, Then, either © = R, which is equivalent with Q = R, or © C R
is locally finite, which means that © N la,a + 7] is a finite set for every a € R and r > 0.

Proof. Obviously, @ = R implies @ = R, while the converse emerges from B(t) = et@Q via
Q = B(0), so the equivalence of Q = R and © = R is clear.

Now, observe that @ is a closed subset of R, as follows from the continuity of the matrix
exponential maps ¢t — e!? and t — e'*. Assume that © contains a sequence (tm)men of
distinct points that converge in R, so lim,, ot = ty. Then, ¢, € © as well, which is to say
that we also have efo®@ = etoff,

Now, we can compare the series expansions around t,, which result in the matrix relation
Q = R+ O(ty, — ty) for every m € N, interpreted elementwise. As t,, converges towards ¢,
this is only possible if Q = R. So, when @) # R, the set © cannot contain any limit point,
and must thus be locally finite, hence discrete and closed. O

Let us return to Culver’s result. Indeed, matrices with negative eigenvalues can have a real
logarithm, and this situation will still occur in the realm of reversible matrices; see Fact 3.19
below. However, if any of the logarithms is to be reversible, one hits the following constraint
from the spectral mapping theorem (SMT); compare [23, Thm. 9.4.6].

Fact 2.7. If R € Mat(d,R) is reversible for p > 0, its exponential e is p-reversible as
well, hence diagonalisable, and has positive spectrum, U(eR) CR,.

Proof. If R is p-reversible, it is diagonalisable with ¢(R) C R by Fact 2.4. All powers of R
and their linear combinations are p-reversible as well, hence also e, the latter by a standard

continuity argument. Here, et is diagonalisable (by the same matrix as used for R), and

o(efty ={e* : A€ o(R)} C Ry is clear. O
Let us pause for a comment on the set of p-reversible matrices, defined as

(2) .Ap = {A S Mat(d,R) :piAij = ijji holds for all 1 < 1,7 < d},
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which contains 1 and is (topologically) closed. If A, B € A, it is clear that also any real
linear combination of A and B lies in Aj,. Moreover, for any 1 <1,j < d, we get

d d d
(3) pi(AB);; = sz‘AikBkj = ZpkAkinj = ijBjkAki = p;(BA)j;,
k=1 k=1 k=1
which interchanges the matrix order. It then follows that AB + BA is p-reversible again, so
that Ap, is a real Jordan algebra, in line with the results from [9]. Note that we did not need
p to be strictly positive in (3), so Ap, can also be considered for any p > 0 via the detailed
balance equations. Put together, we thus have the following result.

Fact 2.8. For any fized probability vector p = (py,...,p,), the set Ap from (2), with the
product Ao B = %(AB + BA), is a unital Jordan algebra. O

In fact, Ap being closed under taking squares is equivalent with it being a Jordan algebra,
because A2 = AoAand AoB = %((A + B)? — A% — B?). In either case, one then also gets
closure under taking any positive powers, as one sees from A" = A o A" inductively, again
for any probability vector p. We shall return to this in the context of Markov matrices.

Now, if we are interested in reversible matrices with a reversible real logarithm, Fact 2.7
implies that we need to restrict to matrices with positive spectrum. If B € Mat(d,R) has
simple, positive spectrum, Fact 2.5 asserts that there is precisely one real logarithm, and this
is the principal one. Since such a B is diagonalisable, we have B = Udiag(\y,...,\;)U —1 for
some invertible real matrix U. Then, we simply get the principal logarithm as

log(B) = Udiag(log(A1),...,log(A\g)) U™

When the spectrum possesses non-trivial multiplicities, there are several real logarithms, but
we still have the following result.

Lemma 2.9. Let B € Mat(d,R) be p-reversible for p > 0. If B has positive spectrum, its
principal logarithm is a real matriz that is p-reversible as well.

Proof. The principal logarithm of a real matrix with positive spectrum exists and is again
real [16, Thm. 1.31]. By [16, Thm. 11.1], it is given by

1

1
log(B) = /0 (B-1)(¢(B—-1)+1) " dt,

where the two matrices under the integral commute.
Now, we have B" = DBD™! from Definition 2.3, which implies

log(B)"

1 -1 1
/ ((t(B 1)+ 1)T) (B-1)Tdt = / DHB-1)+1)""(B—1)D ' dt
0 0
1
= D/ (B—1)(((B—1)+1) 'dt D" = Dlog(B)D"
0

as claimed, where the penultimate step uses the commutativity mentioned above. Il
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The occurrence of multiple solutions is related to the structure of the commutant of the
matrix B, which is the matrix ring

(4) comm(B) = {S € Mat(d,R) : [B, S| = 0}.

When the characteristic polynomial of B is also its minimal one, comm(B) is Abelian and
given by the polynomial ring R[B]. Otherwise, it contains further elements, which complicate
matters; see [23, Sec. 12.4] for details. Below, we shall see that some natural conditions will
ensure that at most one real logarithm of a given B is reversible.

3. REVERSIBLE MARKOV MATRICES

Let us now consider the case of Markov matrices, where we begin with a mild extension
of the reversibility notion. Note that we deviate from the standard approach in [24, Sec. 1.6]
because we do not want to restrict to irreducible Markov matrices.

Definition 3.1. A Markov matrix M is reversible if it is reversible in the sense of Defini-
tion 2.3. Further, it is called weakly reversible if the detailed balance equations p; M, ; =p;M;
hold for all 1 < 7,5 < d and some probability vector p > 0, thus admitting zero entries. The
corresponding notions are also used for Markov generators.

3.1. General structure. If M € M, is weakly reversible, p must be an equilibrium vector
of M. Weak reversibility of M € My is equivalent to the identity DM = M'D with the
matrix D from Eq. (1). Note that D is not invertible if M is only weakly reversible. In
relation to A, from Eq. (2), for any fixed probability vector p, one can consider the set of
(weakly) p-reversible Markov matrices

Mdp = MynN .Ap,

which is convex and topologically closed. It is also closed under taking squares, under taking
arbitrary positive powers, and under the Jordan product MoM' = %(M M + M'M). In
fact, these three properties are equivalent, because (weak) reversibility is defined by a linear
relation, so our earlier argument used after Fact 2.8 still applies.

When M is irreducible, weak reversibility implies reversibility, and reversibility can be
established via Kolmogorov’s loop criterion; see [20, Sec. 1.5] for details. At least for small
state spaces, this is also effective, while the computational effort quickly grows with d; see [6]
for details and alternatives.

Example 3.2. Let us consider Ms. Clearly, 1 € My is (weakly) reversible for every prob-
ability vector p. Otherwise, 1 # M € Ms reads M = (1;‘1 1ﬁb) with a,b € [0, 1], not both

—L_(b,a), and M is p-reversible if ab > 0

zero. Then, the unique equilibrium vector is p = 5

and weakly reversible otherwise.

By Kendall’s theorem [21], M is embeddable if and only if det(M) > 0, equivalently
a+b < 1, and the embedding is unique. Indeed, one then has M = €9 with the principal
—W(M — 1), which is a Markov generator when a +b < 1.
Moreover, @ is (weakly) reversible if and only if M is (weakly) reversible.

matrix logarithm @ =
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On the other hand, there are reversible matrices that are not embeddable at all, such as
M=? (1)), and we should expect more complicated cases in My with d > 2. O

Example 3.3. Let € R? be a non-negative row vector and let Cy, € Mat(d,R) denote the
matrix with d equal rows, each being . Then, Q = —214+Cy with z = tr(Cy) = 2, +.. . +1,
is a Markov generator and My = (1—x)1+Cy a Markov matrix, the latter under the condition
T < d%'ll; see [2] for details. Such matrices are said to be of equal-input type (or to be parent
independent). Since = 0 gives My = 1, which is (weakly) reversible for every probability
vector p, let us assume that @ has at least one positive entry.

Now, M, with non-negative  and 0 < = < d%'ll has a unique equilibrium vector, p = Z,
and M, is weakly reversible for this p, as we always have DC, = C; D with D as in (1),
and reversible when x > 0. So, all equal-input Markov matrices are (weakly) reversible. The
embedding problem for this matrix class was studied in detail in [2]. O

Example 3.4. Let M € My with d > 2 be tridiagonal, with a; = P(: — i+1) > 0 for
1 < i < d on the superdiagonal and b; = P(i — i—1) > 0 for 1 < i < d on the subdiagonal.
This is then the irreducible transition matrix of a simple birth and death process (or random
walk) in discrete time with states {1,2,...,d}. Here, M is always reversible, because the
equations for its equilibrium vector directly equal the detailed balance equations.

For d =2 and a; + b, < 1, we get embeddability from Kendall’s theorem, compare [21, 1],
but no other case is embeddable because it violates the transitivity property that M;; > 0
and Mj;, > 0 also forces M;;, > 0; see [1, Prop. 2.1] for details. To circumvent this well-known
obstruction, one can consider, as is often done, birth and death processes in continuous time,
then using tridiagonal rate matrices to describe them. O

Recall that M € M, is reversible if it is p-reversible for some p > 0. Such a p must be an
equilibrium vector. The existence (and uniqueness) of such a p is clear when M happens to
be irreducible, by the Perron—Frobenius theorem [5, Thm. 2.1.4]. Since we do not restrict to
irreducible M, we also need the following result, which we could not trace in the literature.

Fact 3.5. A matric M € My has a strictly positive equilibrium vector if and only if M is
the direct sum of irreducible Markov matrices, hence a diagonal block matriz with irreducible
blocks, possibly after a suitable permutation of the states. The equilibrium vector is unique if
and only if M is irreducible itself.

Proof. Any M € My, has spectral radius 1 and satisfies M 1" = 1", which is strictly positive.
If M is irreducible, also the corresponding left eigenvector p is strictly positive, by the Perron—
Frobenius theorem. When normalised such that p - 1" = 1, this is the equilibrium vector.
If M = @_,M® with s > 1 and irreducible M® of dimension d®, every block has its
unique equilibrium vector p of length d®. Then, each 0@ --- H0®pD GO®--- @0 is an
equilibrium vector of M, and any convex combination of these s probability vectors is again
an equilibrium vector, and among them are many strictly positive ones.

It remains to see why this is the only possibility of M € My with pM = p > 0. Thus, we
need a criterion for the existence of a strictly positive left eigenvector. Since a strictly positive
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right eigenvector exists, we can invoke [5, Thm. 2.3.14], which implies that A = 1 has strictly
positive left and right eigenvectors if and only if, after some permutation, M = @;_; M (@)
with all M@ irreducible. This is equivalent to all communication classes being both basic
and final, which brings the Frobenius normal form to this diagonal block form. O

A reversible Markov matrix, up to permutations of the states, must then be such a block-
diagonal matrix with irreducible blocks, and this is the reason why most treatments of re-
versibility restrict to one block, and hence to irreducible matrices. In the context of the
embedding problem and the relation to weakly reversible extensions, this is neither necessary

nor advantageous.

Remark 3.6. When M € M, is irreducible and reversible, it must be reversible for the
unique equilibrium vector p of M, which is strictly positive. When M is reducible and
reversible for some p > 0, this is not the only equilibrium vector. Since M = @;_; M () as in
the proof of Fact 3.5, each irreducible block M ®) must be reversible on its own. Consequently,
M must be (weakly) reversible for each of its equilibrium vectors, which gives some freedom
to choose a suitable one when comparing with nearby matrices.

Note that the converse need not hold: A weakly reversible matrix M can be a direct sum
of a reversible and a non-reversible one, where both can still be irreducible. Then, there is
also a strictly positive equilibrium vector, but M can neither be reversible with respect to
this one, nor with respect to any other strictly positive one. %

At this point, we have gained access to the following classes of matrices.

Example 3.7. Consider the convex set of doubly stochastic matrices within My, which are
the Markov matrices with both unit row sums and unit column sums. By the Birkhoff-von
Neumann theorem, they form a convex polytope with the d! permutation matrices as its
vertices (or extremal points), so each doubly stochastic matrix is a convex combination of
(some of) these.

If M is any doubly stochastic matrix, 1 is a left eigenvector for the leading eigenvalue A = 1,
so p = +1 is an equilibrium vector, which gives D = 1. All symmetric Markov matrices are
p-reversible, with M=DM"D=M" =M. Moreover, by Remark 3.6, they are the only
reversible ones among the doubly stochastic matrices, though there can be further weakly
reversible matrices that are not symmetric. O

3.2. Embedding. Let us now take a closer look at embeddability, where we start with a
precise version of the notion alluded to in the introduction.

Definition 3.8. A (weakly) reversible Markov matrix M is called embeddable if it satisfies
M = e? for some Markov generator Q. Further, M is reversibly embeddable if M = e? holds
for a Markov generator ) that is itself (weakly) reversible.

For embeddability, we thus need a real logarithm that is also a rate matrix. To obtain a
practically useful criterion, let us begin with the following observation.
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Fact 3.9. Let M € My be a Markov matriz with positive spectrum, o(M) C Ry, and let
m < d be the degree of its minimal polynomial. Then, M has at least one real logarithm,
namely its principal matriz logarithm,

- (_1)n—1 n
log(1+ A) = ZTA ,
n=1

where A = M — 1 is a rate matriz with spectral radius o, < 1. Here, log(1 + A) is a matriz
with zero row sums that is a polynomial in A of degree m — 1 with real coefficients.
Further, when o(M) C Ry is simple, log(1 + A) is the only real matriz logarithm of M.

Proof. Under the assumptions, we have o(M) C (0, 1], hence 0(A4) C (—1,0], and o, < 1 is
clear. This implies the convergence of the series. Since M has unit row sums, A has zero row
sums, as do all positive powers of A. As this property is preserved in the limit by continuity,
log(1 + A) has zero row sums as well.
Since the minimal polynomials of M and A have the same degree, the claim on the poly-
nomial form is a consequence of the Cayley—Hamilton theorem; compare [17, Thm. 3.3.1].
The final uniqueness statement is a consequence of Culver’s theorem (Fact 2.5). O

It is clear that a reversible Markov matrix has real spectrum, because it is similar to a
symmetric matrix. Such a matrix can still have negative eigenvalues. If all negative eigenval-
ues have even multiplicity, a real matrix logarithm exists and embeddability may occur, but

not with a reversible generator, as the following result shows.

Lemma 3.10. Let M € My and let p > 0 be a probability vector. Assume that a p-reversible
real matriz logarithm R of M exists, so M = e®. Then, M is p-reversible with o(M) C R .
Further, no other p-reversible real logarithm of M exists, and R = log(1+ A) is the principal
matriz logarithm from Fact 3.9.

Proof. When M = e with a p-reversible R, Fact 2.7 implies the first claim.

It is clear that the rate matrix A = M — 1 is p-reversible, as are the powers A" for n € N.
Consequently, L = log(1+ A) from Fact 3.9 is a real logarithm of M with zero row sums that
is also p-reversible, in line with Lemma 2.9.

In the generic case that M has simple spectrum, there is precisely one real logarithm
of M by Culver’s theorem (Fact 2.5), which must be the existing principal one, so we get
R=1L=1log(1+ A).

In general, we know that M and L commute, and both are p-reversible matrices that are
simultaneously diagonalisable, with positive and with real spectrum, respectively. Moreover,
their diagonal forms match, in the sense that A € o(M) and log(A) € o(L) share the same
(algebraic and geometric) multiplicity. This implies that they have the same commutant,
comm(M) = comm(L), as defined in (4); see [23] for background and details.

Now, let Q be any real solution of M = ¢¥. Then, @ must commute with M and hence
also with L. As e? is invertible, we get

1=cle @ =@

9
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and L — @ is a real logarithm of 1. If ) is also p-reversible, then so is L — @), which thus
is diagonalisable with real spectrum. By the SMT, as 0 is the only real logarithm of 1,
the spectrum of the diagonalisable matrix L — ) must consist of Os entirely, which implies
L — @ = 0. We thus get () = L, which also applies to the matrix R from the assumption. [

Remark 3.11. Let us note that M = e? with Q a Markov generator implies that M and Q
share the same set of equilibrium vectors. Clearly, pQ = 0 implies pM = p. The converse
direction depends on the fact that any eigenvalue of a Markov generator is either 0 or has a
strictly negative real part, see [1, Prop. 2.3], thus can never be purely imaginary, hence not
of the form k2ri for k # 0. Since the algebraic and the geometric multiplicity of 1 € o(M)
is the same [3, Fact 2.2], the spectrum of () must contain 0 with the identical (algebraic
and geometric) multiplicity by the SMT. Consequently, any (real) eigenvector of M with
xM = x must also satisfy () = 0, which includes all equilibrium vectors. In particular, in
this situation, M has a strictly positive one if and only if @ does.

Let us note that the above argument critically depends on () being a rate matrix. Indeed,
it can already fail if @ has only zero row sums, but violates non-negativity of its off-diagonal
elements (such as @ = %(Q.}r —@Q-) with Q. from Example 3.18 below, which has spectrum
o(Q) = {0,=£i}). Interestingly, Fact 3.5 now also has the consequence that a reversible and
embeddable Markov matrix, possibly after a suitable permutations of the states, must be
the direct sum of totally positive (hence in particular primitive) block matrices, because the
exponential of an irreducible Markov generator is a totally positive matrix. %

Let us continue with a straightforward consequence of Lemma 3.10.

Proposition 3.12. If M € M, is a reversible Markov matrixz with simple, positive spectrum,

the following statements are equivalent, where A = M — 1 as before.
(1) M is embeddable.
(2) M is reversibly embeddable.
(3) Q =log(1+ A) is a Markov generator.

Proof. Under the assumption, there is precisely one real matrix logarithm, namely the prin-

cipal one from Fact 3.9, which is @ as stated. This @ is reversible with the same p as M.
Consequently, M is embeddable if and only if this @) is a Markov generator. If so, it is

automatically a reversible generator, and we are done. O

When the spectrum fails to be simple, further real logarithms exist, and we shall see explicit
cases below in Examples 3.18 and 3.20. However, another consequence of Lemma 3.10 in
conjunction with Remark 3.6 is the following.

Corollary 3.13. A reversible Markov matric M = 1+ A € My with positive spectrum is
reversibly embeddable if and only if Q =log(1+ A) is a Markov generator. O

When applied to the class of symmetric matrices, compare Example 3.7, this gives the
following generalisation of [1, Thm. 6.5].
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Corollary 3.14. A symmetric M =1+ A € M, is symmetrically embeddable if and only if
o(M) C R4 and the symmetric matriz @ = log(1+ A) is a Markov generator. O

3.3. Concrete conditions. Let us next derive a simple criterion for reversible embeddability,
that is, for log(1 4+ A) to be a Markov generator. Let M € M, be reversible with positive
spectrum, possibly with multiplicities, and assume that the degree of its minimal polynomial

is m, where m < d. Then, by Fact 3.9, there are real numbers o, ..., «,,_; such that
m—1

(5) L =log(1+A4) =) A",
k=1

where no term with A% = 1 occurs because L has zero row sums. Since o(M) C (0,1], we can
write the eigenvalues of M in descending order as A\y =1 > A > --- > A, > 0 and those
of Aas pyy=0>py > -+ > p,.._4, where i, = A\, — 1. The corresponding eigenvalues of L
are the unique real logarithms 0 = log()\y) > log(A;) > --- > log(A,,,_1). The SMT now gives
m — 1 conditions for the eigenvalues. They can be written in matrix form as

oo e ! a log(A;)
2 m—1
Mo 125 Mg Qy log(Ay)
(6) . . . = .
Hm—1 N?nq T sz Q1 log(\,,_1)

We note that the number of equations is one lower than in the approach of [8]. The matrix
on the left has determinant (TT; 1t;) [Ts¢(1ty, — ) and is non-singular because the p; with
1 <4< m —1 are non-zero and distinct. So, the coefficients «; are uniquely determined and
real; see [2, Sec. 5] for details and an explicit formula for the inverse of this variant of the
Vandermonde matrix. We thus have established the following result.

Proposition 3.15. A reversible Markov matric M € My with a minimal polynomial of
degree m < d is reversibly embeddable if and only if the following two conditions are satisfied.

(1) The spectrum of M is positive, o(M) C R.
(2) The coefficients oy, ..., a,, 4 that solve Eq. (6) are such that L = log(1 + A) from
Eq. (5) is a Markov generator.

In this case, L is unique in the sense that no other reversible real logarithm of M exists. [

By [21, Prop. 7], for any 2 < d € N, the set £; of embeddable Markov matrices is relatively
closed within the set {M € M, : det(M) > 0}. In contrast, the set of reversible Markov
matrices is not relatively closed, because the limit of a converging sequence of reversible
Markov matrices, provided that also the corresponding probability vectors converge, might
only be weakly reversible.

Likewise, we know from [11, Thm. 7] that the set of embeddable Markov matrices with
simple spectrum is relatively open and dense in &;. In contrast, this is no longer true for
embeddable reversible Markov matrices, because they have real spectrum but can never have
simple negative eigenvalues. Nevertheless, we still get the following result.
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Theorem 3.16. If M € Mg is reversible for some p > 0, the following are equivalent.

(1) M is embeddable and has positive spectrum.

(2) M is embeddable with a p-reversible Markov generator.

(3) M has positive spectrum and its principal logarithm, L = log(1+ A) with A= M —1,
is a Markov generator.

In this case, L is the only reversible matrix logarithm of M.
Beyond this case, when d > 3, a reversible Markov matrixz can still be embeddable, but
never with a reversible Markov generator.

Proof. The implication (2) = (1) is clear from Fact 2.7, while (2) < (3) follows from
Lemma 3.10 by standard arguments.

Next, we need to show that (1) = (2). To this end, assume that M € My with o(M) C Ry
is p-reversible, and that M = e? for some Markov generator Q. If Q is p-reversible itself,
there is nothing to show, so assume that @ is not reversible. By [11, Thm. 7], we know that
there are embeddable Markov matrices with simple spectrum in any neighbourhood of M
within My. In fact, there are also reversible ones among them, as follows from the following
deformation argument, which is taken from the proof of [6, Thm. 3.1].

Let us first assume that M is irreducible. Then, if M is reversible, we can modify any of
its rows by multiplying it with an arbitrary non-negative number such that the sum of the
non-diagonal elements remains < 1, followed by modifying the diagonal element such that
the row sum is again 1. Similarly, we can multiply any column with a number in (0, 1), so no
row sum can exceed 1, and then re-adjust all diagonal elements for unit row sums.

As follows from Kolmogorov’s loop criterion, compare [20, 6], none of these operations
destroys reversibility, as long as the resulting equilibrium vector (which may change) remains
positive, which is certainly the case for sufficiently small deformations. This gives enough
freedom to find, in any neighbourhood of M, a reversible matrix M’ with simple spectrum
that is also embeddable. Then, the corresponding Markov generator is unique and given by
the principal matrix logarithm of M’,

More generally, M reversible implies via Fact 3.5 that M is the direct sum of irreducible
Markov matrices. By permuting the states appropriately, we may assume that M has diagonal
block form. We can now employ the above deformation argument to each block separately.
Since we have some freedom to choose p > 0, as explained in Remark 3.6, we obtain the
corresponding conclusion: in any neighbourhood of M, we can find an embeddable, reversible
matrix M’ with simple spectrum and a nearby probability vector. For the latter, without loss
of generality, we may assume that none of its entries is smaller than e := %mini p; > 0, say.
The Markov generator for M’ is again the principal matrix logarithm, which has the same
equilibrium vectors as M’; compare Remark 3.11.

Now, we can select a converging sequence of embeddable reversible Markov matrices with
simple spectrum that converges to M such that also the corresponding equilibrium vectors
converge to some p > 0, which is possible by a standard compactness argument involving
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the constant € > 0. All of these matrices are embeddable via their principal logarithm, by
Proposition 3.12, which is another converging sequence, this time of Markov generators. The
limit is still a Markov generator, and it is reversible. Then, it must be the principal logarithm
L of M by Corollary 3.13, which proves the claim.

The uniqueness of L follows from Proposition 3.12 in conjunction with Lemma 3.10 and
Remark 3.6, because L must be p-reversible and thus also reversible for any other equilibrium
vector of M.

The last claim is made explicit in Example 3.18 below, which establishes the statement in
line with Lemma 3.10. O

3.4. Multiple embeddings. With the above results, Proposition 3.15 becomes the right
tool to test all reversible Markov matrices with positive spectrum for embeddability. When
the spectrum is degenerate, we do not get uniqueness. Let us look at this case more closely
now. In general, when a reversible Markov matrix has more than one real logarithm, non-
reversible ones must come in pairs. Indeed, let M = M = D~'M"D for some probability
vector p > 0 with D = D), as above, where p then is an equilibrium vector for M. Now, if
M = eF for some R € Mat(d,R) and R = D~'R"D, we get

M = M =D (c®)'D = exp(D'R'D) = oF,

where R is a Markov generator if and only if R is one. Indeed, if R is a Markov generator, it
must satisfy 1R" = 0 and share the equilibrium vector p with M, so pR = 0, by Remark 3.11.
Then, R has non-negative off-diagonal entries because R does and D is a non-negative matrix,
and one gets pﬁ =1R'D = 0D = 0. Likewise, 1R" = pRD™! =0D"! =0, so R is a rate
matrix. The converse direction follows from R = D~'R"D in the same way.

So, let us assume that R is a rate matrix. Then, we either have R = R, which is thus
reversible, or we get a p-balanced pair with R # R, where each is the time reversal of the
other. Clearly, R + Ris p-reversible, as 7 is an involution. Then, if [E, R] =0, we get

M2 = Rl — (RHR
and Fact 2.7 implies that M? is a reversible Markov matrix with positive spectrum. Now, M?
has a unique square root with positive eigenvalues by [19, Cor. 6], say M'. If M has positive
spectrum itself, we get M = M’; otherwise, M and M’ are different square roots of M?. One

consequence is the following.

Lemma 3.17. Let M € My be reversible, and embeddable via a p-balanced pair of Markov
generators, R and E, with [ELR] =0 and R # R. Then, R +Risa p-reversible Markov
generator and M? = e*F = ¢ is also reversibly embedded as M? = exp(R —Hfi) Further,
M? has positive spectrum and possesses a unique Markov square root with positive spectrum.

This square root is reversibly embedded via the Markov generator %(R + ﬁ) O

Note that this result also applies if we start from a Markov matrix with negative eigenvalues,
which can be embeddable when each negative eigenvalue appears with even multiplicity.
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Clearly, d = 3 is the smallest dimension where this can occur, and the embedding for such
matrices was only settled relatively recently in [7]; see [3, Sec. 3.1] for a simplified derivation.

Example 3.18. Set ¢ = e~™3 ~ 0.163034 and consider the symmetric Markov matrix

1—2¢ 14€¢ 1+4c¢
M:% 14e 1-2 1+e|,
1+e¢ 14€¢ 1-—2¢

which is reversible with p = %(1,1, 1), hence D, = %1. Here, M cannot be reversibly
embeddable, because its spectrum is o (M) = {1, —e, —€}, so it lies outside the case covered
by Corollary 3.14. Still, it is embeddable as M = €9+ = ¥~ with the two Markov generators

-1 1 0 -1 0 1

27 27
Q,=-—F—~10 -1 1 and Q_==--|1 -1 0 |,
V3 1 0o -1 V3 1 -1

see [1, 3] and references therein for details. An independent approach is given in Appendix A.
Clearly, @, = Q" , so they form a p-balanced pair, and it is easy to check that they commute,
[@Q,,Q_] =0, which means that Lemma 3.17 applies.

Now, @, + Q_ is a p-reversible Markov generator of equal-input type (see Example 3.3),
and we get M? = exp(Q, +Q_) with spectrum {1, €2, €?}. The unique square root of M? with
positive spectrum {1, €, €} is the matrix M’ that emerges from M by changing € to —e. Note
that M? = 2@+ = ¢29- is also reversibly embedded via Q + + Q_, so we have an example
with positive spectrum and three embeddings.

More generally, the equal-input matrices from [3, Prop. 3.8] have a double negative eigen-
value and are reversible. They are also embeddable, at least with one p-balanced pair @) of
Markov generators, though there may be several pairs, as derived in [3] and in Appendix A.

One can check that they always satisfy [Q,Q_] = 0, so we are in the same situation as above.
As was derived in [3, Sec. 3.1], this is the only situation with a double negative eigenvalue
that can occur for d = 3. O

To continue with multiple negative eigenvalues, let us consider B = —1 € SL(2,R), which
is reversible for p = (%, %) via B = B" = B. The matrix B has multiple real logarithms

by Fact 2.5, which we now determine completely. Clearly, if B = e®, the spectrum of

R € Mat(2,R) must be o(R) = {£(2m + 1)xi} for some arbitrary, but fixed m € Z. We
may thus write R = (2m + 1)I, where I is a real matrix with o(I) = {#i} and I? = —1. In
particular, det(/) =1 and I € SL(2,R). Also, one gets

exp((2m + 1)wl) = cos((2m + 1)7)1 +sin((2m + 1)m)I = —1,

and we have reduced our problem to finding all real square roots of —1.
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Set I = ( a Z) and consider 1?2 = —1. As one can easily verify, b = ¢ = 0 does not lead to
any real solution, so we need a + d = 0 together with bec = —(a? + 1) < 0, which gives

) I - <_+ _ba>.
b

Each such I together with I' gives a p-balanced pair, with I # I'. Moreover, one has
[I,I"] = 0 if and only if @ = 0 together with b = 41, in which case one has I = I3. Put
together, we have the following.

Fact 3.19. The matric B = —1 € SL(2,R) is p-reversible for p = (%,%), but has mo
reversible real logarithm. Instead, its real logarithms come in p-balanced pairs {R, R'} with
R=(2m+ 1)xl for some m € Z and I as in (7), with a,b € R and b # 0.

They commute if and only if a =0 and b= +1. U

Now, we need to see whether the analogous situation occurs among Markov matrices. The
non-commutative case cannot happen for d = 3, as discussed in Example 3.18. Fortunately,
it suffices to search within the class of doubly stochastic matrices from Example 3.7, which
allows an approach based on permutation symmetries. Since we need some cyclic structure
in the rate matrix (to obtain complex eigenvalues), but also non-commutativity, we replace
the cyclic group C3, which underlies our previous example as detailed in Appendix A, by the
dihedral group

Dy = {(a,b:a* =b* = (ab)? = ¢),

where e denotes the neutral element. Concretely, we use the permutations a = (1234) and
b = (12)(34). Then, starting from the standard 4D permutation representation, we consider
the algebra generated by these matrices, and make an ansatz for our generator that is mildly
quadratic in the generating elements, namely Q = a(a — e) + B(b — e) + v(a® — ¢), and
determine the parameters such that the spectrum becomes o(Q) = {0, —2v/37, £7i—2v/37}.

21 us 3w

This means o = 2% ﬁ:—and’y:F,

V3 /3 and gives the following.

Example 3.20. Consider the Markov generator

_ T
Q2x/§30—96’

n_4n?| 0 -1 0
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which differs from the situation in Example 3.18. On the other hand, one can compute the
matrix exponentials of Q and @', which gives

l—-¢ 1—¢ 143 1-c¢
M:eQ:eQT:l l—-¢ 1—¢ 1—¢ 1+3¢
41143 1—¢ 1—¢ 1-—¢

l—-¢ 143 1—¢ 1-—c¢

with & = e~2V37 ~ 1.87785 - 10—, where € = €2 with the constant e from Example 3.18 and
det(M) = &3 = e~0V3T ~ 6.62194 - 10715, Here, M is symmetric, hence reversible for p = il,
with spectrum o(M) = {1,e,—e,—c}. We thus have an example of a reversible Markov
matrix that is embeddable via a p-balanced pair of non-commuting Markov generators.
Now, M? has positive spectrum, and reads
1+32 1—-¢2 1-¢2 1-¢2
2o 1 1—e? 1+32 1-¢2 1-¢2
41 1-e2 1-e2 1432 1-¢2 |’
1—e2 1-¢%2 1-¢2 1+ 3

which is not only embeddable via 2Q and 2Q", so
M? = ¢ = e262T = eQeQT = eQTeQ #* eQJrQT7

but also via the principal matrix logarithm of M?, which reads

3 1 1 1
1 -3 1 1 .
L =43 .
Var L1 g 1 | 7T9H@

1 1 1 -3

Note that L is a constant-input matrix, which is a special case of the equal-input matrices
considered in Example 3.3. So, we also have an example of a symmetric (and hence reversible)
Markov matrix with positive spectrum that has three embeddings, one with a reversible rate
matrix, and two other ones via a (non-commuting) p-balanced pair. O

As our examples show, a reversible Markov matrix M can have non-reversible embeddings
as well as multiple embeddings, and the generators of a balanced pair may or may not com-
mute. This has to be determined on an individual basis, where multiple solutions can only
occur for sufficiently small values of the determinant of M.

3.5. Outlook. Many practically occurring Markov matrices are reversible, and if an esti-
mated one fails to be reversible, one can determine the nearest reversible one, at least numer-
ically [25]. If a specific family of reversible matrices is investigated, additional tools might
simplify its embeddability question, as we saw for the equal-input matrices [2]. There are
certainly other important matrix classes that could and should be analysed along these lines.

However, what we have discussed above can only be the first step, as it considers the
time-homogeneous case. More generally, it is of interest whether any given reversible Markov
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matrix appears in a continuous-time Markov flow, as one obtains from the initial value problem
X = XQ with X(0) = 1 with a time-dependent family Q = Q(t) of Markov generators. As
long as [Q(t),Q(s)] = 0 holds for all t,s > 0, no new cases emerge. But when they fail to
commute, an entirely new chapter is opened; see [18, 4] and references therein for a more
detailed discussion. This extension certainly deserves further investigations in the future.

APPENDIX A. POISSON PROCESS APPROACH TO EXAMPLE 3.18

Consider the matrix

1-26 1+ 149
M(6) ::% 146 1-26 1496 |,
146 146 1-25

for 0 < § < %, where M () is Markov, and the Markov generators
Q. N =Ax[0 -1 1 and Q_(A) =X 1 -1

with A > 0. We know from Example 3.18 that A\ = 27/v/3 gives e+ = Q- = M (e)
with € = e=™V3. More generally, it follows from [3] that M (8) is embeddable for 0 < § < €

but not embeddable for § > €. The corresponding continuous-time processes (X +) £>0 and

>0 Possess the transition graphs

N

and have an interpretation as clockwise or anti-clockwise cycles.

For the further derivation, we need a split of the power series of the exponential function
as e¥ = fy(x) + fi(z) + f3(x) with
B e $3m+£
(9) fo(x) _mZ::O BT for ¢€{0,1,2}.

These functions are well defined and given as follows.

Lemma A.1. The power series of the functions f, from Eq. (9) define entire functions. They
are given by

folz) = %(em +2¢7%/2 cos \/2§x>
filz) = %(e“ e™o/? (cos @ +V3sin @)),
folz) = %(em — e /2 (cos V3z — V/3si \/333))
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Proof. The claim on analyticity is standard and justified by the absolute convergence of all
series involved on all of C. To compute them, define w = e27/3 = —% + %\@, where one has
@ = w? together with 14w + @ = 0. Now, observe that, for k, ¢ € {0,1,2}, one has

folwhz) = WF fy(),

hence e'® = fo(x) + ¥ f(z) + @* fo(x). This allows the following computations,

1 x wr wr 1 T —x i - i "
fo(z) :g(e + 9% + %) :§(e +e /2(6\/3/2+e \/?;/2))7
)
1 Ll L
3 2

fQ(x) - g( T+ we?? +wem) = (ewx _|_ewl’) 4 %\/g(ewx_ ewx)>7

from which the stated expressions follow via Euler’s identity, e!¥ = cos(y) + isin(y). O

We note in passing that, using trigonometric identities, the expressions for f; and f; could
be simplified to

\/2§:U + /3 sin —\/Sx = sin(% F 7\/23;1:)’
but this form would be less suitable for the coming computations.

COS

Now, let (St);»o be an No-valued Poisson process with parameter (or intensity) A, which
k
means that S; is Poisson distributed with P(S; = k) = ()‘kt!) e, Then, the distributions of

XtjE agree with those of £5; mod 3, and we get
po(N) == P(X{"=0) = P(X] =0) = P(5, € 3N)

%(1 + 26732 cos @)

|
|
>
SH
>
SN—
Il

Analogously, we also get
p(A) =P(X{=1) = P(X; =2) = P(S; €3Ng + 1)

= e_’\fl()\) = 1— e 32 (cos @ ++/3sin @))

and
po(A) = P(X;f =2) = P(X; =1) = P(S; € 3Ny +2)
= e (A = %(1 — e 32 (cos @ — V/3sin @))

Inserting A = 2m/v/3 gives py(A) = (1 — 2¢) and p;(A) = py(A) = 3(1 + €), which provides
an independent derivation of the claim in Example 3.18.

In fact, A = 27/v/3 is the smallest A > 0 with p;(\) = py(\) and thus the relation
]P’(Xfr = E) = IP’(Xl_ = E) for ¢ € {0,1,2}, which is equivalent to @) being a symmetric
Markov matrix. This symmetry precisely appears for A\, = 2(2k + 1)7/v/3 with k € Np,
then giving §; = e_(%“)”‘/g, with d, = €. This sequence corresponds to the one derived in
[3] via a minimisation procedure, and defines a decreasing sequence with 6, > 0, 4 for all
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k € Ny and 0 as its limit point. Recall from [3, Rem. 3.9] that M (0) is embeddable for all
§ < &y, with Markov generators that derive from the Q¥ (8,) via a simple deformation. Then,
when one reaches i, another new pair of commuting generators emerges, and this process
continues. Consequently, the number of embeddings of M (§) increases without bound as § 0
or, equivalently, as the traces of the constant-input matrices M () approach 1.
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